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Preface

Population models describe biological and physical phenomena observed
in each of a set of individuals, and also the variability between individu-
als. This approach finds its place in domains like pharmacometrics when
we need to quantitatively describe interactions between diseases, drugs
and patients. This means developing models that take into account that
different patients react differently to the same disease and the same drug.

The adoption of the population approach in pharmacometrics is
largely due to the creation of the NONMEM software in the late 1970s
which enabled the use of nonlinear mixed effects models for pharmaco-
metric data analysis. Indeed, the population approach can be formulated
in statistical terms using mixed effects models. While linear mixed ef-
fects models have been around and widely used since the 1950s, nonlinear
mixed effects models remain rarely used even in areas where they are
particularly well-suited such as biology, agronomy, econometrics, envi-
ronmental and human sciences.

Even though each of these domains has its own models and particu-
larities, a rigorous framework for describing and representing any given
model turns out to be possible. This leads to a streamlined and precise
way to implement methods of interest as readily available software. The
main goal of this book is to give a coherent overview of the different
components that make up this framework.

First, we will see how the framework allows us to represent models
for many different data types including continuous, categorical, count
and time-to-event data. This opens the way for the use of quite generic
methods for modeling these diverse data types. In particular, the SAEM
(Stochastic Approximation of EM) algorithm is extremely efficient for
maximum likelihood estimation of population parameters, and has been
proven to converge in quite general settings.

Though these practical and theoretical properties are satisfying and
extremely useful, the implementation of the methods themselves is
rather intricate, requiring considerable knowledge of stochastic algo-
rithms, Monte Carlo Markov chain (MCMC) methods, importance sam-
pling techniques and so on.

To bring these methods to a much wider audience, they have therefore
been implemented in the Monolix software and are ready-to-use for a

xv
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vast array of real-world data modeling situations. One can also visually
explore models in detail using Mlxplore, or simulate using Simulx.
These publicly available tools all use the same model coding language
Mlxtran and will be used throughout the book to illustrate the various
tasks a modeler must perform.

All of this leads to a coherency in the overall process from models
to methods, methods to tools, and tools to results. It also means that
statisticians and mathematicians can be satisfied with the rigorous rep-
resentation of the models and theoretical properties of the methods, and
modelers with the practical capabilities of the tools.

It is not, however, the goal of the book to exhaustively cover the whole
range of models and methods available for the population approach.
We will limit ourselves to parametric approaches, without ignoring the
fact that nonparametric approaches can perhaps be imagined in certain
situations. In our treatment, Bayesian methods are not looked at as a
specific approach competing with frequentist ones, but integrated into
the general statistical framework. In effect, we will construct models
using available information, then use these models to perform various
tasks. The tasks might include maximum likelihood estimation if we
only have data, posterior distribution estimation if we also have prior
information, or a mixture of both if we have partial prior information.

The underlying goal of this book is to provide a rigorous approach
for model description, implementation and practical use, not “recipes”
for modeling or “tricks” for using software. It is intended for mathemati-
cians and statisticians interested in modeling, and for modelers aware
of the role of mathematics and statistics in models. It will be useful for
training and teaching in any field where population modeling occurs.
Furthermore, all the tools presented and used here (Monolix, Mlx-
plore, Simulx, R) are free for academic and teaching purposes.

All code and data used in the text are available from the supporting
website:

http://www.math.u-psud.fr/~lavielle/book
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1
Overview

1.1 The population approach
The desire to model a biological or physical phenomenon often arises
when we are able to record some observations issued from it. Nothing
would therefore be more natural than to begin this introduction by look-
ing at some observed data. We will not go into the details of the data
here; we use it only to illustrate in an intuitive and introductory way
what we call the population approach.

The first example involves weight data for rats measured over 14
weeks for a subchronic toxicity study related to the question of geneti-
cally modified (GM) corn. To evaluate health risks associated with GM
organisms, individual rats were put on diets containing different quanti-
ties of GM corn. To discover whether there is an effect due to GM food
on weight, for instance, we look to find whether part of the variability
observed among the growth curves can be explained by diet. For each
rat, the sequence of observations is longitudinal data (Fitzmaurice et al.,
2008; Molenberghs and Verbeke, 2005); the same information (weight)
is measured at multiple time points (Figure 1.1).
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FIGURE 1.1: Weight curves for four rats.

The next set of plots displays the viral load of four patients with
hepatitis C who started a treatment at time t = 0. Viral load data for
hepatitis C carriers exhibit great clinical response variability under the

3
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same treatment (Snoeck et al., 2010). Some patients respond to treat-
ment and their viral load decreases, while others have no response or see
their viral load rise again at the treatment’s end (Figure 1.2).
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FIGURE 1.2: Viral load of four patients with hepatitis C.

In the next example (Figure 1.3), the data are fluorescence inten-
sities measured over time in a cellular biology experiment which aims
to describe the cell cycle and the creation of free radicals (Faure et al.,
2013). Several repeats of the same experiment are necessary because the
same experimental conditions can lead to great variability in fluorescence
activity.
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FIGURE 1.3: Fluorescence intensities from four replicates of the same ex-
periment.

Note that repeated measurements are not necessarily always func-
tions of time. For example, we may be interested in corn production as a
function of fertilizer quantity (Makowski and Lavielle, 2006). Such stud-
ies are important in agriculture in order to provide recommendations for
farmers as to optimal fertilizer use. In nature there exists variability in
soil conditions, and studies need to be performed over several parcels of
land (Figure 1.4).
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FIGURE 1.4: Corn production as a function of fertilizer quantity.

Even though these examples come from quite different domains, in
each case the data is made up of repeated measurements on several in-
dividuals from a population. What we will call a “population approach”
will be relevant for characterizing and modeling this data. The modeling
goal is thus twofold: characterize, first, the biological or physical phe-
nomena observed for each individual and, second, the variability seen
between individuals.

In the example with rats, the model needs to integrate a growth
model that describes how a rat’s weight increases with time and a sta-
tistical model that describes why this process can vary from one rat to
another. The goal is thus to finish with a “typical” growth curve for the
population and be able to describe and explain, as much as possible, the
variability in the individual’s curves around this population curve.

As these are longitudinal data, a curve with weight as a function of
time gives a natural graphical representation of a mathematical growth
model. Thus, after looking at the data, the first step is to choose a
growth model well adapted to the data. For example, we might consider
a very simple growth model of the form f(t) = a+ b(1− e−k t). We can
then check that curves created using this model “look like” the observed
growth curves for a suitably chosen set of parameters (a, b, k). In addition
to its simplicity, another advantage of this model is that its parameters
can be interpreted biologically: a is the rat’s weight at time 0, i.e., at
birth, b the maximum weight gain (as time t tends to infinity) and k a
measure of the speed at which the rat grows. Obviously, other growth
models are available of which some will be more adapted than others
to modeling certain types of growth. This leads to the need for model
selection criteria, kept out of this introductory section for simplicity, but
looked at later in the book.

Beyond these technical aspects of model selection, it is important to
have in mind that the selection of a model must first and foremost be
guided by the usage we intend to make of it. In the above example, the
model was chosen quite empirically and we have no misconceptions that
it is a true biological model, i.e., the equation form of some physiological
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process. It is merely a reasonable approximation of what was empirically
observed. Clearly, the model does not allow us to precisely characterize
the rat’s growth process, its limbs and organs, etc. If it is these types of
complex phenomena that need to be studied, we would have to develop
much more sophisticated models to describe them. If on the other hand
we are only interested in a basic characterization of the phenomenon, our
simple model may just do the trick; it could be useful for such things as
predicting the weight of a rat at 15 or 16 weeks, or detecting rats with
atypical growth patterns.

The use of such types of parametric models will allow us to formalize
and quantify the concept that we have so far introduced intuitively yet
informally: the population approach. First, defining a typical population
curve means in essence defining a typical set of population parameters
(apop, bpop, kpop). Then, each individual’s curve can be seen as depend-
ing on its own set of individual parameters (ai, bi, ki). Characterizing
the inter-individual variability of these curves around the typical pop-
ulation curve thus means characterizing the inter-individual parameter
variability around the typical population parameters. Figure 1.5 shows
the population curve as well as the four individual’s curves.1

5 10 15

200

400

600

time (weeks)

w
ei
g
h
t
(g
)

rat 1

5 10 15

200

400

600

time (weeks)

rat 2

5 10 15

200

400

600

time (weeks)

rat 3

5 10 15

200

400

600

time (weeks)

rat 4

FIGURE 1.5: Weights of four rats. The observed weights are displayed with
dots, the individual growth curves with solid lines, the population curves with
dotted lines.

This step of modeling the inter-individual variability happens in a
probabilistic framework: we consider that each individual in the sample
was drawn at random from the population of interest. The individual
parameters are then regarded as random variables that possess a certain
distribution, precisely representing the way in which the values of these
parameters are distributed within the population. Such types of statis-
tical models based on probability distributions allow us to describe the
inter-individual variability of the parameters. We would like not only

1Population and individual parameters have been estimated using the software
Monolix and the methods described in Chapter 7. Modeling of this data is presented
in detail in Section 8.1.
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to characterize this variability, but to understand it as best as possible.
Thus, in our example with rats, we can see that some rats are heavier
than others, but can we say why? Do we have, for example, relevant
information perhaps to explain why rats 1 and 2 are heavier and put on
weight faster that rats 3 and 4? Well yes! We notice that these two rats
are male while the other two are female. Gender should therefore help
explain some of the variability seen here.

In addition to the population curve and the four individual growth
curves, Figure 1.6 shows the typical growth curves for males and females.
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FIGURE 1.6: The typical male curve is displayed with dashed line and female
curve with dash-dot line. Rats 1 and 2 are male, rats 3 and 4 are female.

This figure thus shows a decomposition of the variability of the
growth curves around the typical population curve: first we decompose
the population into two subpopulations, male and female, each of which
possesses a typical curve. The differences between these curves represent
the inter-group variability and already explain much of the variability
observed between rats. Of course, all males (nor the females) are not the
same weight, so there exists intra-group variability represented by the
variability of individual curves around the group ones.

The question then naturally arises as to whether this intra-group
variability can itself be explained by other covariates. In the case of a
toxicological study for GM crops, for example, we can wonder if these
weight differences are related to diet.

But whether we are in the context of toxicological studies, clinical
trials or agronomic trials, modeling is not only for characterizing the
collected data. The main goal is the building of a population model which
applies by definition to the entire population. We therefore move from
a purely descriptive treatment of the data to an inferential one. The
question is then whether some characteristic observed in the sample can
be generalized to the whole population. For example, can the weight
difference observed between males and females be truly “explained” by
a “gender effect,” or can it be attributed to random sampling? In other
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words, would we have a good chance of reaching the same conclusions if
the experiment were repeated with new individuals?

1.2 About models

1.2.1 Mixed effects models and hierarchical models

When observations (rat weights, for example) are available, the observed
data have no reason to be absolutely identical to the predictions provided
by the model (the growth model in our example). Indeed, the model is
chosen to try to mimic the studied phenomenon; thus, the prediction
it provides is not necessarily the rat’s actual weight. Furthermore, the
observations are subject to measurement errors; whatever the quality of
the measuring device, it is not possible to measure “exactly” the weight
of a rat. The model must therefore include a statistical model that can
describe how observations are distributed around the values predicted
by the model.

Yet another component of the model must describe the inter-
individual variability of the model’s parameters. The model will explain
some of this variability using individual covariates such as sex, but some
variability will remain unexplained and have to be considered as ran-
dom. Integrating both fixed and random effects into the same model
leads naturally to the use of mixed effects models.

Linear mixed effects models (Verbeke and Molenberghs, 2000; West
et al., 2006), generalized linear mixed models (Dobson, 2002; McCulloch
et al., 2008) and nonlinear mixed effects models (Lindstrom and Bates,
1990; Davidian and Giltinan, 1995; Pinheiro and Bates, 2009) are widely
used in applications such as sociology and demography (O’Brien et al.,
2008), psychophysiology (Bagiella et al., 2000), ecology and evolution
(Bolker et al., 2009), genomics (Haldermans et al., 2007), portfolio risk
(McNeil and Wendin, 2007), agronomy (Bürger et al., 2012), neuroimag-
ing (Friston et al., 2005), medicine (Brown and Prescott, 2006), genetics
(Ott, 1979), systems biology (Gonzalez et al., 2013) and clinical trials
(Andersen and Millen, 2013). Nonlinear mixed effects models have also
been an essential tool for pharmacokinetic-pharmacodynamic (PKPD)
modeling for several decades (Bonate, 2011). The adoption of popula-
tion approaches in pharmacometrics owes a lot to the development of
the NONMEM software in the 1980’s (Beal and Sheiner, 1980) as well
as the pioneering work of Lewis Sheiner (Rowland, 2005). We will see
in this book that mixed effects models are particularly well-suited sta-
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tistical tools for population modeling of broad types of data including
continuous, categorical, count and time-to-event data.

An alternative yet equivalent approach considers the model to be
hierarchical; each individual data series is described by a single model,
and variability between individual models is described by a population
model. In the case of parametric models, this means that the observa-
tions for a given individual are described by a probability distribution
that depends on a vector of individual parameters; this is the classic
individual approach. The population approach is then a direct extension
of this; we add a new component to the model, a probability distribu-
tion that describes variability of the individual parameters within the
population.

A mixed effects model can thus be seen as a hierarchical model, i.e.,
as a joint probability distribution for the observations and individual
parameters. This joint distribution can easily be extended to the case
where other variables in the model are considered as random variables,
such as covariates, population parameters or the design.

The use of hierarchical models has grown enormously since the devel-
opment of Bayesian inference methods (Congdon, 2006; Gelman et al.,
2003; Robert, 2007). Markov chain Monte Carlo (MCMC) methods are
particularly well-suited to this type of model (Gilks et al., 1996; Robert
and Casella, 2004). Hierarchical models are thus used today in a great
number of domains including spatial data modeling (Banerjee et al.,
2003), marketing (Allenby and Rossi, 1998), political science (Hurwitz
and Peffley, 1987), climate studies (Cooley et al., 2007; New and Hulme,
2000), plant growth (Baey et al., 2013), leisure sciences (Crawford et al.,
1991), sociology (Raftery, 1995), PKPD modeling (Wakefield et al.,
1998) and epidemiology (Lawson, 2013).

Mixed effects models and hierarchical models turn out to be comple-
mentary approaches which lead to different representations of the same
model.

1.2.2 Description, representation and implementation of
models

A model can be used in the real world if it can be implemented in a
software program. To do this, we need a language that can be understood
by the software. Before even arriving at this point, it is important to be
very clear and systematic about what a model is and how we want to
use it.

It is of fundamental importance to distinguish between the descrip-
tion, representation and implementation of a model. Each of these three
concepts uses a specific language. In the context of mixed effects models,



10 Mixed Effects Models

models that we want to implement can be decomposed into two compo-
nents: the structural model and the statistical model. Both have to be
described, represented and implemented with precision.

Consider first our rat growth model:

1. We start describing a model with
words, i.e., a human language:

“The weight of a rat increases over
time with a growth rate that decreases
exponentially”

2. Then we represent the model us-
ing a mathematical language: w(t) = a+ b(1− e−k t)

3. Lastly, we implement the model
via a language understood by the
software:

WEIGHT = a + b*(1-exp(-k*TIME))

We can follow the same process for the statistical model. A descrip-
tion of the model for the initial weight a might be, “The weight at birth
is log-normally distributed in the population.” This model can then be
mathematically represented:

log(a) ∼ N (log(apop), ω2
a), (1.1)

and implemented, for instance, with Mlxtran (see Section 5.2.3), a
powerful declarative language for implementing models:

a={distribution=lognormal, reference=a_pop, sd=omega_a}

This model representation is not unique. Indeed, model (1.1) could also
be represented (and implemented) using an equation rather than a def-
inition:

a = apope
η, (1.2)

where η ∼ N (0, ω2
a). This gives us two representations of the same sta-

tistical model where the distribution of a is given explicitly in (1.1) and
implicitly in (1.2). The choice of representation should be driven by the
tasks we want to execute. If the model is only used to perform simulation,
both representations contain all the information required. On the other
hand, if the log-normal assumption needs to be tested or the probabil-
ity distribution function (pdf) of a needs to be computed without using
approximation, the distribution needs to be represented by an explicit
definition as in (1.1).
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1.3 Tasks, methods and tools
We will talk about models all the way through the book, but remember
at all times that the main purpose of a model is to be used. We will
essentially focus on two types of task i) modeling, in which we have data
and wish to construct a model that could have generated this data or is
capable of explaining its variability and ii) simulation, where we want
to generate virtual data using a model.
Remark: This book does not pretend to cover all possible tasks one
can perform with a model. Optimization of the design, for instance, is
of real importance in practice but will not be considered here. There
exists an extensive bibliography on the topic (see, for example, Fedorov
and Leonov, 2013, and the many references therein). Several software
packages for optimal design also exist, in particular for applications in
pharmacometrics (see Mentré et al., 2007, for a comparison of existing
tools).

To use a model in practice, we clearly need modeling and simula-
tion tools, but also a language that allows us to implement it, which is
“understood” and can be used by these tools.

1.3.1 Model coding

In this book, we will be working with Mlxtran, a flexible and powerful
declarative language2 designed for implementing complex hierarchical
models.

Mlxtran allows users to write ordinary differential equation (ODE)
based models, implement pharmacokinetic models with complex admin-
istration schedules, include inter-individual variability in parameters and
define statistical models for different types of data (including continuous,
categorical, count and time-to-event data). Another crucial property of
Mlxtran is that it rigorously adopts the model representation formal-
ism proposed in this book. In other words, the model implementation is
fully consistent with its mathematical representation.

Furthermore, it is important to note that all of the tools we are
going to use, for both modeling and simulation, are based on Mlxtran.
This will allow us to define a complete workflow using the same model
implementation, i.e., run several tasks based on the same model.

2A declarative language allows variables to be defined using equations and defini-
tions, rather than simply the calculation of their values.
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1.3.2 Model exploration

Before using a model to perform modeling and simulation, it may be
useful to visualize, i.e., represent graphically, the various functions of
time given in the model for several parameter values and run a sensitivity
analysis, i.e., “look at” what happens when we change the value of one
or several parameters.

Coming back to our usual example, we may want to visualize the
growth model f(t) = a+b(1−e−k t) and see how a rat’s weight converges
to its limiting weight as a function of the parameter k. We may also want
to visualize the probability distribution of f when a, b and k are random
variables with distributions defined in the model.

Whenever we want to visualize a model, we will use the Mlxplore
software. Mlxplore allows us to visualize not only the structural model
but also the statistical one, for example, visualizing the impact of covari-
ates and inter-individual variability of model parameters on predictions.

1.3.3 Modeling

Modeling is clearly the most difficult and challenging task to perform. It
can only be partially automated and requires experience on the modeler’s
part. Tools for modeling are not designed to build a model automatically,
but rather to help a modeler construct a model with the aid of a set of
observations.

It is important to differentiate clearly between these distinct con-
cepts: the task to perform, the method to use for this task, the algo-
rithm to implement the method, and the implementation of the algo-
rithm itself. For example, imagine that we want to estimate the popu-
lation parameters. In this case, the task to perform is estimation and a
possible method is maximum likelihood estimation. SAEM (Stochastic
Approximation of Expectation-Maximization, Delyon et al., 1999) is an
algorithm for computing this estimate and Monolix a software in which
the algorithm is implemented.

Alternatively, we could choose to perform a Bayesian estimate of
the population parameters using an MCMC algorithm implemented, for
example, in WinBUGS (Ntzoufras, 2011; Spiegelhalter et al., 2003).

As well as estimating the population parameters, it is important to
look at the precision of these estimates. Here again, several methods
are available, such as the Fisher information matrix, bootstrapping to
obtain standard errors, or posterior distributions.

The estimation of population parameters and their uncertainty sup-
poses that the model is given; we then look for parameter values for
this model. Of course, the “best” model is rarely known, so a modeler
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must progress by trial and error, trying different models, improving and
comparing them. We therefore need diagnostic and model selection tools.

Diagnostic tools are used to decide whether a model is acceptable,
and if not, to identify which model hypotheses are not valid. We will
therefore be able to work in the context of statistical hypothesis testing:

H0 : “M =M0” vs H1 : “M 6=M0”

whereM0 is the model the modeler wishes to evaluate. A model remains
acceptable if the null hypothesis H0 is not rejected. The more the diag-
nostic tools are able to detect model misspecification, the more powerful
the test will be. Using this methodology does not imply that we know
explicitly the rejection zones of the tests; the approach remains largely
empirical, based on graphical outputs and simulation methods.

Methods for model selection that are widely used in our context and
that are presented in this book are standard, based on statistical tests
such as the likelihood ratio test and Wald test (see Engle 1984; Freedman
et al. 2007) and on information criteria such as the Akaike information
criterion (Greven and Kneib, 2010) and Bayesian information criterion
(Schwarz, 1978). The art of modeling then consists of correctly interpret-
ing and adequately combining all the graphical outputs and statistical
criteria in order to improve the model.

We mainly use the software Monolix in this book to illustrate the
various modeling tasks with which the modeler is faced. Monolix has
been developed with this in mind: it serves modelers well while fully com-
plying with a coherent mathematical formalism that uses well-known and
theoretically justified methods. The algorithms implemented in Mono-
lix (SAEM, MCMC, simulated annealing, importance sampling, etc.)
are extremely efficient for a wide variety of complex models including
count data models (Savic and Lavielle, 2009), categorical data models
(Savic et al., 2011), censored data models (Samson et al., 2006), time-
to-event data models (Mbogning et al., 2014), mixture models (Lavielle
and Mbogning, 2013), hidden Markov models (Delattre and Lavielle,
2012) and SDE-based models (Delattre and Lavielle, 2013; Donnet and
Samson, 2008). We also emphasize that the convergence of SAEM and
its extensions has been established under quite general hypotheses (Al-
lassonnière et al., 2010; Delyon et al., 1999; Kuhn and Lavielle, 2004).

1.3.4 Simulation

Once a model has been constructed, we may wish to simulate the phe-
nomenon we have been studying by generating data from the model.
Here, simulation means simulating both virtual individuals and longitu-
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dinal data for them, or simply calculating the values of quantities defined
in the model (e.g., the components of a system of ODEs).

We have available to us Simulx, which is both an R and MATLAB
function that enables us to compute predictions and sample data from
any Mlxtran model. Simulx combines the flexibility of R and MATLAB
scripts with the power of Mlxtran to easily encode complex models.

1.4 Contents of the book
Part I presents several preliminary concepts that will help the reader
to be more comfortable with the methodology that follows. We start
in Chapter 2 with linear and nonlinear models, used for modeling a
single sequence of longitudinal data. In the population approach, lin-
ear and nonlinear mixed models can then be naturally introduced to
model continuous longitudinal data and take into account variability in
a model’s individual parameters. Generalized mixed models allow us to
model other data such as categorical data. We will see how these different
mixed models can all be also seen as hierarchical ones.

Following this, in Chapter 3 we show how the hierarchical structure
of a model leads to a natural decomposition of the joint distribution into
a product of conditional and marginal distributions.

Part II focuses on model description, representation and implemen-
tation. Models for longitudinal data are described in Chapter 4. In par-
ticular, models for continuous, count, categorical and time-to-event data
– including joint models which combine several types of outcome – are
presented and illustrated in various examples.

Models for individual parameters are described in Chapter 5. We will
be particularly interested in Gaussian models, i.e., ones in which there
exists some transform (log, logit, probit, etc.) for which the transformed
parameters have a Gaussian distribution. Individual covariates may also
be introduced into a model in order to explain some of the variability in
the individual parameters. This chapter also shows how several levels of
variability can be included in a model with the aim of modeling things
like inter-occasion and inter-group variability.

Extensions for mixture models, hidden Markov models and stochastic
differential equation-based models are presented in Chapter 6.

Part III is concerned with ways to use models to perform tasks.
Chapter 7 presents several methods involved in the practical use of these
models for tasks such as parameter estimation, model diagnostics and
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model selection. We use a classical population pharmacokinetics (PK)
example to illustrate these methods.

Chapter 8 illustrates many of the proposed approaches and meth-
ods using several examples. The first example describes how to model
the growth curves of rats in a toxicity study related to GM corn. The
second example involves a classic pharmacokinetics-pharmacodynamics
application. We show how to extend a proposed joint model for continu-
ous outcomes to a joint model for continuous and categorical data. The
last example then shows that mixed effects models can also be success-
fully used in quantitative biology for modeling the dynamics of biological
networks in cell populations.

Chapter 9 describes several algorithms useful for running tasks that
interest us. In particular, the SAEM algorithm, used for estimating pop-
ulation parameters by maximum likelihood, is presented and its imple-
mentation described. A simple example then allows us to better under-
stand its excellent theoretical and practical properties.

Appendix A describes how to deal with longitudinal data in the clas-
sical context of a unique individual. A PK example accompanied by R
code illustrates this approach.

Some prerequisites are required for a good understanding of this
book. To help with this, Appendix B recalls some basic probability and
statistics results which play fundamental roles in model construction.

This book does not treat only pharmacometric modeling and is not
intended for pharmacometricians only. However, many of the illustrative
examples do come from pharmacokinetics because it is a domain that
frequently uses the population approach and mixed models. For this
reason, an overview of PK modeling is proposed in Appendix C to help
nonspecialists in this domain better understand the book’s examples.

Lastly, Appendix D gives a brief introduction to various modeling
tools such as Monolix, Datxplore, Mlxplore and Simulx. All of
these tools use the same modeling language Mlxtran. This appendix
is not a user guide as such, but its content should be enough to provide
the minimal required background knowledge to enable any reader to
understand how models are implemented in the book’s examples and
how to run basic examples.





2
Mixed Effects Models vs Hierarchical
Models

This chapter explains why it is necessary 1) to extend linear models,
used to describe the variation in a sequence of observations, to nonlinear
models, useful to represent numerous biological and physical phenom-
ena, 2) to extend these models to (linear and nonlinear) mixed effects
models in order to simultaneously model several sequences of observa-
tions coming from different individuals, and 3) to extend these models
for continuous data to generalized models for discrete data. We will then
consider hierarchical models, which allow us to systematically adopt one
standard methodology for the entire population approach, no matter the
model or data type.

This chapter is not indispensable for a good understanding of the
rest of the book, but it helps to put into context everything that follows.

2.1 From linear models to nonlinear mixed effects
models

2.1.1 Linear models

Linear models have an important historical role in statistics when it
comes to modeling data series y1, y2, . . . , yn (Muller and Stewart, 2006;
Vonesh and Chinchilli, 1997). Such models by definition assume there is
a linear relationship between these observations and d series of variables
(x

(1)
j , 1 ≤ j ≤ n), . . . , (x

(d)
j , 1 ≤ j ≤ n):

yj = a1x
(1)
j + a2x

(2)
j + . . .+ adx

(d)
j + ej , 1 ≤ j ≤ n, (2.1)

where (ej , 1 ≤ j ≤ n) is a sequence of residual errors.
In the case of longitudinal data, measurements are collected at ob-

servation times t1, t2, . . . , tn. In this context, yj is the jth observation

17
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measured at time tj and x
(1)
j , x(2)

j , . . . , x(d)
j are the values of the d

explanatory variables – also called regression variables – at time tj .
The reasons for the success and widespread use of linear models are

manifold. The first is the simplicity of methods required for the practical
use of such models. These methods come essentially from elementary
linear algebra. In particular, estimation of the coefficients a1, a2, . . . , ad
is straightforward. Writing model (2.1) in matrix form

y = X a+ e,

where y = (y1, . . . , yn)′, X = (x
(k)
j , 1 ≤ j ≤ n, 1 ≤ k ≤ d), a =

(a1, . . . , ad)
′ and e = (e1, . . . , en)′; the least squares estimator of a is

â = (X ′X)−1X ′y as long as the rank of X is d (Rao and Toutenburg,
1999).

A second reason for the popularity of linear models is related to the
construction of the model itself: model building is reduced to selecting a
collection of explanatory variables x(1), . . . , x(d). There is only one way
we can add (or remove) a variable in the model: additively. The goal is to
find the optimal combination of variables for a given criterion, e.g., how
to best explain the variability in the observations with the least possible
number of explanatory variables.

For example, we could model our rat weight data by a polynomial
function of time: yj = a0 + a1 tj + . . . + ad t

d
j + ej . Figure 2.1 shows

that a polynomial of degree 1 (a straight line) provides a very coarse fit.
Adding a degree 2 term gives a much better one. The fit can be made
almost perfect by adding an additional degree 3 term.
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FIGURE 2.1: Weight curve for one rat. The observed weights are displayed
with dots, the individual fitted polynomials of degree 1, 2 and 3 with solid,
dotted and dashed lines, respectively.

Despite the very good fits of the degree 2 and 3 polynomials, the in-
terest of such models is extremely limited. On the one hand, the polyno-
mials’ coefficients have no obvious biological interpretation; for instance,
it would be absurd to use a polynomial model to predict the rat weight
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after 15 weeks since the polynomial of degree 2 is decreasing while that of
degree 3 is increasing faster and faster. Using a polynomial model here,
we are therefore not seeking to build a structural model f that approx-
imates a physical phenomenon, but merely seeking to capture the vari-
ability in the observations due to the explanatory variables t, t2, . . . , td.
The underlying biological phenomenon has no place in the construction
of such models; we could thus use exactly the same approach to model
other data types.

2.1.2 Nonlinear models

We adopt in this book a fundamentally different strategy where we seek
to build a structural model that can describe mathematically – even in a
rudimentary way – the observed phenomenon. It is in this spirit that we
prefer to use a growth model such as shown earlier, f(t) = a+b(1−e−k t).
It is clearly impossible to limit ourselves to linear models and therefore
necessary to extend model (2.1) to more general ones, perhaps nonlinear,
of the form

yj = f(tj ;φ) + ej ,

where φ is a vector of specific parameters for a structural model f . Saying
that the model is nonlinear means that f is not a linear function of the
components of φ.

Example 2.1 A rat’s weight data can be modeled using the nonlinear
model

yj = a+ b(1− e−k tj ) + ej . (2.2)

Here, the parameters of the structural model are φ = (a, b, k).

In many situations, the structural model f is defined as the solution
of a system of ordinary differential equations (ODEs). Such solutions do
not always have closed-form expressions.

Example 2.2 f represents the amount of water in a tank which empties.
A is the initial amount of water before opening the plughole at time t0.

Assume first a linear elimination process. This means that the rate of
elimination is proportional to the amount in the tank: f ′(t) = −k f(t). The
solution of this linear ODE is a nonlinear function of k:

f(t) =

{
A if t ≤ t0
Ae−k (t−t0) otherwise.

If we instead assume a saturable elimination process:

f ′(t) = − k f(t)

1 + αf(t)
,
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there is no analytical solution to the equation. Nevertheless, f “exists” and
is defined as the solution of this ODE. It is a nonlinear function of α and
k.

Remark: These simple examples show that an extremely elementary
physical phenomenon may be modeled using nonlinear models. Many
phenomena from many different domains can only be characterized satis-
factorily using nonlinear models. In particular, this includes pharmacoki-
netic (PK) models, compartmental models for which transfers between
compartments and elimination are described using ODEs (Bonate, 2011;
Gabrielsson and Weiner, 2007). Even the simplest PK models are there-
fore nonlinear.

2.1.3 Linear mixed effects models

Model (2.1) concerns a single individual. Suppose now that a study is
based on N individuals and that we seek to build a global model for
all the collected observations for the N individuals. We will denote yij
the jth observation taken of individual i at time tij and x

(1)
ij , . . . , x

(d)
ij

the values of the d explanatory variables for individual i at time tij . If
we assume the parameters of the model can vary from one individual to
another, then for any subject i, model (2.1) becomes

yij = ai1x
(1)
ij + ai2x

(2)
ij + . . .+ aidx

(d)
ij + eij , 1 ≤ j ≤ ni. (2.3)

Suppose to begin with that each individual parameter aik can be ad-
ditively broken down into a fixed effect βk and an individual effect ηik,
i.e.,

aik = βk + ηik.

In this model, βk is the “typical” value of the kth model parameter in
the population and ηik the deviation of aik from this typical value. We
can then rewrite (2.3) in matrix form:

yi = Xi β +Xi ηi + ei, (2.4)

where Xi is the ni × d design matrix formed with the d explanatory
variables x(1), . . . , x(d), yi and ei the ni × 1 vectors of observations and
residual errors, and β and ηi the d × 1 vectors of fixed and individual
effects.
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Example 2.3 Consider the following linear growth model:

yij = ai + bi tij + eij

ai = apop + ηa,i

bi = bpop + ηb,i.

We can write this model as in (2.4) with β = (apop, bpop)′ and

Xi =

 1 ti,1
...

...
1 ti,ni

 .

If we place ourselves in a probabilistic framework, the individual
parameters (aik) are going to be considered random variables. Individual
effects (ηik) are usually called random effects in this context (Verbeke
and Molenberghs, 2000). In a linear mixed effects model, ηi and ei are
independent vectors with mean 0. Assuming furthermore that both ηi
and ei are normally distributed with respective variances Ω and Σi,
we have that yi is also a Gaussian vector whose mean and variance-
covariance matrix are easily computed:

yi ∼ N (Xi β , XiΩX
′
i + Σi).

We can extend model (2.4) to models invoking more complicated
design matrices that may even differ for fixed and random effects (Laird
and Ware, 1982):

yi = Xi β + Zi ηi + ei. (2.5)

We can thus introduce covariates into the model in order to explain part
of the variability in the observations.

Example 2.4 Consider the same linear growth example but now suppose
that the slope bi is a function of a covariate ci:

bi = γ + δ ci + ηb,i.

Here, the vector of fixed effects is β = (apop, γ, δ)
′ and the design matrices

are

Xi =

 1 ti,1 citi,1
...

...
...

1 ti,1 citi,ni

 , Zi =

 1 ti,1
...

...
1 ti,ni

 .

Model (2.4) also includes models for which certain parameters do not
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exhibit inter-individual variability, as well as models for which variability
in the parameters may change over time.

Example 2.5 For the sake of simplicity, assume now that tij = j. Suppose
that the intercept has no inter-individual variability and the slope changes
randomly at time m:

yij = apop + bi j + η2,i(j −m)+ + eij ,

where bi = bpop+η1,i and x+
def
= max(0, x). Then, representation (2.5) holds,

with

Xi =


1 1
1 2
...

...
1 ni

 , Zi =



1 0
2 0
...

...
m 0

m+ 1 1
...

...
n n−m


, ηi =

(
η1,i
η2,i

)
.

2.1.4 Nonlinear mixed effects models

Combining these two extensions to the basic linear model (2.1) leads to
so-called nonlinear mixed effects models (see, for instance, Davidian and
Giltinan 1995; Lindstrom and Bates 1990; Pinheiro and Bates 2009):

yij = f(tij ;β, ηi, ci) + eij . (2.6)

This mathematical representation of a model therefore considers that the
structural model is a function, possibly nonlinear, of fixed and random
effects. The linear model (2.5) is a special case of this model when f is a
linear function of both the fixed effects β and random effects η. As the
model is nonlinear, inclusion of random effects and covariates does not
have to be done in a linear way.

Example 2.6 We can choose for example to add to growth model (2.2)
certain random effects additively and others exponentially:

yij = (apop + ηa,i) + bpop e
ηb,i(1− e−(kpop+ηk,i) tij ) + eij .

Here, β = (apop, bpop, kpop) and ηi = (ηa,i, ηb,i, ηk,i). There are also several
ways to introduce a gender effect into the model. For example, we can set
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ci = 1 if rat i is male and ci = 0 if female. One possible model combining
covariates and random and fixed effects is then:

yij = (apop + γ ci + ηa,i) + bpop e
δ ci+ηb,i(1− e−(kpop+ηk,i) tij ) + eij . (2.7)

In this example, the vector of fixed effects includes the coefficients of the
covariate ci: β = (apop, bpop, kpop, γ, δ).

Another form of nonlinearity occurs if we assume that the variability
of the residual errors may vary from one individual to another and pos-
sibly over time. We can then model the variability of the residual errors
by a function g:

yij = f(tij ;β, ηi, ci) + g(tij ;β, ηi, ci)eij . (2.8)

Example 2.7 Suppose that there are random effects that act linearly on
the linear structural model f(t) = a+bt and on the variability of the residual
errors:

yij = apop + ηa,i + (bpop + ηb,i)tij + (σpop + ησ,i)eij .

Though the structural model f is a linear function and the random effects
act additively on the model’s parameters, this model is considered to be a
nonlinear mixed effects one because it includes products ησ,ieij of random
effects and residual errors.

2.2 From nonlinear mixed effects models to hierar-
chical models

The structural models f in which we are going to be interested are all
parametric. These are functions of time entirely characterized by a pa-
rameter vector φ. In the population approach, the same structural model
f is used for all individuals, but each has a different set of individual
parameters. The mathematical representations of linear models in (2.5)
and nonlinear models in (2.6) bring together fixed and random effects
and residual errors without explicitly displaying the model’s individual
parameters.

Another mathematical representation much more frequently used for
presenting nonlinear mixed effects models is the two-stage model (see
Davidian and Giltinan 1995) which both explicitly provides the param-
eters of the structural model and shows these individual parameters as
functions of fixed and random effects and possibly individual covariates:
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yij = f(tij ;φi) + eij (2.9a)
φi = h(β, ηi, ci). (2.9b)

Here, having a two-stage model means that the observations for a
given individual are described first by a model for the observations that
depends on a vector of individual parameters; this is the classic indi-
vidual approach. The population approach is then a direct extension of
this: the second stage adds a component to the model that describes
variability in the individual parameters within the population.

Example 2.8 The growth model introduced in (2.7) can be rewritten using
this two-stage representation:

yij = ai + bi(1− e−ki tij ) + eij (2.10a)

ai = apop + γ ci + ηa,i

bi = bpop e
δ ci+ηb,i (2.10b)

ki = kpop + ηk,i.

Clearly we still have the same model, but the individual parameters of the
model are now explicitly given.

Once the probability distributions for the random effects and resid-
ual errors have been defined, model representation (2.9) implicitly defines
the joint distribution of the observations (yi) and individual parameters
(φi). In effect, for each individual, equation (2.9a) defines the conditional
distribution of the observations yi (i.e., conditionally on the individual
parameters φi) while (2.9b) gives the distribution of the individual pa-
rameters φi.

Example 2.9 Assume that the random effects and residual errors are
mutually independent and normally distributed:

eij ∼
i.i.d.
N (0, σ2)

ηa,i ∼
i.i.d.
N (0, ω2

a), ηb,i ∼
i.i.d.
N (0, ω2

b ), ηk,i ∼
i.i.d.
N (0, ω2

k).

Then, the model given in (2.10) implicitly defines the conditional distri-
bution of the observations (yij) and individual parameters ai, bi, and ki:
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yij |ai, bi, ki ∼ N (ai + bi(1− e−ki tij ), σ2) (2.11a)

ai ∼
i.i.d.

{
N (apop, ω

2
a) if rat i is female (ci = 0)

N (apop + γ, ω2
a) if rat i is male (ci = 1)

log(bi) ∼
i.i.d.

{
N (log(bpop), ω2

b ) if rat i is female (ci = 0)
N (log(bpop) + δ, ω2

b ) if rat i is male (ci = 1)
(2.11b)

ki ∼
i.i.d.
N (kpop, ω

2
k).

This example shows us that there are several possible representations
of the same mixed effects model; here, one in terms of equations involving
fixed and random effects, the other in terms of definitions. The choice of
representation should be guided by the use we wish to make of the model.
Both representations can be used in the simulation context, but when
evaluating whether the hypotheses of the statistical model are valid, it
is best to use explicit definitions as in (2.11).

The representation using definitions is also often preferable when it
comes to describing a model. In effect, it is the distribution of the individ-
ual parameters that is pertinent when trying to describe the population
model, not the random effect’s distribution. For our example, perhaps
we would like to describe how the limiting weight is distributed within
the population, i.e., to know its median value for males and females,
the proportion of males with a limiting weight above 600g, etc. All of
these questions have real biological meaning because they involve an
actual physiological parameter of interest. On the other hand, the ran-
dom effects do not “exist.” They are virtual probabilistic objects used
to represent distributions in the form of equations. We cannot see them
or measure them, only calculate them. In other words, (2.10b) does not
describe the statistical model; it comes from it.

Furthermore, many distributions cannot be written as equations. For
instance, a categorical parameter cannot be represented as an equation
involving a random effect; a model can only be defined here using its
probability distribution.

Example 2.10 Patients may react differently to the same HIV treatment.
Let us distinguish between patients that respond and those that do not
respond to the treatment. Let Gi be the category of patient i:

• Gi = r if i is a responder

• Gi = nr if i is a nonresponder.

Gi is an individual parameter whose distribution is defined by its probability
function, i.e., P(Gi = r) and P(Gi = nr). There is no alternative representa-
tion of this model in equation form that lets us include continuous random
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effects; it is the distribution of Gi that is the thing of interest. We may look,
for example, to model the probability of treatment response with respect to
phenotype and genotype covariates or, estimate the conditional distribution
of Gi when observations such as viral charge are available.

Finally, let us note that model (2.9) can be extended to the situation
where the standard deviation of the residual error eij is a parametric
function that can depend on φi and some additional parameter ξi:

eij = g(tij , φi, ξi)εij .

Here, εij is a random variable with mean 0 and variance 1 for identifia-
bility reasons, and the vector of individual parameters is ψi = (φi, ξi) =
h(β, ηi, ci).

2.3 From generalized mixed models to hierarchical
models

2.3.1 Generalized linear mixed models

Many physical phenomena cannot be characterized using linear or non-
linear Gaussian models. This is why, for example, the exponential dis-
tribution is often used to model waiting times (Gross et al., 2013) and
the gamma distribution for modeling reaction times in visual search ex-
periments (Palmer et al., 2011). These continuous data models do not
involve residual errors and therefore cannot be represented in equation
form like (2.8). Models for categorical, count and survival data also can-
not be represented in equation form (2.8).

Generalized linear mixed models (GLMM) aim to model the expected
value E (yij) of the observations by way of a link function h and a linear
predictor (see, for example, Bolker et al. 2009; Hedeker 2005; McCulloch
et al. 2008):

h(E (yi)) = Xiβ + Ziηi.

The choice of link function is generally guided by constraints on the
values that observations (yij) can reasonably take. Thus, log functions
are frequently used as link functions to model data with Poisson or
exponential distributions so as to ensure parameters are positive. The
logit function h(x) = log(x/(1 − x)) and the probit function h(x) =
P(N (0, 1) < x) can be used to model probabilities and thus be used as
link functions for modeling, for example, categorical and binomial data.
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Example 2.11 We would like to compare certain learning abilities between
boys and girls. For example, we might want to model how the probability
of succeeding at a particular task evolves over time. Defining y(1)ij = 1 if
subject i succeeds at the task at time tij and y(1)ij = 0 otherwise, we want

to model E
(
y
(1)
ij

)
= P

(
y
(1)
ij = 1

)
. Let si = 0 if subject i is a girl and

si = 1 if a boy. The following model supposes that girls and boys learn to
successfully perform the task at different rates:

logit
(
P
(
y
(1)
ij = 1

))
= (a+ ηa,i) + (b+ c si + ηb,i)tij .

Here, the random effects allow us to take into account inter-subject vari-
ability at the beginning of the trial and the fact that subjects of different
sex learn the task at different rates.

Suppose now that we want to look at the time required to complete a
given task. We could model this using an exponential distribution and the
log as a link function:

log
(
E
(
y
(2)
ij

))
= u+ ηu,i − (v + c si + ηv,i)

tij
1 + tij

.

Here, y(2)ij is the time taken by subject i on day j, and u the “typical” time
in the population required to execute the task when the experiment starts;
i.e., when t = 0, and u − v and u − v − c are the typical limiting times –
after an infinite training period – for girls and boys, respectively.

2.3.2 Generalized nonlinear mixed models

In the same way that it was necessary to extend linear models for con-
tinuous data to nonlinear ones, generalized linear models for other data
types often need to be extended to generalized nonlinear mixed mod-
els (Vonesh et al., 1996). For instance, we may wish to use a nonlinear
model to model the expectation of the observations or parameters other
than the expectation. Take for instance the gamma distribution, defined
by two parameters: a shape parameter and a scale parameter; we might
want to simultaneously model these two parameters. We may even want
to use non-Gaussian distributions to model these parameters.

When we are simultaneously in the longitudinal data and population
context, a model for the observations must allow us define a distribution
that can both evolve with time and vary from one individual to the
next. Therefore, whenever this distribution is parametric, we must allow
the parameter – or parameter vector – that defines the distribution to
vary with time and between individuals. In other words, we suppose that
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there exists some distribution p and parametric function α such that

yij ∼ p( · ;αij) (2.12a)
αij = α(tij , ψi). (2.12b)

Once the distribution p has been chosen for observations (yij), the model
is defined by the parameter αij , i.e., the value of the function α at time
tij and parametrized by ψi. In this way, we have clearly defined a hier-
archical model; (2.12) defines the conditional distribution of the obser-
vations, i.e., the first stage of the hierarchical model. The second stage
consists of defining a population distribution for the vector of individual
parameters ψi.

Defining a model for the observations therefore reverts to choosing
the parametric distribution p and defining a model for parameter α of
distribution p. Here are some examples of distributions p with their pa-
rameters defined as functions of time:

distribution parameters functions

Gaussian yij ∼ N (fij , g
2
ij)

fij = f(tij , ψi) = E (yij |ψi) f(t, ψi)
gij = g(tij , ψi) = sd (yij |ψi) g(t, ψi)

Poisson yij ∼ P(λij) λij = λ(tij , ψi) = E (yij |ψi) λ(t, ψi)

Bernoulli yij ∼ B(πij) πij = π(tij , ψi) = P(yij =1|ψi) π(t, ψi)

exponential yij ∼ E(λij) λij = λ(tij , ψi) = 1/E (yij |ψi) λ(t, ψi)

Remark: In the Gaussian case, the residual error model is the function g
which may depend on individual parameters. For uniformity of notation,
we have regrouped into a single vector ψi the parameter vector φi of the
structural model and the parameter vector ξi of the residual error model.

In the population context, models for longitudinal data are hierarchi-
cal models:

1. In the first stage, the model for observations yij is a parametric
distribution that depends on a parameter αij = α(tij , ψi). The
function α is a function of time, parametrized by a vector of indi-
vidual parameters ψi.

2. In the second stage, the model for the individual parameter ψi is a
probability distribution that describes inter-individual variability
in the population. This distribution is the population distribution;
it is parametrized by a vector of population parameters θ.

Summary. . .



3
What is a Model? A Joint Probability
Distribution!

There is no universal definition of what a model is. Defining a model is
therefore a relatively arbitrary process that depends on your particular
point of view. In this chapter, we are going to show that defining a model
as a probability distribution allows us to develop a rigorous and coherent
framework.

The contents of this chapter are not indispensable for understanding
the rest of the book but are extremely useful for understanding the
formal framework for models we use. Essentially, a good understanding
of this chapter requires the reader to be comfortable with manipulating
conditional probability distributions.

3.1 Introduction and notation
A model built for real-world applications can involve various types of
variables such as measurements, individual and population parameters,
covariates and design. The model allows us to represent relationships
between these variables.

If we consider things from a probabilistic point of view, some of
the variables will be random, so the model becomes a probabilistic one,
representing the joint distribution of these random variables. Defining
a model therefore means defining a joint distribution. The hierarchical
structure of the model will then allow it to be decomposed into submod-
els, i.e., a product of conditional distributions.

Tasks such as estimation, model selection, simulation and optimiza-
tion can then be expressed as specific ways of using these probability
distributions.

29



30 Mixed Effects Models

- A model is a joint probability distribution.
- A submodel is a conditional distribution derived from this
joint distribution.

- A task is a specific use of these distributions.

We will illustrate this approach starting with a very simple example that
will gradually become more sophisticated. Then we will see in various
situations what can be defined as the model and what its inputs are. We
start by introducing some general notations and conventions.

• We will call yi the set of observations recorded for subject i, and y the
combined set of observations for all N individuals: y = (y1, . . . , yN ).
In general, we will use bold text (as for y) when a variable regroups
several individuals. Thus, we write ψi for the parameter vector for
individual i and ψ for the parameter vector for a set of individuals:
ψ = (ψ1, . . . , ψN ).

• We denote py and pψ the distributions of y and ψ, respectively; py|ψ
the conditional distribution of y given ψ; and py,ψ the joint distribu-
tion of y and ψ. In these (and other distributions), we have placed
the variable described by the distribution in the index.

• We use the same px notation for the distribution of a random variable
x as for its probability density function (pdf).

• When there is no ambiguity when working with whole equations, to
simplify notation we may omit the indices and simply use the symbol
p. For instance, py(y), the pdf of y, becomes p(y); both are equivalent.
The symbol p has no meaning on its own; it is completely defined by
its arguments.

• When the distribution of the individual parameters ψi of subject i de-
pends on a vector of individual covariates ci and a population param-
eter θ, we may choose to explicitly show this dependence by writing
the distribution of ψi as p(ψi; ci, θ).

• We use a semicolon (;) to separate random variables from nonrandom
ones, and we use a comma (,) to separate variables of same type. For
instance, p(yi, ψi; ci, θ) is the joint pdf of yi and ψi which depends on
ci and θ.

• We use a vertical bar (|) to define conditional distributions. For in-
stance, p(yi|ψi) is the conditional distribution of yi given ψi.

• When the conditional distribution pyi|ψi of the observations yi =
(yij , 1 ≤ j ≤ ni) of individual i depends on regression variables
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xi = (xij , 1 ≤ j ≤ ni) and source terms ui (i.e., inputs of a dynamical
system such as doses in a pharmacokinetic model), we may choose to
explicitly show this dependence, writing the conditional distribution
as p(yi|ψi;xi, ui).

3.2 An illustrative example

3.2.1 A model for the observations from a single individ-
ual

Let y = (yj , 1 ≤ j ≤ n) be a vector of observations obtained at times
t = (tj , 1 ≤ j ≤ n). We consider that the yj are random variables and
denote py the distribution (or pdf) of y. If we assume a parametric model,
then there exists a vector of parameters ψ that completely define py.

We can then explicitly represent this dependency with respect to ψ
by writing py( · ;ψ) for the pdf of y. If we wish to be even more precise,
we can make it clear that this distribution is defined for a given design,
i.e., a given vector of sampling times t, and write py( · ;ψ, t) instead.

- In this context, the model is the distribution of the observa-
tions py( · ;ψ, t).

- The inputs to the model are the parameters ψ and design t.

Example 3.1 500 mg of a drug is given by intravenous (iv) bolus to a
patient at time 0. We assume that the evolution of the plasmatic concen-
tration of the drug over time is described by the pharmacokinetic (PK)
model

f(t;V, k) =
500

V
e−k t,

where V is the volume of distribution and k the elimination rate constant.
The concentration is measured at times (tj , 1 ≤ j ≤ n) with additive resid-
ual errors:

yj = f(tj ;V, k) + ej , 1 ≤ j ≤ n.
Assuming that the residual errors (ej) are independent and normally dis-
tributed with constant variance a2, the observed values (yj) are also inde-
pendent random variables and

yj ∼ N
(
f(tj ;V, k), a2

)
, 1 ≤ j ≤ n. (3.1)

Here, the vector of parameters ψ is (V, k, a). V and k are the PK parameters
for the structural PK model and a the residual error parameter. As the yj
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are independent, the joint distribution of y is the product of their marginal
distributions:

py(y;ψ, t) =

n∏
j=1

pyj (yj ;ψ, tj),

where pyj is the normal distribution defined in (3.1).

3.2.2 A model for several individuals

Now let us move to N individuals. It is natural to suppose that each is
represented by the same basic parametric model but not necessarily the
exact same parameter values. Thus, individual i has parameters ψi. If
we consider that individuals are randomly selected from the population,
then we can treat ψ = (ψi, 1 ≤ i ≤ N) as if the ψi were random vectors.

If pψ is a parametric distribution that depends on a vector θ of popu-
lation parameters and a set of individual covariates c = (ci, 1 ≤ i ≤ N),
this dependence can be made clear by writing pψ( · ; θ, c) for the pdf of
ψ.

- In this context, the model is the joint distribution of the ob-
servations and the individual parameters:

p(y,ψ; θ, c, t) = p(y|ψ; t)p(ψ; θ, c).

- The inputs to the model are the population parameters θ,
individual covariates c = (ci, 1 ≤ i ≤ N) and measurement
times t = (tij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni).

Example 3.2 Let us suppose N patients receive the same treatment as
the single patient did. We now have the same PK model (3.1) for each
patient, except that each has its own individual PK parameters Vi and ki
and potentially its own residual error parameter ai:

yij ∼ N
(

500

Vi
e−ki tij , a2i

)
. (3.2)

Here, ψi = (Vi, ki, ai). One possible model is then to assume the same
residual error model for all patients and log-normal distributions for V and
k:

ai = a

log(Vi) ∼
i.i.d.
N
(
log(Vpop) + β log(wi/70), ω2

V

)
log(ki) ∼

i.i.d.
N
(
log(kpop), ω2

k

)
,

(3.3)
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where the only covariate we choose to consider, wi, is the weight (in kg)
of patient i. The model therefore consists of the conditional distribution
of the concentrations defined in (3.2) and the distribution of the individual
parameters defined in (3.3). The inputs to the model are the population pa-
rameters θ = (Vpop, kpop, ωV , ωk, β, a), covariates (here, the weight) (wi, 1 ≤
i ≤ N), and design, i.e., the sampling times (tij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni).

3.2.3 A model for the population parameters

In some cases, it may turn out that it is useful or important to consider
that the population parameter θ is itself random, rather than fixed.
There are various reasons for this, such as if we want to model uncer-
tainty in its value, introduce prior information in an estimation context,
or model inter-population variability if the model is not considering only
one given population.

In such cases, let us denote pθ the distribution of θ. As the status
of θ has changed, the model now becomes the joint distribution of its
random variables, i.e., of y, ψ and θ.

- In this context, the model is the joint distribution of the ob-
servations, the individual parameters and the population pa-
rameters:

p(y,ψ, θ; c, t) = p(y|ψ; t)p(ψ|θ; c)p(θ).

- The inputs to the model are the individual covariates c =
(ci, 1 ≤ i ≤ N) and measurement times t = (tij , 1 ≤ i ≤
N, 1 ≤ j ≤ ni).

Remarks:

1. The formula is identical for p(ψ; θ) and p(ψ|θ). What has changed
is the status of θ. It is not random in p(ψ; θ), the distribution of
ψ in terms of θ, whereas it is random in p(ψ|θ), the conditional
distribution of ψ given θ.

2. If pθ is a parametric distribution with parameter ϕ, this dependency
can be made explicit by writing pθ( · ;ϕ) for the distribution of θ.

3. Not necessarily all of the components of θ need be random. If it
is possible to decompose θ into (θF , θR) where θF is fixed and θR
random, we get

p(y,ψ, θR; t, θF , c) = p(y|ψ; t)p(ψ|θR; θF , c)p(θR).
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Example 3.3 We can introduce prior distributions in order to model the
inter-population variability of the population parameters Vpop and kpop:

Vpop ∼ N
(
30, 32)

kpop ∼ N
(
0.1, 0.012) . (3.4)

As before, the conditional distribution of the concentration is given by (3.2).
Now, (3.3) is the conditional distribution of the individual PK parameters,
given θR = (Vpop, kpop). The distribution of θR is defined in (3.4). Here, the
inputs of the model are the fixed population parameters θF = (ωV , ωk, β, a),
weights (wi) and design t.

3.2.4 A model for the covariates

Another scenario is to suppose that in fact it is the covariates c that are
random, not the population parameters. This may be in the context of
wanting to simulate individuals, or when modeling and wanting to take
into account uncertainty in covariate values. If we note pc the distribution
of the covariates, the joint distribution pψ,c of the individual parameters
and the covariates decomposes naturally as

p(ψ, c; θ) = p(ψ|c; θ)p(c).

- In this context, the model is the joint distribution of the ob-
servations, the individual parameters and the covariates:

p(y,ψ, c; θ, t) = p(y|ψ; t)p(ψ|c; θ)p(c).

- The inputs to the model are the population parameters θ and
measurement times t.

Example 3.4 We assume a normal distribution as prior for the weights:

wi ∼i.i.d. N
(
70, 102) . (3.5)

Once more, (3.2) defines the conditional distribution of the concentrations.
Now, (3.3) is the conditional distribution of the individual PK parame-
ters given the weight w, now a random variable whose distribution is
defined in (3.5). The inputs to the model are the population parameters
θ = (Vpop, kpop, ωV , ωk, β, a) and design t.
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3.2.5 A model for the measurement times

Another scenario is to suppose that there is uncertainty in the measure-
ment times t = (tij). If we note t∗ = (t∗ij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) the
nominal measurement times (i.e., those presented in a data set), then the
“true” measurement times t at which the measurements were made can
be considered random fluctuations around t∗ following some distribution
pt( · ; t∗).

Randomness with respect to time can also appear in the presence
of dropout, i.e., individuals that prematurely leave a clinical trial. For
an individual i who leaves at the random time Ti, measurement times
are the nominal times before Ti: ti = (t∗ij , t

∗
ij ≤ Ti). In such situations,

measurement times are therefore random and can be thought to come
from a distribution pt( · ; t∗).

- In this context, the model is the joint distribution of the ob-
servations, the individual parameters and the measurement
times:

p(y,ψ, t; θ, c, t∗) = p(y|ψ, t)p(ψ; θ, c)p(t; t∗).

- The inputs to the model are the population parameters θ,
individual covariates c and nominal measurement times t∗.

Example 3.5 Let us assume as prior a normal distribution around the
nominal measurement times with standard deviation 3 min = 0.05 h:

tij ∼i.i.d. N
(
t∗ij , 0.052) . (3.6)

Here, (3.6) defines the distribution of the now random variable t. The
other components of the model defined in (3.2) and (3.3) remain unchanged.
The inputs of the model are the population parameters θ, weights (wi) and
nominal measurement times t∗.

Remark: If there are also other regression variables x = (xij), the
same approach can be used by considering x to be a random variable
fluctuating around x∗.

3.2.6 A model for the dose regimen

If the structural model is a dynamical system (e.g., defined by a system of
ordinary differential equations (ODEs)), the source terms u = (ui, 1 ≤
i ≤ N), i.e., the inputs of the dynamical system, are usually considered
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fixed and known. This is the case, for example, with doses administered
to patients for a given treatment. Here, the source term ui is made up
of the dose(s) given to patient i, the time(s) of administration, and their
type (iv bolus, infusion, oral, etc.).

Here again, there may be differences between the nominal dose reg-
imen stated in the protocol and given in the data set, and the dose
regimen that was in reality administered. For example, it might be that
the times of administration and/or dose were not exactly respected or
recorded. Also, there may have been noncompliance, i.e., certain doses
that were not taken by the patient.

If we denote u∗ = (u∗i , 1 ≤ i ≤ N) the nominal dose regimens (re-
ported in the dataset), then in this context the “real” dose regimen u can
be considered to randomly fluctuate around u∗ with some distribution
pu( · ;u∗).

- In this context, the model is the joint distribution of the ob-
servations, the individual parameters and the dose regimen:

p(y,ψ,u; θ, c, t,u∗) = p(y|ψ,u; t)p(u;u∗)p(ψ; θ, c).

- The inputs to the model are the population parameters θ,
individual covariates c, nominal design τ and nominal dose
regimen u∗.

Example 3.6 Suppose that instead of the one dose given in the example
up to now, there are repeated doses (dik, k ≥ 1) administered to patient i
at times (τik, k ≥ 1). Then, it is easy to see that

yij ∼ N
(
f(tij ;Vi, ki), a

2
i

)
, (3.7)

where
f(t;Vi, ki) =

∑
k,τik<t

dik
Vi

e−ki (t−τik). (3.8)

The “real” dose regimen administered to patient i can be written ui =
(dik, τik, k ≥ 1) and the prescribed dose regimen u∗i = (d∗ik, τ

∗
ik, k ≥ 1).

We can, for example, model the random fluctuations of the administration
times τik around the nominal times (τ∗ij):

τik ∼i.i.d. N
(
τ∗ik, 0.022) , (3.9)

and noncompliance (here meaning that a dose is not taken):

P(dik = 0) = 1− P(dik = d∗ik) = 0.10. (3.10)

Here, (3.7) and (3.8) define the conditional distributions of the concentra-
tions (yij), (3.3) the distribution of ψ and (3.9) and (3.10) the distribution



What is a Model? A Joint Probability Distribution! 37

of u. The inputs are the population parameters θ, weights (wi), measure-
ment times t and nominal dose regimen u∗.

3.2.7 A complete model

We have now seen the variety of ways in which the variables in a model
play either the role of random variables whose distribution is defined by
the model, or that of nonrandom variables or parameters. Any combina-
tion is possible, depending on the context. For instance, the population
parameters θ and covariates c could be random with parametric prob-
ability distributions pθ( · ;ϕ) and pc( · ; γ), and the dose regimen u and
measurement times t could be reported with uncertainty and therefore
modeled as random variables with distribution pu and pt.

- In this context, the model is the joint distribution of the ob-
servations, the individual parameters, the population param-
eters, the dose regimen, the covariates and the measurement
times:

p(y,ψ, θ,u, c, t;u∗, t∗, ϕ, γ) =

p(y|ψ,u, t)p(ψ|θ, c)p(θ;ϕ)p(c; γ)p(u;u∗)p(t; t∗).

- The inputs to the model are the nominal dose regimen u∗,
nominal measurement times t∗ and “hyper-parameters” ϕ and
γ.

3.3 Using a model for executing tasks
In a modeling and simulation context, the tasks to execute make specific
use of the various probability distributions associated with a model.

3.3.1 Simulation

By definition, simulation makes direct use of the probability distribution
that defines the model. Simulation of the global model is straightforward
as soon as the joint distribution can be decomposed into a product of
easily simulated conditional distributions.

Consider, for example, that the variables involved in the model are
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those introduced in Section 3.2. Simulation of the complete model then
consists of sequentially performing the following steps:

1. The dose regimen u can be either given or sampled from the distri-
bution pu.

2. The measurement times t (respectively regression variables x) can
be either given or sampled from the distribution pt (respectively px).

3. The individual covariates c can be either given or sampled from the
distribution pc.

4. The population parameters θ can be either given or sampled from
the distribution pθ.

5. The individual parameters ψ can be sampled from the distribution
pψ|θ,c using the values of c and θ obtained in steps 3 and 4.

6. Lastly, observations y can be sampled from the distribution py|ψ,u,t
using the values of u, t and ψ obtained at steps 1, 2 and 5.

Simulation of a set of variables w using a given set of variables
z requires
- a model, i.e., a parametric distribution pw if the z are treated
as nonrandom variables, or a conditional distribution pw|z if
they are treated as random variables.

- the input z, i.e., a value of z which allows the parametric
distribution pw( · ; z) or the conditional distribution pw|z( · |z)
to be defined.

- an algorithm which allows us to draw w from pw or pw|z.

Example 3.7

1. Imagine now that the population parameter θ and design (u, t) are
given, and we want to simulate the individual covariates c, individual
parameters ψ and observations y. Here, the variables to simulate are
w = (c,ψ,y) and the variables given are z = (θ,u, t). If the components
of z are taken to be nonrandom variables, then:

– The model is the joint distribution py,ψ,c( · ; θ,u, t) of (y,ψ, c).

– The inputs required for simulation are the values of (θ,u, t).
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– The algorithm should be able to generate (y,ψ, c) from the joint
distribution py,ψ,c( · ; θ,u, t). Decomposing the model into three
submodels leads to a decomposition of the joint distribution as

p(y,ψ, c; θ,u, t) = p(c)p(ψ|c; θ)p(y|ψ;u, t).

The algorithm therefore reduces to successively drawing c, ψ and
y from pc, pψ|c( · |c; θ) and py|ψ( · |ψ;u, t).

2. Imagine instead that the individual covariates c, observations y, design
(u, t) and population parameter θ are given (in a modeling context,
for instance, θ may have been estimated), and we want to simulate the
individual parameters ψ. The only variable to simulate is w = ψ and the
variables which are given are z = (y, c, θ,u, t). Here, we will treat y as
if it were a random variable. The other components of z can be treated
as nonrandom variables. Now,

– The model is the conditional distribution pψ|y( · |y; c, θ,u, t) of ψ.

– The inputs required for simulation are the values of (y, c, θ,u, t).

– The algorithm should be able to draw ψ from the conditional dis-
tribution pψ|y( · |y; c, θ,u, t). Markov chain Monte Carlo (MCMC)
algorithms can be used for sampling from such complex conditional
distributions.

3.3.2 Estimation of the population parameters

In the modeling context, we usually assume that we have data that
includes the observations y and measurement times t. There may also
be individual covariates c and in pharmacological applications the dose
regimen u. For clarity, let us consider the most general case where all
are present.

Estimation of the population parameters is one of the most challeng-
ing tasks. Any statistical method for estimating the population param-
eters θ will be based on some specific probability distribution. Let us
illustrate this with two common statistical methods: maximum likeli-
hood and Bayesian estimation.

Maximum likelihood estimation consists of maximizing, with respect
to θ, the likelihood, defined as

Ly(θ)
def
= p(y; c,u, t, θ)

=

∫
p(y,ψ; c,u, t, θ) dψ.

The variance of the estimator θ̂ and therefore confidence intervals can
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be derived from the observed Fisher information matrix, which itself is
calculated using the likelihood (i.e., the pdf of the observations y):

Iy(θ̂)
def
= − ∂2

∂θ2
log(Ly(θ̂)).

Maximum likelihood estimation of the population parameter θ
requires
– a model, i.e., a joint distribution py,ψ.

– inputs y, c, u and t.

– an algorithm which allows us to maximize
∫
p(y,ψ; c,u, t, θ) dψ

with respect to θ and compute ∂2

∂θ2 log
∫
p(y,ψ; c,u, t, θ̂) dψ.

Bayesian estimation consists of estimating and/or maximizing the
conditional distribution

p(θ|y; c,u, t) =
p(y, θ; c,u, t)

p(y; c,u, t)

=

∫
p(y,ψ, θ; c,u, t) dψ

p(y; c,u, t)
.

Bayesian estimation of the population parameter θ requires
– a model, i.e., a joint distribution py,ψ,θ( · ; c,u, t) for (y,ψ, θ).

– inputs y, c, u and t.

– algorithms able to estimate and maximize p(θ|y; c,u, t).
MCMC methods can be used for estimating this conditional
distribution. For nonlinear models, optimization tools are re-
quired for computing its mode, i.e., finding the maximum of
the posterior density.

3.3.3 Estimation of the individual parameters

When θ is given (or estimated), various estimators of the individual pa-
rameters ψ are available. They are all based on a conditional distribution
of ψ.

The maximum a posteriori (MAP) estimator is obtained by maxi-
mizing, with respect to ψ, the conditional distribution

p(ψ|y; θ, c,u, t) =
p(y,ψ; θ, c,u, t)

p(y; θ, c,u, t)
.
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The conditional mean of ψ is defined as the mean of the conditional
distribution pψ|y of ψ and denoted as E (ψ|y; θ, c,u, t).

Estimation of the individual parameters ψ requires
– a model, i.e., a joint distribution py,ψ( · ; θ, c,u, t) for (y,ψ).

– inputs y, θ, c, u and t.

– algorithms able to estimate and maximize p(ψ|y; θ, c,u, t).
MCMC methods can be used for estimating this conditional
distribution. For nonlinear models, optimization tools are re-
quired for computing its mode (i.e., the MAP estimator).

3.3.4 Model selection

Likelihood ratio tests and statistical information criteria (Bayesian in-
formation criterion, Akaike information criteria) compare likelihoods
computed under different models, i.e., the probability distribution func-
tions p(1)(y; c,u, t, θ̂1), p(2)(y; c,u, t, θ̂2),. . . , p(K)(y; c,u, t, θ̂K) com-
puted under modelsM1,M2, . . . ,MK , where θ̂k is the maximum likeli-
hood estimate of θ under modelMk, i.e., the value of θ which maximizes
p(k)(y; c,u, t, θ).

Computing the likelihood and information criteria requires
– a model, i.e., a joint distribution py,ψ( · ; θ, c,u, t) for (y,ψ).

– inputs y, θ, c, u and t.

– an algorithm able to compute
∫
p(y,ψ; θ, c,u, t) dψ. For

nonlinear models, linearization or Monte Carlo methods can
be used.

3.3.5 Optimal design

In designing experiments for estimating statistical models, optimal de-
sign methods allow parameters to be estimated with minimum variance
by optimizing some statistical criterion. Common optimality criteria are
functionals of the eigenvalues of the expected Fisher information matrix

I∗(θ;u, t)
def
= −Ey

(
∂2

∂θ2
log p(y;u, t, θ)

)
.
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Optimal design for minimum variance estimation requires
– a model, i.e., a joint distribution py,ψ( · ; θ,u, t) for (y,ψ).

– a vector of population parameters θ.

– a criterion D(u, t, θ) derived from the expected Fisher infor-
mation matrix I∗(θ;u, t).

– an algorithm able to compute I∗(θ;u, t) for any design (u, t)
and maximize D(u, t, θ) with respect to u and t.

Remark: In a clinical trial context, studies are designed to op-
timize the probability of reaching some predefined target A, i.e.,
P((y,ψ) ∈ A;u, t, θ). This may include maximizing some utility func-
tion for safety and efficacy and such things as the probability of reaching
sustained virologic response, etc.

3.4 Implementing hierarchical models with
Mlxtran

Mlxtran takes advantage of the hierarchical structure of a joint proba-
bility distribution by decomposing the joint model into several submod-
els. Then, each component of the model is implemented in a different
section:

p(y|ψ; t)

p(ψ|c; θ)

p(θR)

p(c)

[LONGITUDINAL]

[INDIVIDUAL]

[POPULATION]

[COVARIATE]

Consider first the model defined by the joint distribution

p(y,ψ; θ, t) = p(y|ψ; t)p(ψ; θ),

where, as in our running example introduced in (3.2) and (3.3),

• y = (yij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) are concentrations;

• ψ = (ψi, 1 ≤ i ≤ N) are individual PK parameters, here ψi =
(Vi, ki, ai);
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• θ = (Vpop, kpop, ωV , ωk, a) are population parameters;

• t = (tij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) are the measurement times.

We aim to define a joint model for y and ψ. To do this, we will define
each model component and show how to implement it with Mlxtran.

1) p(y|ψ; t)

f(t;Vi, ki) =
500

Vi
e
−ki t

yij ∼ N
(
f(tij ;Vi, ki), a

2
)

2) p(ψ|c; θ)

`i = log(wi/70)

log(Vi) ∼ N
(

log(Vpop)+β`i, ω
2
V

)
log(ki) ∼ N

(
log(kpop), ω

2
k

)

distribution1_model.txt

[LONGITUDINAL]
input={V,k,a}

EQUATION:
f = 500/V*exp(-k*t)

DEFINITION:
y={distribution=normal,prediction=f,sd=a}

[INDIVIDUAL]
input={V_pop,k_pop,omega_V,omega_k,beta,w}

EQUATION:
l = log(w/70)

DEFINITION[model=linear]:
V={distribution=lognormal,reference=V_pop,
covariate=l,coefficient=beta,sd=omega_V}

k={distribution=lognormal,reference=k_pop,
sd=omega_k}

Remark: In this example, ai is fixed. Thus, only the distributions of
Vi and ki need to be defined.

We can then use different tools on this model for executing different
tasks: Mlxplore for model exploration, Monolix for modeling, Simulx
for simulation, etc.

It is important to remember that Mlxtran is not a “function” that
calculates an output. It is a declarative – not imperative – language
which allows us to describe a model. It is then the tasks we choose to
run which use Mlxtran like a function, “asking” it to give predictions,
draw random variables, compute a pdf, maximize a likelihood, etc.

Imagine now that we also want to introduce a statistical model for
the covariates and population parameters. We need to add to the overall
distribution only a distribution for the covariates and one for the popu-
lation parameters, i.e., add [COVARIATE] and [POPULATION] blocks
to the Mlxtran model file.



44 Mixed Effects Models

3) p(c)

wi ∼ N
(

70, 10
2
)

4) p(θR)

Vpop ∼ N
(
30, 32)

kpop ∼ N
(
0.1, 0.012)

[COVARIATE]

DEFINITION:
weight = {distribution=normal, mean=70, sd=10}

[POPULATION]

DEFINITION:
V_pop = {distribution=normal, mean=30, sd=3}
k_pop = {distribution=normal, mean=0.1,sd=0.01}

Remark: A model that incorporates a [COVARIATE] block for the
covariates and a [POPULATION] one for the population parameters
can be used for simulation by the function Simulx (see Appendix D.2)
and to explore models using Mlxplore (see Appendix D.1). The
[POPULATION] block can be used for estimation in Monolix in the
Bayesian estimation case. However, the [COVARIATE] block cannot be
used with Monolix because it supposes that the covariates are known
(see Appendix D.4).



Part II

Defining Models



Models are attempts to describe observations in a logical, simple
way and involve the relationship between measurements, parameters,
covariates and so on. If working in a probabilistic framework – as we are
here – there will be randomness in the model involving random variables,
probability distributions, errors, etc.

Because of this, and in accordance with the formal point of view
described in Chapter 3, we are going to make the following definition of
a model: a model is a joint probability distribution.

Therefore, defining a model means defining a joint probability dis-
tribution, which can then be decomposed into a product of conditional
distributions on which we can perform tasks: visualization, estimation,
model selection, simulation, etc. This part of the book is therefore about
defining appropriate probability distributions. In what follows, we will
use the notation introduced in Section 3.1.

There are two important pieces to the puzzle: the longitudinal data
y whose distribution py depends on the individual parameters, and the
individual parameters ψ themselves with distribution pψ. In the popula-
tion approach, the base distribution is the joint distribution py,ψ of the
data and the individual parameters:

p(y,ψ) = p(y|ψ)p(ψ).

In this part of the book, we concentrate essentially on these two com-
ponents: the conditional distribution py|ψ of the observations, and the
distribution pψ of the individual parameters.

Depending on the required complexity of the model, its other com-
ponents such as covariates, population parameters and design can also
be modeled as random variables, but we will not go into much detail
about that here.

For each model we will deal with, we will aim to precisely identify the
minimal amount of information needed to represent it mathematically
so that it remains possible to implement and analyze.



4
Modeling the Observations

4.1 Introduction
We focus in this chapter on models for the longitudinal data y = (yi, 1 ≤
i ≤ N), i.e., the conditional probability distributions (pyi|ψi , 1 ≤ i ≤ N)
when the individual parameters ψ = (ψi, 1 ≤ i ≤ N) are given and
where

• N is the number of subjects.

• yi = (yij , 1 ≤ j ≤ ni) are the ni observations for individual i. Here,
yij is the measurement made on individual i at time tij .

• ψi is the vector of individual parameters for subject i.

Remarks:

• We suppose that the model we will use to describe the observations is
a function of regression variables xi = (xij , 1 ≤ j ≤ ni). Each xij is
made up of the time tij and perhaps other variables that vary with
time. For example, a pharmacokinetic model can depend on time
and weight: xij = (tij , wij) where wij is the weight of individual i
at time tij , whereas a pharmacodynamic model can depend on time
and concentration: xij = (tij , cij).

• The model for observations from individual i can also depend on
input terms ui. For example, a pharmacokinetic model can include
the dose regimen administered to patients: ui is made up of the
dose(s) given to patient i, the time(s) of administration and its type
(iv bolus, infusion, oral, etc.). If the structural model is a dynamical
system (e.g., defined by a system of ordinary differential equations),
the input terms (ui) are also called source terms.

In our framework, observations y are longitudinal. So, for a given indi-
vidual i, the model has to describe the change in yi = (yij) over time. To
do this, we suppose that each observation yij comes from a probability

47
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distribution, one that evolves with time. As we have decided to work
with parametric models, we suppose that there exists a function α such
that the distribution of yij depends on α(tij , ψi). Implicitly, this includes
the time-varying variables xij mentioned above.

The time-dependence in α helps us to describe the change with time
of each yij , while the fact it depends on the vector of individual param-
eters ψi helps us to describe the inter-individual variability in yi.

We will distinguish in the following between continuous data models,
discrete data models (including categorical and count data) and time-to-
event (or survival) data models. Here are some examples of these types
of data:

• Continuous data with a normal distribution:

yij ∼ N
(
f(tij , ψi), g

2(tij , ψi)
)
.

Here, α(tij , ψi) = (f(tij , ψi), g(tij , ψi)), where f(tij , ψi) is the mean
and g(tij , ψi) the standard deviation of yij .

• Categorical data with a Bernoulli distribution:

yij ∼ B (π(tij , ψi)) .

Here, α(tij , ψi) = π(tij , ψi) is the probability that yij takes the value
1.

• Count data with a Poisson distribution:

yij ∼ P (λ(tij , ψi)) .

Here, α(tij , ψi) = λ(tij , ψi) is the Poisson parameter, i.e., the ex-
pected value of yij .

• Time-to-event data:

P(yi > t) = S(t, ψi)

− d
dt logS(t, ψi) = h(t, ψi).

Here, α(t, ψi) = h(t, ψi) is known as the hazard function.

In summary, defining a parametric model for the observations means
choosing a parametric distribution. Then, a structural model must be
chosen for the parameters of this distribution. This structural model is
itself a parametric function of time: α(t, ψ).
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4.2 Models for continuous data

4.2.1 The data

Continuous data is data that can take any real value within a given
range. For instance, a concentration takes its values in R+, the log of
the viral load takes values in R, an effect expressed as a percentage takes
values in [0, 100].

The data can be stored in a table and represented graphically. Ta-
ble 4.1 contains some simple pharmacokinetics (PK) data involving four
individuals after a single intravenous (iv) bolus administration at time
0:

TABLE 4.1: Raw PK data for four patients.

id time concentration
1 1.0 9.84
1 2.0 8.19
1 4.0 6.91
1 8.0 3.71
1 12.0 1.25
2 1.0 17.23
2 3.0 11.14
2 5.0 4.35
2 10.0 2.92
3 2.0 9.78
3 3.0 10.40
3 4.0 7.67
3 6.0 6.84
3 11.0 1.10
4 4.0 8.78
4 6.0 3.87
4 12.0 1.85

A common plot for representing continuous data is a scatter plot.
Figure 4.1 gives scatter plots of the data for each individual.
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FIGURE 4.1: Scatter plots of the data for each individual.

Instead of individual plots, we can plot them all together and connect
the points of the same individual with line segments (Figure 4.2). Such
plots are usually called spaghetti plots.
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FIGURE 4.2: Spaghetti plot of the data.

4.2.2 The model

For continuous data, we are going to consider scalar outcomes (yij ∈
Y ⊂ R) and assume the following general model:

yij = f(tij , φi) + g(tij , φi, ξi)εij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni, (4.1)

where φi is the parameter vector of the structural model f for individual
i. The residual error model is defined by the function g which may depend
on some additional vector of parameters ξi. For the sake of simplicity
in the notation, we can group together all the individual parameters of
subject i into one vector ψi = (φi, ξi) and rewrite model (4.1) as

yij = f(tij , ψi) + g(tij , ψi)εij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni. (4.2)

We will use representations (4.1) and (4.2) interchangeably in the fol-
lowing.

The residual errors (εij) are standardized random variables (mean
0 and standard deviation 1). In this case, it is clear that f(tij , φi) and
g(tij , φi, ξi) are the conditional mean and standard deviation of yij , i.e.,

E (yij |ψi) = f(tij , φi)

sd (yij |ψi) = g(tij , φi, ξi).

4.2.3 The structural model

f is known as the structural model and aims to describe the time evolu-
tion of the phenomena being studied. For a given subject i and vector
of individual parameters ψi = (φi, ξi), f(tij , φi) is the prediction of the
observed variable at time tij . In other words, it is the value that would
be measured at time tij if there were no error (εij = 0).
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In the current example, the structural model is used for predicting the
drug concentration as a function of time. We can use for example a model
of the form f(t) = C0 exp (−k t) to represent the exponential decay of
the concentration. Figure 4.3 displays examples of curves obtained with
various combinations of C0 and k.
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FIGURE 4.3: Examples of exponential decay curves.

We can see that different values of the parameters C0 and k let us
generate curves that behave like the data points in Figure 4.2. In other
words, this structural model provides a set of curves that is rich enough
to predict the concentrations for the four subjects.

There may exist several mathematical representations of the same
structural model. Consider for instance the following PK model for iv
bolus administration (Gabrielsson and Weiner, 2007):

.
Ac(t) = −k Ac(t), (4.3)

where Ac is the drug quantity in the central compartment (see Ap-
pendix C for a short introduction to PK modeling). Assume now that a
single dose D was administered at time 0. The solution of (4.3) can be
computed in closed form:

Ac(t) = De−k t. (4.4)

If our observations are plasmatic concentrations, then Cc(t) = Ac(t)/V
(where V is the volume of distribution) can be used for predicting the
plasmatic concentration at time t. The constant C0 = D/V can then
be interpreted as the initial concentration at time t = 0 and k as the
elimination rate constant.

Implementing this model using representation (4.4) will be much
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more efficient in terms of computational complexity than (4.3) which
requires numerically solving a system of ordinary differential equations
(ODEs). On the other hand, representing a PK model in terms of ODEs
as in (4.3) provides a much better description of the PK model in that
the elimination process is presented explicitly. In any case, both repre-
sentations define the same structural model.

If instead of the linear elimination represented in (4.3) we assume a
saturable elimination process (Gabrielsson and Weiner, 2007):

.
Ac(t) = − VmAc(t)

V Km +Ac(t)
, (4.5)

it turns out that there is no analytic solution (see Appendix C for more
on this model). Nevertheless, the amount Ac is still a function of time and
defined as the solution of the ODE. Thus, the concentration predicted
by the model is mathematically well-defined as Cc(t) = Ac(t)/V . This
model can be implemented and Cc calculated by numerically solving
ODE (4.5).

Other models involving more complicated dynamical systems can
be imagined, such as those defined as solutions of complex systems of
ordinary or partial differential equations. Real-life examples are found
in the study of viral kinetics (Snoeck et al., 2010), pharmacokinetics
(Gabrielsson and Weiner, 2007), diabetes (Mari, 2002), tumor growth
(Ribba et al., 2012) and system biology (Gonzalez et al., 2013).

4.2.4 The residual error model

For a given structural model f , the conditional probability distribu-
tion of the observations (yij) is completely defined by the residual error
model, i.e., the probability distribution of the residual errors (εij) and
the standard deviation g(tij , φi, ξi).

4.2.4.1 Examples of residual error models

A residual error model can take many forms (Buonaccorsi, 2010; Carroll
et al., 2010; Davidian and Giltinan, 1995). For example,

• Constant error models assume that g(tij , φi, ξi) = ai. Then, ξi = ai
and model (4.1) becomes

yij = f(tij , φi) + aiεij .

• Proportional error models assume that the standard error of the
residual error is proportional to the prediction, i.e., g(tij , φi, ξi) =
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bif(tij , φi). Then ξi = bi and model (4.1) becomes

yij = f(tij , φi)(1 + biεij).

• A possible combined error model additively combines a constant
and a proportional error model by assuming g(tij , φi, ξi) = ai +
bif(tij , φi). Here, ξi = (ai, bi) and

yij = f(tij , φi) + (ai + bif(tij , φi))εij . (4.6)

• Another combined error model combines two residual errors:

yij = f(tij , φi) + aiε
(1)
ij + bif(tij , φi)ε

(2)
ij , (4.7)

where (ε
(1)
ij ) and (ε

(2)
ij ) are sequences of standardized random vari-

ables. If we furthermore assume that these two sequences are un-
correlated, the mean and variance of aiε

(1)
ij + bif(tij , φi)ε

(2)
ij are, re-

spectively, 0 and a2
i + b2i f

2(tij , φi). We can therefore rewrite model
(4.7) using the general representation (4.1) with g(tij , φi, ξi) =√
a2
i + b2i f

2(tij , φi), where ξi = (ai, bi).

Figure 4.4 shows four simulated sequences of observations (yij , 1 ≤
i ≤ 4, 1 ≤ j ≤ 10) with their respective structural models f(t, φi). The
same constant error model has been used for all four individuals with
ai = 0.5. Thus, ai = 0.5 is the standard deviation of the conditional
distribution of yij for all j = 1, 2, . . . , ni.
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FIGURE 4.4: Four simulated sequences of observations using a constant
error model. The structural model is shown as a solid line.

These graphs let us visualize the structural model f and get a general
idea of the quality of the model fit, but do not help when it comes to the
residual error model g. Let us therefore define by (ỹij) the predictions
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provided by model (4.1), where ỹij = f(tij , φi) is the predicted value of
yij , and also define the prediction errors (eij) as the difference between
the predictions and the observations:

eij = yij − ỹij
= yij − f(tij , φi)

= g(tij , φi, ξi)εij .

If we want to try to visualize the link between the error model g and
structural model f , we can plot the prediction errors (eij) against the
predictions (ỹij). We can also plot the observations (yij) against the
predictions (ỹij). Let us take a look at these types of plots for some
basic error models.

Our first example is shown in Figure 4.5. Here, the same constant
error model with ai = a = 0.5 has been used for 50 individuals, followed
by the calculation eij = aεij . We thus obtain figures which are typical
for constant error models: the standard deviation of the prediction errors
does not depend on the value of the predictions (ỹij) since sd (eij) = a =
0.5, so both intervals have constant amplitude.
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FIGURE 4.5: Constant error model. Left: prediction errors (eij) vs pre-
dictions (ỹij). Horizontal lines are the theoretical mean E (eij) = 0 and ± 1
standard deviations: sd (eij) = ai = 0.5. Right: observations (yij) vs predic-
tions (ỹij). The solid lines are y = ỹ and ±1 standard deviations around ỹij :
[ỹij − sd (eij) , ỹij + sd (eij)].

The same plots are shown in Figure 4.6, but this time the same
proportional error model is used for all 50 individuals with bi = b = 0.4.
Here, eij = bf(tij , φi)εij . The standard deviation of the prediction error
eij is then proportional to the prediction ỹij , and hence we can see that
the amplitude of the ±1 standard deviation intervals increases linearly
with f .
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ỹ

y
−
ỹ
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FIGURE 4.6: Proportional error model. Top: four simulated sequences of
observations; bottom left: prediction errors (eij) vs predictions (ỹij); bottom
right: observations (yij) vs predictions (ỹij).

The combined error model defined in (4.6) is used in Figure 4.7 with
ai = 0.5 and bi = 0.3 for the 50 individuals. Here, eij = (a+bf(tij , φi))εij
and its standard deviation is a + bf(tij , φi). The standard deviation of
the prediction error eij and thus the amplitude of the intervals are now
affine1 functions of the prediction ỹij .
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FIGURE 4.7: Combined error model g(tij , φi, ξi) = ai + bif(tij , φi). Top:
four simulated sequences of observations; bottom left: prediction errors (eij)
vs predictions (ỹij); bottom right: observations (yij) vs predictions (ỹij).

1An affine function of t has the form f(t) = a+ b t while a linear one has the form
f(t) = b t.
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We can then see in Figure 4.8 that using the combined error model
defined in (4.7) gives intervals that look fairly similar to the previous
ones, though they are no longer linear since the standard deviation of
eij is

√
a2
i + b2i f

2(tij , φi).
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FIGURE 4.8: Combined error model g(tij , φi, ξi) =
√
a2i + b2i f

2(tij , φi).
Top: four simulated sequences of observations; bottom left: prediction errors
(eij) vs predictions (ỹij); bottom right: observations (yij) vs predictions (ỹij).

Remark: We assumed in these examples the same residual error pa-
rameter ξi for all individuals. In the population context, if ξi is an in-
dividual parameter, things become a little more complicated when we
pool all prediction errors.

Assume that the residual error parameters (ξi) are independent and
identically distributed (i.i.d.) random variables, and that for all i, ξi and
the structural model parameter φi are independent.

• If the error model is constant, then eij = aiεij and sd (eij) =√
E (a2

i ). We see therefore that mixing constant error models does
not alter the basic form of the plots in Figure 4.5; the amplitude
remains constant.

• For a proportional error model where eij = bif(tij , φi)εij , we have
sd (eij) =

√
E (b2i )f(tij , φi). Here again, mixing proportional error

models does not alter the basic form of the plots in Figure 4.6; the
amplitude of the intervals remains a linear function of f(tij , φi).

• In the case of combined error models as defined in (4.6), the look of
the plots in Figure 4.7 will change slightly. Indeed, the standard
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deviation of eij is no longer an affine function of f(tij , φi) since
sd (eij) =

√
E (a2

i ) + E (b2i ) f
2(tij , φi). Nevertheless, the global be-

havior remains the same since we can detect the presence of an in-
tercept (sd (eij) =

√
E (a2

i ) when f = 0) and sd (eij) increases with
f(tij , φi).

Things can get much more complicated if ξi and φi are not inde-
pendent, essentially due to identifiability concerns in the error model.
Consider for example the simple model:

yij = φi + aiεij , (4.8)

where φi and ai are Gaussian random variables. If φi and ai are cor-
related, there exists a coefficient b and Gaussian random variable ui
independent of φi such that ai = bφi + ui. We can therefore rewrite the
additive error model (4.8) as a combined error model:

yij = φi + (ui + bφi)εij .

For identifiability reasons, we will therefore always assume that the pa-
rameters of the residual error model ξi and those of the structural model
φi are independent.

4.2.4.2 Extensions to autocorrelated errors

For any subject i, the residual errors (εij , 1 ≤ j ≤ ni) are usually as-
sumed to be independent random variables. The extension to autocorre-
lated errors is possible by assuming, for instance, that (εij) is a station-
ary ARMA (autoregressive moving average) process (Box et al., 2008).
For example, an autoregressive process of order 1, AR(1), assumes that
autocorrelation decreases exponentially:

corr(εij , εi,j+1) = ρ
(ti,j+1−tij)
i ,

where 0 ≤ ρi < 1 for each individual i. If we assume that tij = j for
any (i, j), then ti,j+1 − ti,j = 1 and the autocorrelation function γi for
individual i is given by

γi(τ) = corr(εij , εi,j+τ )

= ρτi .

The residual errors are uncorrelated when ρi = 0. Figure 4.9 displays
three different sequences of normally distributed residual errors sim-
ulated with three different autocorrelations, ρ1 = 0.1, ρ2 = 0.7 and
ρ3 = 0.9. The autocorrelation functions (γi, 1 ≤ i ≤ 3) are also dis-
played.
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FIGURE 4.9: Examples of correlated residual errors (εij) (top) and the
associated autocorrelation functions (bottom).

4.2.4.3 Distribution of the standardized residual errors

The distribution of the standardized residual errors (εij) is usually as-
sumed to be the same for each individual i and any observation time
tij . Furthermore, for identifiability reasons it is also assumed to be sym-
metrical around 0, i.e., P(εij < −u) = P(εij > u) for all u ∈ R. Thus,
for any (i, j) the distribution of the observation yij is also symmetrical
around its prediction f(tij , φi). This f(tij , φi) is therefore both the mean
and median of the conditional distribution of yij : E (yij |ψi) = f(tij , φi)
and P(yij > f(tij , φi)|ψi) = P(yij < f(tij , φi)|ψi) = 1/2. If we make the
additional hypothesis that 0 is the mode of the distribution of εij , then
f(tij , φi) is also the mode of the distribution of yij .

A widely used bell-shaped distribution for modeling residual errors
is the normal distribution. If we assume that εij ∼ N (0, 1), then yij is
also normally distributed: yij ∼ N (f(tij , φi), g(tij , φi, ξi)).

Other distributions can be used, such as Student’s t-distribution (also
known simply as the t-distribution) which is also symmetric and bell-
shaped but with heavier tails, as shown in Figure 4.10, meaning that it
is more prone to producing values that fall far from its mean (Pinheiro
et al., 2001).
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FIGURE 4.10: The pdf of the normal distribution and several t-distributions
with different degrees of freedom ν.

A t-distribution with ν degrees of freedom has a finite variance ν/(ν−
2) if and only if ν > 2. If we assume that the standardized residual
errors (εij) are such that

√
ν/(ν − 2)εij ∼ t(ν), with ν > 2, then the

yij defined in (4.1) have nonstandardized Student’s t-distributions with
finite variance.

4.2.5 The conditional density function

When the individual parameters ψ are given and assuming that the
residual errors (εij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) are i.i.d., the conditional
density function of the observations y is straightforward to compute:

p(y|ψ) =

N∏
i=1

p(yi|ψi)

=

N∏
i=1

ni∏
j=1

p(yij |ψi)

=

N∏
i=1

ni∏
j=1

1

g(tij , ψi)
pε

(
yij − f(tij , ψi)

g(tij , ψi)

)
,

where pε is the pdf of the i.i.d. residual errors (εij). For example, if we
assume that the residual errors (εij) are Gaussian random variables with
mean 0 and variance 1, then pε(x) = e−x

2/2/
√

2π, and

p(y|ψ) =

N∏
i=1

ni∏
j=1

1√
2πg(tij , ψi)

exp

{
−1

2

(
yij − f(tij , ψi)

g(tij , ψi)

)2
}
.
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4.2.6 Transforming the data

The assumption that the distribution of any observation yij is symmet-
rical around its predicted value is a very strong one. If this assumption
does not hold, we may want to transform the data to make it more sym-
metric around its (transformed) predicted value (Oberg and Davidian,
2000). In other cases, constraints on the values that observations can
take may also lead us to transform the data.

Model (4.1) can be extended to include a transformation of the data:

u(yij) = u(f(tij , φi)) + g(tij , φi, ξi)εij , (4.9)

where u is a monotonic transformation (a strictly increasing or decreas-
ing function). As we can see, both the data yij and the structural model
f are transformed by the function u so that f(tij , φi) remains the pre-
diction of yij . Let us see now some examples of basic transformations:

• If y takes nonnegative values, a log transformation can be used:
u(y) = log(y). We can then write the model with one of two equivalent
representations:

log(yij) = log(f(tij , φi)) + g(tij , φi, ξi)εij

yij = f(tij , φi) e
g(tij ,φi,ξi)εij .

Figure 4.11 shows three simulated sequences with the following model:

yij = Aie
−αitij eaεij ,

where a = 0.5 and εij ∼ N (0, 1). Plotting the log-transformed data
helps us to better visualize both the structural and error models be-
cause we now have a function that is linear with time and has a con-
stant error model:

log(yij) = log(Ai)− αitij + a εij .

• If y takes its values between 0 and 1, a logit transformation can be
used:

logit(yij) = logit(f(tij , φi)) + g(tij , φi, ξi)εij

yij =
f(tij , φi)

f(tij , φi) + (1− f(tij , φi)) e−g(tij ,φi,ξi)εij
.
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FIGURE 4.11: Top: original data (yij) and model f(t) = Ai e
−αi t for three

subjects; bottom: log-transformation of the data and the model.

Figure 4.12 displays three simulated series under this model, where
f(tij , φi) = e−αitij and g(tij , φi, ξi) = 0.8. Here, the data (yij) are
constrained to take values between 0 and 1 due to the logit transfor-
mation.
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FIGURE 4.12: Top: original data (yij) and model f(t) = e−αi t for three
subjects; bottom: logit transformation of the data and the model.

• The logit model can be extended if the yij are known to take their
values in an interval (A,B):

u(yij) = log((yij −A)/(B − yij)),

yij = A+ (B −A)
f(tij , φi)−A

f(tij , φi)−A+ (B − f(tij , φi))e−g(tij ,φi,ξi)εij
.

Using the transformation proposed in (4.9), the conditional density
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py|ψ of the observations becomes

p(y|ψ) =

N∏
i=1

ni∏
j=1

p(yij |ψi)

=

N∏
i=1

ni∏
j=1

u′(yij)p(u(yij)|ψi)

=

N∏
i=1

ni∏
j=1

u′(yij)

g(tij , φi, ξi)
pε

(
u(yij)− u(f(tij , φi))

g(tij , φi, ξi)

)
.

For example, if the observations are log-normally distributed given the
individual parameters (u(y) = log(y)) with a constant error model
(g(t;ψi) = a), then ψi = (φi, a) and

p(y|ψ) =

N∏
i=1

ni∏
j=1

1√
2πa2 yij

exp

{
− 1

2 a2
(log(yij)− log(f(tij , φi)))

2

}
.

4.2.7 Censored data

Censoring occurs when the value of a measurement or observation is only
partially known. For continuous data measurements in the longitudinal
context, censoring refers to the values of the measurements, not the times
at which they were taken (Schluchter, 1992; Van der Laan and Robins,
2003; Vock et al., 2012).

For example, in analytical chemistry, the lower limit of detection
(LLOD) is the lowest quantity of a substance that can be distinguished
from its absence (Armbruster et al., 1994). Therefore, any time the quan-
tity is below the LLOD, the “observation” is not a measurement but the
information that the measured quantity is less than the LLOD.

Similarly, in longitudinal studies of viral kinetics, measurements of
the viral load below a certain limit, referred to as the lower limit of
quantification (LLOQ), are so low that their reliability is considered
suspect (Jacqmin-Gadda et al., 2000; Lavielle et al., 2011; Snoeck et al.,
2010). A measuring device can also have an upper limit of quantification
(ULOQ) such that any value above this limit cannot be measured and
reported.

As hinted above, censored values are not typically reported as a num-
ber, but their existence is known, as well as the type of censoring. Thus,
the observation y

(r)
ij (i.e., what is reported) is the measurement yij if

not censored, and the type of censoring otherwise. We usually distin-
guish between three types of censoring: left, right and interval. We now
introduce these, along with some illustrative data sets.
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• Left censoring : A data point is below a certain value L but it is not
known by how much:

y
(r)
ij =

{
yij if yij ≥ L

“yij < L” otherwise.

In Figure 4.13, the “data” below the limit L = −0.30 and shown in
grey are left censored. These values should therefore not be reported
in the dataset, but the information that they are below the limit
should be. Monolix uses an additional column cens to indicate
if an observation is left censored (cens=1) or not (cens=0). The
column of observations logVL displays the observed log-viral load
when it is above the limit L = −0.30, and the limit L = −0.30
otherwise. The data for the first individual are

id time logVL cens
1 1.0 0.26 0
1 2.0 0.02 0
1 3.0 -0.13 0
1 4.0 -0.13 0
1 5.0 -0.30 1
1 6.0 -0.30 1
1 7.0 -0.25 0
1 8.0 -0.30 1
1 9.0 -0.29 0
1 10.0 -0.30 1
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FIGURE 4.13: Observed and left censored data for three individuals. The
limit L is shown with a dotted line, the data below the limit with grey circles
and the reported data with stars.

• Interval censoring : A data point is in interval I but its exact value
is not known:

y
(r)
ij =

{
yij if yij /∈ I

“yij ∈ I ” otherwise.

For example, suppose we are measuring a concentration which nat-
urally takes only nonnegative values, but again we cannot measure
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it below the level L = 1. Then, any data point yij below 1 will be
recorded only as “yij ∈ [0, 1)”. Figure 4.14 displays observed and
interval censored data for three individuals. In the table, an addi-
tional column llimit is required to indicate the lower bound of the
censoring interval. Here, the data for the first individual are

id time concentration llimit cens
1 0.3 1.20 . 0
1 0.5 1.93 . 0
1 1.0 3.38 . 0
1 2.0 3.88 . 0
1 4.0 3.24 . 0
1 6.0 1.82 . 0
1 8.0 1.07 . 0
1 12.0 1.00 0 1
1 16.0 1.00 0 1
1 20.0 1.00 0 1
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FIGURE 4.14: Observed and interval censored data for three individuals.
The upper limit of the censoring interval is shown with a dotted line and the
lower limit with a dashed line; data within the censoring interval are shown
as grey circles and the reported data as asterisks.

• Right censoring : A data point is above a certain value U but it is
not known by how much:

y
(r)
ij =

{
yij if yij ≤ U

“yij > U ” otherwise.

Figure 4.15 displays observed and right censored data for three indi-
viduals, where the limit is U = 3.80. Column cens is used to indicate
if an observation is right censored (cens=-1) or not (cens=0). Data
for the first individual are
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id time volume cens
1 2.0 1.85 0
1 7.0 2.40 0
1 12.0 3.27 0
1 17.0 3.28 0
1 22.0 3.62 0
1 27.0 3.02 0
1 32.0 3.80 -1
1 37.0 3.80 -1
1 42.0 3.80 -1
1 47.0 3.80 -1
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FIGURE 4.15: Observed and right censored data for three individuals. The
limit U is shown with a dotted line, the data above it as grey circles and the
reported data as stars.

Remarks:

• Different censoring limits and intervals can be in play at different
times and for different individuals.

• Interval censoring covers any type of censoring, i.e., we can set I =
(−∞, L] for left censoring and I = [U,+∞) for right censoring.

The conditional density function needs to be computed carefully in
the presence of censored data. To cover all three types of censoring in
one go, let Iij be the (finite or infinite) censoring interval existing for
individual i at time tij . Then,

p(y(r)|ψ) =

N∏
i=1

ni∏
j=1

p(yij |ψi)1yij /∈Iij P(yij ∈ Iij |ψi)1yij∈Iij ,

where
P(yij ∈ Iij |ψi) =

∫
Iij

pyij |ψi(u|ψi) du.

We see that if yij is not censored (i.e., 1yij /∈Iij = 1), its contribution
to the likelihood is the usual p(yij |ψi), whereas if it is censored, the
contribution is P(yij ∈ Iij |ψi).
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4.2.8 Extensions to multidimensional continuous obser-
vations

• The extension to multidimensional observations is straightforward.
If d outcomes are simultaneously measured at tij , then yij is a now
a vector in Rd and we can suppose that equation (4.1) still holds for
each component of yij . Thus, for 1 ≤ m ≤ d,

y
(m)
ij = fm(tij , φi) + gm(tij , φi, ξi)ε

(m)
ij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni.

It is then possible to introduce correlation between the components
of each observation by assuming that εij = (ε

(m)
ij , 1 ≤ m ≤ d) is a

random vector with mean 0 and correlation matrix Σij .

• Suppose instead thatK replicates of the same measurement are taken
at time tij . Then, a straightforward extension of model (4.1) gives,
for 1 ≤ k ≤ K,

yijk = f(tij , φi) + g(tij , φi, ξi)εijk, 1 ≤ i ≤ N, 1 ≤ j ≤ ni.

This model assumes the same model for the inter-replicate variability
(between the K replicates at a given observation time) and the inter-
measurement variability (between different observation times for a
given replicate).

It is possible to extend this model and distinguish between these two
sources of variability by decomposing the residual error into inter-
measurement (IM) and inter-replicate (IR) components:

yijk = f(tij , φi) + g
IM

(tij , φi, ξ
IM

i )ε
(IM)
ij + g

IR
(xij , φi, ξ

IR

i )ε
(IR)
ijk .

In this model, residual error models g
IM

and g
IR

may depend on two
different vectors of parameters ξ

IM

i and ξ
IR

i .

We will use the same approach in Section 5.5 for decomposing ran-
dom effects into inter-individual and inter-occasion components.

4.2.9 Mlxtran for continuous data models

Model 1: Basic continuous data model.
Mlxtran allows us to combine equations and definitions of continuous
random variables. In this first example, the structural model f is defined
in the EQUATION block and used for prediction in the DEFINITION
block.
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φi = (Ai, αi, Bi, βi)

ψi = (φi, a)

f(t, φi) = Ai e
−αi t +Bi e

−βi t

yij = f(tij , φi) + a εij

continuous1_model.txt

[LONGITUDINAL]
INPUT:
parameter = {A, alpha, B, beta, a}

EQUATION:
f = A*exp(-alpha*t) + B*exp(-beta*t)

DEFINITION:
y = {type=continuous,distribution=normal,

prediction=f, sd=a}

Model 2: Viral kinetics model.
The structural model can be defined as the solution of a system of ODEs.
Initial conditions and derivatives are defined in the EQUATION block.

φi = (δi, ci, βi, pi, si, di, νi, ρi)

ψi = (φi, a1, a2)

if t < 0

N(t) = δi ci/(βi pi)

I(t) = (si − diN)/δi
V (t) = pi I/ci

else
Ṅ(t)=si−βi(1−νi)N(t)V (t)−diN(t)

İ(t)=βi(1− νi)N(t)V (t)−δi I(t)

V̇(t) = pi(1− ρi) I(t)− ci V (t)

f1(t, φ) = V (t)

f2(t, φ) = N(t) + I(t)

log(y
(1)
ij )|ψi ∼ N (log(f1(tij , φi), a

2
1)

log(y
(2)
ij )|ψi ∼ N (log(f2(tij , φi), a

2
2)

continuous2_model.txt

[LONGITUDINAL]
INPUT:
parameter = {delta,c,beta,p,s,

d,nu,rho,a1,a2}

EQUATION:
t0=0

N_0 = delta*c/(beta*p)
I_0 = (s - d*N_0)/delta
V_0 = p*I_0/c

ddt_N = s - beta*(1-nu)*N*V - d*N
ddt_I = beta*(1-nu)*N*V - delta*I
ddt_V = p*(1-rho)*I - c*V

f1 = V
f2 = N+I

DEFINITION:
y1={type=continuous,

distribution=lognormal,
prediction=f1,sd=a1}

y2={type=continuous,
distribution=lognormal,
prediction=f2,sd=a2}
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4.3 Models for count data
Longitudinal count data is a special type of longitudinal data that can
take only nonnegative integer values {0, 1, 2, . . .} that come from count-
ing something, e.g., the number of seizures, hemorrhages or lesions in
each given time period (Sutradhar, 2011; Thall and Vail, 1990; Winkel-
mann, 2008; Zeileis et al., 2008). In this context, data from individual i
is the sequence yi = (yij , 1 ≤ j ≤ ni) where yij is the number of events
observed in the jth time interval Iij .

Count data models can also be used for modeling other types of data
such as the number of trials required for completing a given task or the
number of successes (or failures) during some exercise. Here, yij is either
the number of trials or successes (or failures) for subject i at time tij .

For any of these data types we will then model yi = (yij , 1 ≤ j ≤ ni)
as a sequence of random variables that take their values in {0, 1, 2, . . .}.
If we assume that they are independent, then the model is completely
defined by the probability mass functions P(yij = k) for k ≥ 0 and 1 ≤
j ≤ ni. Here, we will consider only parametric distributions; in this
context, building a model for longitudinal count data means defining:

1. the probability mass function P(yij = k;αij) which is assumed to
depend on a parameter αij .

2. a parameter function α that depends on individual parameters ψi and
possibly the time tij such that αij = α(tij , ψi) for any individual i.

The conditional distribution of the observations is therefore written as

P(yij = k|ψi) = P(yij = k;α(tij , ψi)) .

Let us now look at a few examples of distributions for modeling either
the number of successes or failures at a given time tij or the number of
events during a given time period Iij .

4.3.1 Modeling success and failure numbers

The choice of distribution essentially depends on the type of data we
want to model. We limit ourselves here to looking at two types of distri-
bution that are particularly well suited to the two specific data types:

• The binomial distribution. The probability mass function of a bino-
mial distribution (B) with parameters (n, p) is

P(y = k;n, p) =

(
n

k

)
(1− p)n−kpk, 0 ≤ k ≤ n,
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with 0 ≤ p ≤ 1 and n > 0. The binomial distribution B(n, p) is the
probability distribution of the number of successes in a sequence of
n independent Bernoulli trials with probability of success p.
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FIGURE 4.16: The binomial distribution B(n, p) for different values of n
and p.

Example 4.1 Imagine that an archer has for each arrow a probability
p of hitting a target with his bow and that he shoots n of them. Then,
the number of arrows that reach the target is a binomial random variable
with parameters (n, p). Figure 4.16 shows the distribution of this number
of successfully shot arrows when p = 0.2, 0.5 and 0.8, and n = 5 or 15.

In the population context with longitudinal data, yij represents the
number of times archer i hits the target at time tij . This number can be
characterized using a binomial distribution B(n, pij). We then look to model
pij as a function of time (in order to model how this probability increases
with practice) and also as a variable that varies among individuals.

As we are looking to model a probability that is increasing, we have to
construct a function of time that is increasing and takes values in (0, 1).
It is therefore better to model logit(pij) rather than pij . For example, we
could use the function:

π(t , ψi) = di + (ei − di)(1− e−ki t),

where ψi = (di, ei, ki), and define

logit(pij) =
log(pij)

1− log(pij)

= π(tij , ψi).

Then,

pij =
1

1 + e−π(tij , ψi)
.
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Here, di defines the level of individual i at the start of training (pi,0 =
1/(1 + e−di)), and ei the level he can hope to reach after an “infinite”
training period (pi,∞ = 1/(1 + e−ei)). The speed at which he progresses is
represented by ki. In Chapter 5 we will see how to model the inter-individual
variability of the individual parameter vector ψi, i.e., the variation in com-
petence at a certain activity in a given population.

• The negative binomial distribution. The probability mass function of
the negative binomial (NB) distribution with parameters (r, p) is

P(y = k; r, p) =
Γ(k + r)

k! Γ(r)
(1− p)rpk,

with r > 0 and 0 ≤ p ≤ 1. If r is an integer, then NB(r, p) is the
probability distribution of the number of failures in a sequence of
independent Bernoulli trials with probability of success p before r
successes occur, and

P(y = k; r, p) =

(
k + r − 1

k

)
(1− p)rpk.

Remark: NB(1, p) is known as the geometric distribution: it is the
probability distribution of the number of failures before the first suc-
cess.
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FIGURE 4.17: The geometric distribution NB(1, p) (left) and negative
binomial distribution NB(3, p) (right) for different values of p.
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Example 4.2 Imagine that we are now interested in the number of misses
the archer makes before he hits the target r times. This number is a random
variable with a negative binomial distribution NB(r, p). Figure 4.17 shows
the distribution of this number of misses when p = 0.2, 0.5 and 0.8, when
r = 1, 2 or 3.

In the population context with longitudinal data, yij now represents the
number of misses archer i makes before he has 1, 2 or 3 successes, when
shooting at time tij . This number is characterized by a negative binomial
distribution NB(r, pij) where logit(pij) = π(tij , ψi) as defined in the previ-
ous example.

4.3.2 Modeling the number of events

Let us now consider that the data is the number of events of a certain
type that occurred in a given time interval. For the moment, let us
assume that all intervals have the same length. This is the case, for
instance, if data are daily seizure counts: Iij is the jth day after the
start of the experiment and yij the number of seizures observed during
that day for patient i.

First, let us look at some possible distributions for this type of data.

• The Poisson distribution. The probability mass function of a Poisson
distribution with parameter λ is

P(y = k;λ) =
λk e−λ

k!
.

One of the main properties of the Poisson distribution is that λ is both
its mean and its variance:

E (y) = Var (y) = λ.

Another important property is the link between the Poisson and ex-
ponential2 distributions. Indeed, if we assume that the time between
consecutive events has an exponential distribution with parameter λ,
then the number of events in an interval of length τ has a Poisson
distribution with parameter λτ . Figure 4.18 shows several Poisson
distributions with different parameters λ.

2The probability density function of an exponential distribution is p(t;λ) = λe−λt

for any t ≥ 0.
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FIGURE 4.18: The Poisson distribution for different parameters λ.

• The inflated Poisson distribution. This distribution can be useful when
data seem to follow a Poisson distribution except for having an overly
large quantity of cases when k = 0:

P(y = k;λ, p0) =

{
p0 + (1− p0)e−λ if k = 0

(1− p0) e
−λλk

k! if k > 0,

where 0 ≤ p0 < 1. Figure 4.19 displays several inflated Poisson distri-
butions with different parameters (λ, p0).
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FIGURE 4.19: The inflated Poisson distribution for different parameters
(λ, p0).

• The generalized Poisson distribution. The probability mass function
of the generalized Poisson (GP ) distribution with parameters (λ, δ) is

P(y = k;λ, δ) =
λ(λ+ kδ)k−1e−λ−kδ

k!
,

with λ > 0 and 0 ≤ δ < 1. The generalized Poisson distribution
includes the Poisson distribution as a special case (δ = 0) and is
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overdispersed relative to the Poisson. Indeed, the variance to mean
ratio exceeds 1:

E (y) =
λ

1− δ

Var (y) =
λ

1− δ3
.

Figure 4.20 shows several generalized Poisson distributions with dif-
ferent parameters (λ, δ).
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FIGURE 4.20: The generalized Poisson distribution for different parameters
(λ, δ).

In the population context, if we assume that model parameters are
constant over time for each individual, then the model is reduced to
describing the inter-individual variability of these parameters.

Example 4.3 Assume that daily seizure counts for individual i are inde-
pendent and follow a Poisson distribution with parameter λi. Then ψi = λi
and

yij |ψi ∼
i.i.d.

Poisson(λi).

Here, λi is the expected number of seizures per day for individual i. This is
assumed to remain constant over time.

On the other hand, if model parameters for the longitudinal data are
not constant over time, we can make the approximation that they are
constant over each time interval Iij . We can then construct a model to
characterize the value of these parameters in each interval.
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Example 4.4 Suppose that we believe that a disease-related event has a
linearly increasing frequency. We can model this by defining a continuous
function of time λ(t, ψi) = αi + βit, where ψi = (αi, βi), setting λij =
λ(tij , ψi).

Assume furthermore that taking a certain drug tends to reduce the
number of events. We can then link the time-varying drug concentration C
to the value of λ at any time using for instance an inhibition Imax model
(Gabrielsson and Weiner, 2007):

λ(t, ψi) = (αi + βi t)

(
1− Imaxi

Ci(t)

IC50,i + Ci(t)

)
,

where 0 ≤ Imaxi ≤ 1. Here, ψi = (αi, βi, Imaxi, IC50,i). As before, we sup-
pose that the conditional distribution of yij given ψi is Poisson with pa-
rameter λ(tij , ψi).

A more realistic framework consists of supposing that there exists an
underlying continuous process and that the data we observe in each time
interval issue from this process. The construction of such a framework
is only possible for certain special distributions such as the Poisson; we
will see in effect in Section 4.5 that there exists a direct link between the
intensity of a Poisson process and the hazard function associated with
time-to-event data.

Example 4.5 If yij is the number of a given type of event (seizures,
hemorrhages, etc.) in time interval Iij , and if hi(t) = h(t, ψi) is the hazard
function associated with this sequence of events for individual i, then yij is
a nonhomogeneous Poisson process with Poisson intensity

λij =

∫
Iij

h(t, ψi)dt (4.10)

in interval Iij . It is thus immediately clear from (4.10) that we can consider
intervals with different lengths. In particular, if we assume a homogeneous
Poisson process, i.e., with intensity λi constant over time, then the expected
number of events in interval Iij of length τij is λiτij .

Such extensions are not possible for the inflated and generalized Pois-
son distributions. For example, there is no obvious way to define p0 for
the inflated Poisson when dealing with intervals of different lengths.

4.3.3 Mlxtran for count data models

Model 1: Poisson model with time varying intensity.
Using Mlxtran we can easily define the observations (yij) as random
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variables where, for example, the distribution of yij is Poisson with pa-
rameter λ(tij , ψi).

ψi = (αi, βi)

λ(t, ψi) = αi + βi t

yij |ψi ∼ Poisson(λ(tij , ψi))

count1_model.txt

[LONGITUDINAL]
INPUT:
parameter = {alpha, beta}

EQUATION:
lambda = alpha + beta*t

DEFINITION:
y ~ poisson(lambda)

Example 2: Generalized Poisson model.
With Mlxtran it is possible to use a library of predefined distributions
(including Poisson and binomial). It is also possible for users to explicitly
define the data’s distribution by giving the probability mass function of
yij . Here, the generalized Poisson distribution is used for defining the
distribution of yij .

ψi = (λi, δi)

log (P(yij = k |ψi)) = log(λi)− kδi
−λi + (k− 1) log(λi + kδi)− log(k!)

count2_model.txt

[LONGITUDINAL]
INPUT:
parameter = {lbd, dlt}

DEFINITION:
Y = {type = count,
log(P(Y=k)) = log(lbd)-lbd-k*dlt
+(k-1)*log(lbd+k*dlt) -factln(k)
}

4.4 Models for categorical data
Assume now that the observed data takes its values in a fixed and finite
set of nominal categories {c1, c2, . . . , cK} (Agresti, 2007; Molenberghs
and Verbeke, 2005; Powers and Xie, 2008). Considering the observations
(yij , 1 ≤ j ≤ ni) for any individual i as a sequence of conditionally inde-
pendent random variables, the model is completely defined by the prob-
ability mass functions P(yij = ck|ψi) for k = 1, . . . ,K and 1 ≤ j ≤ ni.
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For a given (i, j), the sum of the K probabilities is 1, so in fact only
K− 1 of them need to be defined. In the most general way possible, any
model can be considered so long as it defines a probability distribution,
i.e., for each k, P(yij = ck|ψi) ∈ [0, 1], and

∑K
k=1 P(yij = ck|ψi) = 1.

For instance, we could defineK time-dependent parametric functions
a1, a2, . . . ,aK and set for any individual i, time tij and k ∈ {1, . . . ,K},

P(yij = ck|ψi) =
eak(tij ,ψi)∑K

m=1 e
am(tij ,ψi)

. (4.11)

Odds may sometimes be more convenient than probabilities. The
odds in favor of a given event are the ratio of the probability that the
event will happen to the probability it will not. Thus, the odds for yij
in favor of category ck are

oddsij(ck) =
P(yij = ck|ψi)
P(yij 6= ck|ψi)

, (4.12)

and the associated log-odds are

log-oddsij(ck) = logit(P(yij = ck|ψi) .

Example 4.6 Suppose we want to model binary data, i.e., data where
yij ∈ {0, 1} (Lee et al., 2009; Meza et al., 2009). Let ψi = (αi, βi) and
let a0(t, ψi) = 0 and a1(t, ψi) = αi + βi t. Then, (4.11) gives a probability
distribution for binary outcomes:

P(yij = 0|ψi) =
1

1 + eαi+βi tij
and P(yij = 1|ψi) =

eαi+βi tij

1 + eαi+βi tij
.

Such a parameterization is extremely flexible and easy to interpret in this
example since P(yij = 1|ψi) and a1(tij , ψi) move in the same direction as
time increases. Indeed,

oddsij(1) =
P(yij = 1|ψi)
P(yij = 0|ψi)

= eαi+βi tij

and

log-oddsij(1) = logit(P(yij = 1|ψi)
= αi + βi tij .
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4.4.1 Ordinal data

Ordinal data further assume that the categories are ordered (Agresti,
2010; Molenberghs and Verbeke, 2005), i.e., there exists an order ≺ such
that

c1 ≺ c2,≺ . . . ≺ cK .
We can think, for instance, of levels of pain (low ≺ moderate ≺ severe)
or scores on a discrete scale, e.g., from 1 to 10.

Instead of defining the probabilities of each category, it may be con-
venient to define the cumulative probabilities P(yij � ck|ψi) for k =
1, . . . ,K − 1, or in the other direction: P(yij � ck|ψi) for k = 2, . . . ,K.
Any model is possible as long as it defines a probability distribution, i.e.,
it satisfies

0 ≤ P(yij � c1|ψi) ≤ P(yij � c2|ψi) ≤ . . . ≤ P(yij � cK |ψi) = 1.

We can then extend the definition of odds given in (4.12) for cate-
gorical data to cumulative odds for ordinal data:

cumulative-oddsij(ck) =
P(yij � ck|ψi)
P(yij � ck|ψi)

and
log-cumulative-oddsij(ck) = logit(P(yij � ck|ψi) . (4.13)

Without loss of generality, we will consider numerical categories in what
follows. The order ≺ then reduces to the usual order (<) on R.

Currently, the most popular model for ordinal data is the propor-
tional odds model (Molenberghs and Verbeke, 2005; Williams, 2006;
Zeng et al., 2005) which uses logits of these cumulative probabilities,
also called cumulative logits, as defined in (4.13). We assume that there
exist αi,1 ≥ 0, αi,2 ≥ 0, . . . , αi,K−1 ≥ 0 such that for k = 1, 2, . . . ,K−1,

logit (P(yij ≤ ck|ψi)) =

k∑
m=1

αim + βi ·x(tij), (4.14)

where x(tij) is a vector of regression variables and βi a vector of coeffi-
cients.3 Here, ψi = (αi,1, αi,2, . . . , αi,K−1, βi).

Recall that logit(p) = log (p/(1− p)). The probability defined in
(4.14) can therefore also be expressed as

P(yij ≤ ck|ψi) =
1

1 + exp
{
−
∑k
m=1 αim − βi ·x(tij)

} .
3Here, a · b =

∑
k akbk is the dot product of vectors a and b.
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Example 4.7 We give to patients a drug which is supposed to decrease
the level of a given type of pain. The level of pain yij for patient i at time
tij is measured on a scale from 1 to 3: 1=low, 2=moderate, 3=high. We
consider the following model for yij :

logit (P(yij ≤ 1|ψi)) = αi,1 + βi,1 tij + βi,2 Cij

logit (P(yij ≤ 2|ψi)) = αi,1 + αi,2 + βi,1 tij + βi,2 Cij ,

where Cij is the drug concentration at time tij . This model defines a prob-
ability distribution for yij if furthermore P(yij ≤ 3|ψi) = 1 and αi,2 ≥ 0.
The model parameters are quite easy to explain:

• βi,1 = 0 means that without treatment, the level of pain tends to remain
stable over time.

• βi,1 < 0 (βi1 > 0) means that without treatment, pain tends to increase
(decrease) over time.

• βi,2 = 0 means that the drug has no effect on pain.

• βi,2 > 0 means that the level of pain tends to decrease when the drug
concentration increases, whereas βi2 < 0 means that pain is an adverse
drug effect.

Remark: The exclusive use of linear models (or generalized linear mod-
els) has no real justification today since very efficient algorithms and
tools are available for nonlinear models. Model (4.14) can be easily ex-
tended to a model that is nonlinear in the regression variables:

logit (P(yij ≤ k|ψi)) =

k∑
m=1

αim + β(x(tij)),

where β is any (linear or nonlinear) function of x(tij). More generally,
we can use any nonlinear function for the cumulative logits so long as
they define a probability distribution. Let γ1, γ2, . . . ,γK−1 be K − 1
parametric functions of time such that for parameter vector ψ and any
time t,

γ1(t, ψ) ≤ γ2(t, ψ) ≤ . . . ≤ γK−1(t, ψ).

We can then define the conditional distribution of the data by setting
for each individual i, each 1 ≤ j ≤ ni and 1 ≤ k ≤ K − 1,

logit (P(yij ≤ k|ψi)) = γk(tij , ψi).
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4.4.2 Markovian dependence

For the sake of simplicity, we will assume here that the observations (yij)
take their values in {1, 2, . . . ,K}.

We have so far assumed that the categorical observations (yij , j =
1, 2, . . . , ni) for individual i are independent. It is however possible to
introduce dependence between observations from the same individual by
assuming that (yij , j = 1, 2, . . . , ni) forms a Markov chain. For instance,
a Markov chain with memory 1 assumes that all that is required from
the past to determine the distribution of yij is the value of the previous
observation yi,j−1, i.e., for all k = 1, 2, . . . ,K,

P(yij = k | yi,j−1, yi,j−2, yi,j−3, . . . , ψi) = P(yij = k|yi,j−1, ψi) .

4.4.2.1 Discrete-time Markov chains

If observation times are regularly spaced (constant length of time
between successive observations), we can consider the observations
(yij , j = 1, 2, . . . , ni) to be a discrete-time Markov chain (Durrett, 2010;
Meyn and Tweedie, 2009). Here, for each individual i, the probability
distribution of the sequence (yij) is defined by

• The distribution πi = (πki , k = 1, 2, . . . ,K) of the first observation
yi,1:

πki = P(yi,1 = k|ψi) .

• The sequence of transition matrices (Qij , j = 2, 3, . . .) where for each
j, Qij = (q`,kij , 1 ≤ `, k ≤ K) is a matrix of size K ×K such that

q`,kij = P(yij = k| yi,j−1 = `, ψi) for all 1 ≤ `, k ≤ K,
K∑
k=1

q`,kij = 1 for all 1 ≤ ` ≤ K.

The conditional distribution of yi = (yij , j = 1, 2, . . . , ni) is then well
defined as

p(yi|ψi) = p(yi,1|ψi)
ni∏
j=2

p(yij |yi,j−1, ψi).

For a given individual i, Qij defines the transition probabilities be-
tween states at a given time tij . Figure 4.21 shows the transitions of a
3-state Markov chain for individual i at time tij .
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FIGURE 4.21: Transitions of a 3-state Markov chain for individual i at
time tij .

Our model must therefore give for each individual i the distribution
of the first observation (yi,1) and a description of how the transition
probabilities evolve with time.

Example 4.8 Figure 4.22 shows several examples of simulated sequences
coming from a 2-state Markov model defined for any individual i by

P(yi,1 = 1) = 0.5

q12ij = α1(tj)

q21ij = α2(tj),

where tj = j and

logit (α1(t)) = a+ b t

logit (α2(t)) = c+ d t.

In the first example (left), the logits of the transitions between states are
constant (b = d = 0). Transition probabilities are therefore constant over
time. Here, q12 = 1/(1+exp(2.5)) = 0.076 and q21 = 1/(1+exp(2)) = 0.119.
As q12 and q21 are small with q12 < q21, transitions between the two states
are rare, and a larger amount of time (on average) is spent in state 1. Indeed,
the stationary distribution is the eigenvector of the transition matrix P ′:
P(yij = 1) = 0.611 and P(yij = 2) = 0.389. The figure (left) displays the
transition rates q12 and q21 as functions of the time (top left) and one
simulated sequences of states (bottom left).

In the second example (center), b and d are negative. This means that
as time progresses, transitions from state 1 to 2 become rarer, and the same
is true from 2 to 1.
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In the third example (right), b and d are now positive. This means that
as time progresses, transitions from state 1 to 2 become more and more
frequent, and also more frequent from 2 to 1.

Note that the value of a (resp. c) can be seen as the transition probability
from state 1 to 2 (resp. 2 to 1) at time t = 0.
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FIGURE 4.22: Three examples of Markov models for categorical data. Top:
α1(t) = 1/(1 + e−a−b t) as a solid line and α2(t) = 1/(1 + e−c−d t) as a dotted
line; bottom: three sequences (y1,j) sampled with three Markov models defined
by transition probabilities q12ij = α1(tj) and q21ij = α2(tj).

Various choices can be made for defining an initial distribution πi:

• The initial state can be defined arbitrarily: yi,1 = k0. This means
that πk0

i = 1 and πki = 0 for k 6= k0.

• More generally, any simple probability distribution can be used for
choosing the initial state, e.g., the uniform distribution πki = 1/K
for k = 1, 2, . . . ,K.

• If a transition matrix Qi,1 has been defined at time t1, we can con-
sider using its stationary distribution, i.e., taking for πi the solution
to

πi = πiQi,1.

4.4.2.2 Continuous-time Markov chains

The previous situation can be extended to the case where time intervals
between observations are irregular by modeling the sequence of states
as a continuous-time Markov process (Gardiner, 1996). The difference
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is that rather than transitioning to a new (possibly the same) state at
each time step, the system remains in the current state for some random
amount of time before transitioning. This process is now characterized
by transition rates instead of transition probabilities:

P(yi(t+ h) = k | yi(t) = `, ψi) = h ρ`k(t, ψi) + o(h), k 6= `.

The probability that no transition happens between t and t+ h is

P(yi(s) = `,∀s ∈ (t, t+ h) | yi(t) = `, ψi) = eh ρ``(t,ψi).

Furthermore, for any individual i and time t, the transition rates
(ρ`,k(t, ψi)) satisfy for any 1 ≤ ` ≤ K,

K∑
k=1

ρ`k(t, ψi) = 0.

Constructing a model therefore means defining parametric functions
of time (ρ`,k) that satisfy this condition. Defining (ρ`,k) as a function of
time allows one to take into account variation in transition rates over
time, and dependence of the transition rates on a vector of individual
parameters ψi allows us to take into account inter-individual variability.

4.4.3 Mlxtran for categorical data models

Model 1: yij ∈ {0, 1}.

ψi = πi

P(yij = 1) |ψi) = πi

P(yij = 0) |ψi) = 1− πi

categorical1_model.txt

[LONGITUDINAL]
INPUT:
parameter = {pi}

DEFINITION:
y = {type=categorical,

categories={0,1},
P(y=1))=pi}

Model 2: yij ∈ {0, 1, 2}.
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ψi = (Vi, ki, αi, βi, γi)

D = 100

C(t, ψi) = D/Vi e
−ki t

l0(t, ψi) = αi + γ C(t, ψi)

l1(t, ψi) = αi + βi + γi C(t, ψi)

logit(P(yij ≤ 0|ψi)) = l0(tij , ψi)

logit(P(yij ≤ 1|ψi)) = l1(tij , ψi)

P(yij ≤ 2|ψi) = 1

categorical2_model.txt

[LONGITUDINAL]
INPUT:
parameter={V,k,alpha,beta,gamma}

EQUATION:
D = 100
C = D/V*exp(-k*t)
l0 = alpha + gamma*C
l1 = alpha + beta + gamma*C

DEFINITION:
y = {type=categorical,

categories={0,1,2},
logit(P(y<=0))=l0,
logit(P(y<=1))=l1}

Model 3: 2-state discrete-time Markov chain.

ψi = (ai, bi, ci, di)

P(yi,1 = 1) = 0.5

logit(P(yij =2|yi,j−1 =1, ψi)) = ai + bitij

logit(P(yij =1|yi,j−1 =2, ψi)) = ci + ditij

markov1_model.txt

[LONGITUDINAL]
INPUT:
parameter = {a, b, c, d}

DEFINITION:
Y={type = categorical,

categories = {1, 2},
dependence = Markov
P(Y_1=1) = 0.5
logit(P(Y=2 |Y_p=1))=a+b*t
logit(P(Y=1 |Y_p=2))=c+d*t}

Model 4: 2-state continuous-time Markov chain.

ψi = (ai, bi, ci, di, πi)

P(yi,1 = 1|ψi) = πi

ρ1,2(t, ψi) = eai+bit

ρ2,1(t, ψi) = eci+dit

markov2_model.txt

[LONGITUDINAL]
INPUT:
parameter = {a, b, c, d, pi}

DEFINITION:
Y = {type = categorical,

categories = {1, 2},
dependence = Markov
P(Y_1=1) = pi
transitionRate(1,2)=exp(a+b*t)
transitionRate(2,1)=exp(c+d*t)
}
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4.5 Models for time-to-event data
Here, observations are the “times at which events occur.” An event may
be one-off (e.g., death, hardware failure) or repeated (e.g., epileptic
seizures, mechanical incidents, strikes).

4.5.1 Single events

To begin with, we will consider a one-off event. Depending on the ap-
plication, the length of time to this event may be called the survival
time (until death, for instance, see Andersen, 2006; Klein et al., 2013;
Kleinbaum, 2011; Miller, 2011), failure time (until hardware fails, see,
for example, Kalbfleisch and Prentice, 2011), and so on. In general, we
simply say time-to-event.

4.5.1.1 Different possible situations

The random variable representing the time-to-event for subject i is typ-
ically written Ti. There are then several ways to define observations,
depending on the situation:

1. The event time is exactly observed at time ti. Here, observation yi
for individual i is “Ti = ti” which can equally be written yi = ti.

τ0 timeti

“Ti = ti”

2. We may know the event has happened in an interval Ii but not know
the exact time ti. This is interval censoring. For example, at a routine
check-up, cancer recurrence may be detected and we only know that
it has occurred at some point in time since the last check-up. Here,
observation yi is the event: “ai < Ti ≤ bi”.

τ0 timeai bi

“ai ≤ Ti ≤ bi”

3. If we assume that the trial ends at time τend, the event may happen
after the end. This is right censoring. Here, observation yi is the
event: “Ti > τend”.
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τ0 timeτend

“Ti > τend”

4.5.1.2 Probability distributions

Several functions play key roles in time-to-event analysis: the survival,
hazard and cumulative hazard functions. We are still working under a
population approach here so these functions, detailed below, are thus in-
dividual functions, i.e., each subject has its own. As we are using para-
metric models, this means that these functions depend on individual
parameters (ψi).

• The survival function S(t, ψi) gives the probability that the event
happens to individual i after time t > τ0:

S(t, ψi)
def
= P(Ti > t;ψi) .

• The hazard function h(t, ψi) is defined for individual i as the instan-
taneous rate of the event at time t, given that the event has not
already occurred:

h(t, ψi)
def
= lim

dt→0

S(t, ψi)− S(t+ dt, ψi)

S(t, ψi) dt
.

This is equivalent to

h(t, ψi) = − d

dt
logS(t, ψi). (4.15)

• Another useful quantity is the cumulative hazard function H(a, b;ψi),
defined for individual i as

H(a, b;ψi)
def
=

∫ b

a

h(t, ψi) dt.

Note that (4.15) implies:

S(t, ψi) = e−H(τ0,t;ψi). (4.16)

Equation (4.15) shows that the hazard function h(t, ψi) characterizes
the problem, because knowing it is the same as knowing the survival func-
tion S(t, ψi). The probability distribution of survival data is therefore
completely defined by the hazard function. The conditional distribution
pyi|ψi can be easily computed for the various censoring situations dis-
cussed above.
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1. If the event is exactly observed with yi = ti, the pdf is the derivative
of the cumulative distribution function (cdf), i.e., the derivative of
1− S(ti;ψi):

p(yi|ψi) =
d

dti

(
1− e−H(τ0,ti;ψi)

)
= h(ti;ψi)e

−H(τ0,ti;ψi).

2. If the event is interval-censored with yi = “ai < Ti ≤ bi”,

p(yi|ψi) = P(Ti ∈ (ai, bi] |ψi)
= P(Ti > ai|ψi)P(Ti ≤ bi|Ti > ai, ψi)

= e−H(τ0,ai;ψi)(1− e−H(ai,bi;ψi)). (4.17)

3. If the event is right-censored with yi = “Ti > τend”,

p(yi|ψi) = P(Ti > τend|ψi)
= S(τend, ψi)

= e−H(τ0,τend;ψi).

4.5.1.3 Applications

There are several possible ways to define observations in real-world sit-
uations:

• If events (before τend) are precisely observed, then for i = 1, 2, . . . , N ,

yi =

{
ti if ti ≤ τend

“Ti > τend” otherwise.

Example 4.9 Assume that a trial starts at τ0 = 0 and ends at τend = 5, and
that we obtain the following observations from four individuals: y1 = 3.2,
y2 =“T2 > 5”, y3 = 2.7, y4 =“T4 > 5”. These observations can be stored in
a data file, as shown to the left.

id time event pdf
1 0 0 1
1 3.2 1 h(3.2;ψ1) exp(−H(0, 3.2;ψ1))
2 0 0 1
2 5 0 exp(−H(0, 5;ψ2))
3 0 0 1
3 2.7 1 h(2.7;ψ3) exp(−H(0, 2.7;ψ3))
4 0 0 1
4 5 0 exp(−H(0, 5;ψ4))



Modeling the Observations 87

Here, “event=0” at time t means that the event happened after t and
“event=1” means that the event happened at time t. The rows with t = 0
are included to show the trial start time τ0 = 0. In the table on the right,
we display the contributions of each observation to the conditional pdf of
y.

• If events before τend are interval censored, then for i = 1, 2, . . . , N ,

yi =

{
“ai < Ti ≤ bi” if ti ≤ τend

“Ti > τend” otherwise.

Example 4.10 Assume that we have intervals of length 1:
(0, 1], (1, 2], . . . , (4, 5]. For the same four individuals as the previous ex-
ample, we now have the following observations: y1 =“3 < T1 ≤ 4”,
y2 =“T2 > 5”, y3 =“2 < T3 ≤ 3”, y4 =“T4 > 5”. The table below shows
how the data can be stored in a data file and how to compute the contri-
butions of each observation to the conditional pdf of y.

id time event pdf
1 0 0 1
1 3 0 exp(−H(0, 3;ψ1))
1 4 1 1− exp(−H(3, 4;ψ1))
2 0 0 1
2 5 0 exp(−H(0, 5;ψ2))
3 0 0 1
1 2 0 exp(−H(0, 2;ψ3))
1 3 1 1− exp(−H(2, 3;ψ3))
4 0 0 1
4 5 0 exp(−H(0, 5;ψ4))

Here, “event=0” at time t means that the event happened after t and
“event=1” means that the event happened before time t.

4.5.2 Repeated events

Sometimes, an event can potentially happen again and again, e.g., epilep-
tic seizures, heart attacks (Huang and Liu, 2007; Kelly and Jim, 2000).
For any given hazard function h, the survival function S for individual i
now represents the survival since the previous event at ti,j−1, given here
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in terms of the cumulative hazard from ti,j−1 to ti,j :

S(ti,j |ti,j−1;ψi) = P(Ti,j > ti,j |Ti,j−1 = ti,j−1;ψi)

= exp(−H(ti,j−1, ti,j ;ψi))

= exp

(
−
∫ ti,j

ti,j−1

h(t, ψi) dt

)
.

4.5.3 Censoring and probability distributions

Taking into account censoring for repeated events is slightly more com-
plicated than for one-off events. First, let us assume that a trial starts at
time τ0 and ends at time τend. Let (Ti1, Ti2, . . .) be random event times
after τ0 for individual i. Then, we can distinguish between the following
two situations:

• Exactly observed events: A sequence of ni event times is precisely ob-
served before τend, i.e., yi = (ti,1, ti,2, . . . , ti,ni ,“Ti,ni+1 > τend”). The
conditional pdf of yi is given by

p(yi|ψi) =

 ni∏
j=1

h(tij ;ψi)e
−H(ti,j−1,ti,j ;ψi)

 e−H(tni ,τend;ψi), (4.18)

where ti0 = τ0. For example, suppose that for individual i = 1 we
know there were at least 7 events but only 6 of them occurred before
τend = 15. Here is a graphic showing the events that were exactly
observed:

τ0 timeti1 ti2 ti3 ti4 ti5 ti6 τend

This data is then stored in a datafile as shown below. We see that
the 7th event is noted “event = 0” with time τend = 15, indicating
that the event was not observed at the end of the time period τend. In
the table on the right, we show the contributions of each observation
to the conditional pdf of y1. Equation (4.18) implies that the pdf of
y1 = (y1,1, . . . , y1,8) is the product of the conditional pdfs given in
this table.
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id time event pdf
1 0.0 0 1
1 1.4 1 h(1.4;ψ1)e−H(0,1.4;ψ1)

1 3.5 1 h(3.5;ψ1)e−H(1.4,3.5;ψ1)

1 4.4 1 h(4.4;ψ1)e−H(3.5,4.4;ψ1)

1 5.6 1 h(5.6;ψ1)e−H(4.4,5.6;ψ1)

1 9.7 1 h(9.7;ψ1)e−H(5.6,9.7;ψ1)

1 11.4 1 h(11.4;ψ1)e−H(9.7,11.4;ψ1)

1 15.0 0 e−H(11.4,15;ψ1)

• Interval-censored events: Let (b0, b1], (b1, b2], . . . , (bK−1, bK ] be a se-
quence of successive intervals with

τ0 = b0 < b1 < b2 < . . . < bK = τend.

We do not know the exact event times, but a sequence
(mik; 1 ≤ k ≤ K) is observed wheremik is the number of events that
occurred for individual i in interval (bk−1, bk]. We can show that the
conditional pdf of yi is given by

p(yi|ψi) =

K∏
k=1

e−H(bk−1,bk;ψi)
(H(bk−1, bk;ψi))

mik

mik!
. (4.19)

In other words, the number of events per interval for individual
i is a (possibly nonhomogenous) Poisson process with intensity
H(bk−1, bk;ψi) in interval (bk−1, bk].
Here is a graphic that shows an example of the interval boundaries
and the number of events that occurred in each interval for individual
i = 1:

b0 =τ0
time

b1 b2 b3 b4

mi1 =1 mi2 =3 mi3 =0 mi4 =2 mi5 =0

b5 =τend

The table below shows the same data. Using (4.19) we see that the
conditional pdf of y1 = (y1,1, . . . , y1,6) is the product of the condi-
tional pdfs given in the table on the right.

id time event pdf
1 0 0 1
1 3 1 exp(−H(0, 3;ψ1))H(0, 3;ψ1)

1 6 3 exp(−H(3, 6;ψ1))H3(3, 6;ψ1)/6

1 9 0 exp(−H(6, 9;ψ1))

1 12 2 exp(−H(9, 12;ψ1))H2(9, 12;ψ1)/2

1 15 0 exp(−H(12, 15;ψ1))
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Remark: If the total number ni of (observed and unobserved) events for
individual i is known to be finite, then formula (4.19) changes slightly
when the last event occurs before τend (tni < τend). Assume that the last
event for individual i occurs in the Ki-th interval. Let si =

∑Ki−1
i=1 mik

be the number of events that occurred before this interval. Then, we can
show that

p(yi|ψi) =

Ki−1∏
k=1

(
(H(bk−1, bk;ψi))

mik

mik!
e−H(bk−1,bk;ψi)

)

×

(
1−

ni−si∑
`=0

(H(bk−1, bk;ψi))
`

`!
e−H(bki−1,bki ;ψi)

)
.

This means in particular that we cannot generalize the formulas
obtained for repeated events to single events. Indeed, if an event oc-
curs in interval (ai, bi] and if we know that it is a unique event,
then according to (4.17) the correct formula for computing the pdf is
exp(−H(τ0, ai;ψi))(1 − exp(−H(ai, bi;ψi))). On the other hand, if this
event is not unique and will reoccur in the future, then according to
(4.19) the contribution of what was observed between τ0 and bi to the
pdf is exp(−H(τ0, ai;ψi)) exp(−H(ai, bi;ψi))H(ai, bi;ψi).

4.5.4 Examples of survival models

4.5.4.1 Some classical survival distributions

Let us now take a look at some classical survival distributions, starting
with the hazard and survival functions of three widely used distributions
in survival analysis (see Andersen, 2006; Kleinbaum, 2011; Miller, 2011).

• The simplest distribution is the exponential distribution, derived from
a constant hazard function. Here, ψi = λi and

h(t, ψi) = λi, S(t, ψi) = e−λit,

where λi > 0. Figure 4.23 shows the hazard and survival functions
of several exponential distributions.
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FIGURE 4.23: Exponential distributions: hazard function (left) and survival
function (right).

• The Gompertz distribution was originally used to describe the distri-
bution of adult lifespans. Here, ψi = (bi, ηi) and

h(t, ψi) = bi ηi e
−bi t, S(t, ψi) = exp(−ηi(ebi t − 1)),

where bi > 0 and ηi > 0. Examples of Gompertz distributions are
displayed Figure 4.24.
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FIGURE 4.24: Gompertz distributions: hazard function (left) and survival
function (right).

• The Weibull distribution gives a distribution for which the failure
rate is proportional to some power of the time. Here, ψi = (ki, λi)
and

h(t, ψi) =
ki
λi

(
t

λi

)ki−1

, S(t, ψi) = e−(t/λi)
ki
,

where ki > 0 is the shape parameter and λi > 0 the scale parameter.
Figure 4.25 displays several examples of Weibull distributions.
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FIGURE 4.25: Weibull distributions: hazard function (left) and survival
function (right).

4.5.4.2 Proportional hazards models

These have hazard functions of the form:

h(t, ψi) = h0(t, αi) e
β·ci .

The hazard has two terms: a baseline function h0 of t and an “individ-
ual” term, a function of some individual covariates ci. Note that this
individual term is linear in the covariates: β · ci =

∑L
`=1 β`ci`.

In proportional hazards models, a unit increase in the value of a
covariate has a multiplicative effect on the hazard.

The Cox model is a semi-parametric proportional hazards model
where the baseline is a nonparametric function of time (Kalbfleisch and
Prentice, 2011; Therneau, 2000). We consider here a parametric exten-
sion of the Cox model where the baseline h0 depends on a vector of
individual parameters αi. In the usual proportional hazards model, αi is
a population constant (αi = α). Then, ψi can be decomposed into a set of
population parameters α and an individual term β · ci. A straightforward
extension consists of assuming that αi is also an individual parameter.

4.5.4.3 Extended proportional hazards models

Another possible extension assumes that the hazard function is a (pos-
sibly nonlinear) function u of a regression variable xi:

h(t, ψi) = h0(t, αi) e
u(βi,xi(t)).

Consider for example that xi(t) is the plasmatic concentration of a drug
at time t for individual i. Then, u(βi, xi(t)) is the term that represents
(i.e., models) the effect of the drug on the hazard, while h0(t, αi) might
model the effect of disease progression on the hazard.

In this example, xi(t) is the “true” plasmatic concentration for subject
i at time t and is a continuous function of time. However, in practice it
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is only measured at specific times, so a longitudinal model for plasmatic
concentration is needed to give a concentration value for each t. Thus,
in practice we need to develop joint models in order to simultaneously
model time-to-event and longitudinal data. This type of approach is
introduced in Section 4.6.

Frailty models are an extension in which the random effect (the
frailty) has a multiplicative effect on the hazard (Duchateau and Janssen,
2008; Huang and Liu, 2007; Rondeau et al., 2007; Wienke, 2010). Frailty
models can therefore be used to describe the influence of unobserved
covariates in a proportional hazards model for univariate (independent)
failure times, and for multivariate (dependent) failure times when mod-
eling repeated events.

4.5.4.4 Accelerated failure time models

Unlike proportional hazards models, the accelerated failure time (AFT)
model supposes that a change in a covariate has a multiplicative ef-
fect not on the hazard but on the predicted event time (Kalbfleisch and
Prentice, 2011). This can be written as

log(Ti) = ψi · ci + ζi,

where ζi is a zero-mean random variable, e.g., a centered normal distri-
bution. Usually, parameters are fixed effects: ψi = ψ for each subject
i.

To calculate the hazard function, let us first denote pζi the density
and Fζi the cdf of ζi, and to simplify, write µi = ψi · ci for the mean of
log(Ti). We begin by calculating the survival function:

S(t, ψi) = P(log Ti > log t ; ψi)

=

∫ ∞
log t−µi

pζi(u ; ψi) du

= 1− Fζi(log t− µi ; ψi).

Calculating (4.15) then gives the hazard function:

h(t, ψi) =
pζi(log t− µi ; ψi)

t(1− Fζi(log t− µi ; ψi))
.

4.5.5 Mlxtran for time-to-event data models

Model 1: Constant hazard model for a single event.
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ψi = λi

yi|ψi ∼ TTE(hazard = λi)

event1_model.txt

[LONGITUDINAL]
INPUT:
parameter = {lambda}

DEFINITION:
y = {type=event,

maxNumberEvent=1,
hazard=lambda}

Model 2: Constant hazard model for repeated interval-censored events.
The survival model is the same but the design is different. Repeated
events are observed between τ0 = 0 and τend = 200. Furthermore, events
are interval-censored and the intervals are of length 5.

ψi = λi

(yij)|ψi ∼ RTTE(hazard = λi)

event2_model.txt

[LONGITUDINAL]
INPUT:
parameter = {lambda}

DEFINITION:
y = {type=event,

eventType=intervalCensored,
intervalLength=5,
rightCensoringTime=200,
hazard=lambda}

Model 3: Weibull baseline model combined with a drug-effect model.

ψi = (Vi, Cli, ki, λi, βi)

D = 100

C(t, ψi) =
D

Vi
e−(Cli/Vi) t

h(t, ψi) =
ki
λi

(
t

λi

)ki−1

e−βiC(t,ψi)

(yij)|ψi ∼ RTTE(hazard=h(·, ψi))

event3_model.txt

[LONGITUDINAL]
INPUT:
parameter = {V,Cl,k,lambda,beta}

EQUATION:
D=100
C=D/V*exp(-(Cl/V)*t)
h0=(k/lambda)*(t/lambda)^(k-1)
h=h0*exp(-beta*C)

DEFINITION:
y = {type=event,

hazard=h,
rightCensoringTime=72}
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4.6 Joint models

4.6.1 Introduction

An important goal of longitudinal studies is to characterize relationships
between different types of response data.

For instance, in a population PKPD study, we may be interested in
the relationship between certain pharmacokinetics (absorption, distri-
bution, metabolism and excretion) and pharmacodynamics (biochemi-
cal and physiological effects) of a drug (Bonate, 2011; Gabrielsson and
Weiner, 2007). To do this, we need to measure some of both types of
response data for several individuals from the same population, then try
and characterize their relationship.

Alternatively, many clinical trials and reliability studies generate
both longitudinal and survival (time-to-event) data. For example, in HIV
clinical trials the viral load and concentration of CD4 cells are widely
used as biomarkers for progression to AIDS when studying the efficacy
of drugs to treat HIV-infected patients (De Gruttola and Tu, 1994). We
might interest ourselves in the relationship between these variables and
events such as seroconversion or death.

Therefore, in general, a joint model is one that allows us to simulta-
neously describe the distribution of different types of observations made
on the same individual (Elashoff et al., 2008; Ibrahim et al., 2010; Ri-
zopoulos, 2012; Tsiatis and Davidian, 2004). We consider this, as usual,
in the population context.

Suppose that we have L different types of observation for individual
i: y(1)

i = (y
(1)
ij , 1 ≤ j ≤ ni1), y(2)

i = (y
(2)
ij , 1 ≤ j ≤ ni2), . . . , y(L)

i =

(y
(L)
ij , 1 ≤ j ≤ ni,L), where ni,` is the number of observations of type `

made on individual i. Note that the numbers of observations (ni,`) and
the observation times (t

(`)
ij ) may be different for the same individual.

Let us denote yi the set of observations for individual i: yi =

(y
(1)
i , y

(2)
i , . . . , y

(L)
i ). For each individual, the joint probability distribu-

tion of the observations yi and the individual parameters ψi can be
decomposed as follows:

p(yi, ψi; θ) = p(yi|ψi)p(ψi; θ)

= p(y
(1)
i , y

(2)
i , . . . , y

(L)
i |ψi)p(ψi; θ).

We can then distinguish between different types of dependency between
observations: independence, conditional independence and conditional
dependence.
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4.6.2 Independent observations

Suppose first that the vector of individual parameters ψi can be decom-
posed into L independent subvectors ψ(1)

i , ψ(2)
i , . . . , ψ(L)

i such that y(`)
i

depends only on ψ(`)
i :

p(yi, ψi; θ) = p
(
y

(1)
i , y

(2)
i , . . . , y

(L)
i , ψ

(1)
i , ψ

(2)
i , . . . , ψ

(L)
i ; θ

)
=

L∏
`=1

p
(
y

(`)
i , ψ

(`)
i ; θ

)
=

L∏
`=1

p
(
y

(`)
i |ψ

(`)
i

)
p
(
ψ

(`)
i ; θ

)
.

Here, joint modeling does not bring anything new to the picture because
all information on ψ

(`)
i is contained in the related set of observations

y
(`)
i . We can therefore model separately each set of observations.

A joint model for two types of longitudinal data might have, for
instance, the form:

y
(1)
ij = f1(t

(1)
ij , φ

(1)
i ) + g1(t

(1)
ij , φ

(1)
i , ξ

(1)
i )ε

(1)
ij , (4.20)

y
(2)
ij = f2(t

(2)
ij , φ

(2)
i ) + g2(t

(2)
ij , φ

(2)
i , ξ

(2)
i )ε

(2)
ij . (4.21)

If the individual parameters ψ(1)
i = (φ

(1)
i , ξ

(1)
i ) and ψ

(2)
i = (φ

(2)
i , ξ

(2)
i )

are independent, we can simply use model (4.20) to fit data (y
(1)
ij ) and

model (4.21) to fit (y
(2)
ij ).

Example 4.11 32 healthy volunteers received a 1.5 mg/kg single oral dose
of warfarin, an anticoagulant normally used in the prevention of thrombosis.
We then measured at different times the warfarin plasmatic concentration
and the prothrombin complex activity (PCA) for these patients. Figure 4.26
shows the PK and the PD data.

First, we consider two entirely independent parametric models for each
of the PK and PD data sets: a simple one-compartment model for the
predicted concentration C and a rebound model for the predicted PCA R.
For any t > 0,

C(t, φ(1)) =
Dka

V (ka− ke)

(
e−ke t − e−ka t

)
(4.22)

R(t, φ(2)) = 100

(
β

1 + β
e−α t +

1

1 + β e−γ t

)
, (4.23)

where φ(1) = (ka, V, ke) and φ(2) = (α, β, γ). Figure 4.27 shows the observed
data for four patients and the predictions given by (4.22) and (4.23) for
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certain values of the individual parameters. We clearly see that it is possible
to find parameter values φ(1) and φ(2) that allow us to fit quite well curves
to the observed data for these four patients.

Nevertheless, even though the PD model fits the data well, it has no
biological interpretation and thus little practical interest. Indeed, it is not
linked to the PK profile despite the main goal of joint PKPD models being
to describe a relationship between a drug’s concentration and effect.
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FIGURE 4.26: warfarin PK data (left) and PD data (right).
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FIGURE 4.27: Top: warfarin PK data and predicted concentration C given
by (4.22); bottom: warfarin PD data and predicted PCA P given by (4.23).

In the same way that we jointly modeled these two types of inde-
pendent continuous data, we can construct joint models using different
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types of data at the same time, i.e., various combinations of continuous,
categorical, count and survival data, if they are independent. We could
imagine for instance a joint model for longitudinal data and time-to-
event data:

yij = f(tij , ψ
(1)
i ) + g(tij , ψ

(1)
i )εij

P(Ti > t) = S(t, ψ
(2)
i ).

The continuous outcome yij and the time-to-event Ti are independent if
ψ

(1)
i and ψ(2)

i are independent.
Remark: In this context, missing data is usually called MCAR (missing
completely at random; see Little and Rubin, 2002; Molenberghs and
Kenward, 2007). If the event is dropout,4 it is sometimes also called
CRD (completely random dropout; see Diggle and Kenward, 1994). This
means that the continuous outcome does not provide any information
about dropout.

4.6.3 Conditionally independent observations

In this case, the various observation types no longer depend only on
disjoint (i.e., independent) individual parameters. We therefore write ψi
for the overall set of (partially or fully shared) individual parameters.
Observations are nevertheless supposed independent when conditioning
on ψi:

p(yi|ψi; θ) = p(y
(1)
i , y

(2)
i , . . . , y

(L)
i |ψi; θ)

=

L∏
`=1

p(y
(`)
i |ψi).

In such cases, each observation provides information on the individual
parameter vector ψi. This is the most common case when we are simul-
taneously modeling different types of longitudinal data of the form:

y
(1)
ij = f1(t

(1)
ij , φi) + g1(t

(1)
ij , φi, ξ

(1)
i )ε

(1)
ij , (4.24)

y
(2)
ij = f2(t

(2)
ij , φi) + g2(t

(2)
ij , φi, ξ

(2)
i )ε

(2)
ij . (4.25)

Here, predictions f1 and f2 both depend on the same vector of individual
parameters, which induces dependency between observations y(1)

i and

4Participants of a clinical trial may withdraw from the study; this is referred to
as dropout.
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y
(2)
i . However, these observations are conditionally independent if the
residual errors ε(1)

ij and ε(2)
ij are independent.

Example 4.12 Pertinent PKPD models aim to establish a link between
a drug’s concentration and effect. An indirect response model assumes that
a drug does not instantaneously affect the PD response. Instead, it affects
a precursor which then influences the PD measure. For instance, as war-
farin levels increase, prothrombin synthesis is inhibited, which in turn has
anti-coagulant effects. Following Holford (1986), such phenomena can be
approximated with a very simple ODE-based mathematical model for the
PD component (we use the same one-compartment model (4.22) for the PK
component):

R(t, φ(2)) = kin/kout, t ≤ 0

.
R(t, φ(2)) = kin

(
1− ImaxC(t)

IC50 + C(t)

)
− koutR(t), t > 0,

(4.26)

where φ(2) = (Imax, IC50, kin, kout).
We can also suppose that vectors φ(1)

i and φ(2)
i are independent, but the

fact that the effect P predicted by the model is a function of the concentra-
tion C introduces dependence between the two observation types because
both depend on the PK parameters φ(1)

i .
If the residual errors (ε

(1)
ij ) and (ε

(2)
ij ) defined in (4.24) and (4.25) are in-

dependent, then the observations are conditionally independent, i.e., when
the predicted concentration C(t) is given, the observed concentrations y(1)

do not bring any further information on the distribution of the PD obser-
vations y(2).

We will see in Section 8.2 how to use the structural model defined in
(4.22) and (4.26) to simultaneously fit the PK and PD for warfarin. We will
see that it gives quite similar results to the previous ones in term of fit,
using now a PD model that has a biological interpretation. It will therefore
be a genuine PKPD joint model.

As before, we can extend this framework to other types of data,
considering, for example, categorical observations (y

(2)
ij ) for which the

probabilities P
(
y

(2)
ij = k

)
depend on the prediction of the longitudinal

data f(t
(2)
ij ;ψi) and consequently ψi. We can also consider survival data

for which the risk function depends on f :

yij = f(tij , ψi) + g(tij , ψi)εij

P(Ti > t) = S(t, f(t, ψi)).

If, for instance, (yij) is the measured viral load of an HIV-infected pa-
tient, we can assume that the probability of events such as death, sero-
conversion and dropout depends on the “true” viral load f(t, ψi).
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Remark: Here, missing data are called MNAR (missing not at ran-
dom; see Little and Rubin, 2002). If the event is dropout, it is sometimes
called ID (informative dropout; see Diggle and Kenward, 1994). This
means that the probability of dropout depends on some of the individ-
ual parameters, but the observation itself of the continuous outcome,
which is considered a random variable, does not provide any additional
information. In our example, this means that the probability that a pa-
tient leaves the study is a function of his true state (i.e., his true but
unknown viral load) and not of the random measured viral load values.

4.6.4 Conditionally dependent observations

In this case, there is a dependency structure between different types of
observation that no longer allows us to decompose the joint model into
a product of models with only one type of observation in each.

This kind of dependency occurs for example when several types of
longitudinal data are obtained at the same times with correlated mea-
surement errors. The joint conditional distribution pyi|ψi of the observa-
tions is Gaussian if the residual errors are. The dependency structure be-
tween observations can then be characterized by the variance-covariance
matrix for the errors.

If observations have a hierarchical structure, we can consider a natu-
ral decomposition of the joint distribution into a product of conditional
distributions:

p(yi|ψi; θ) = p(y
(1)
i , y

(2)
i , . . . , y

(L)
i |ψi; θ)

= p(y
(1)
i |ψi; θ)p(y

(2)
i |y

(1)
i , ψi; θ) . . .p(y

(L)
i |y

(1)
i , . . . , y

(L−1)
i , ψi; θ).

Here, the distribution of y(2)
i depends on the observation y

(1)
i , the dis-

tribution of y(3)
i depends on y(1)

i and y(2)
i , etc.

For example, we could consider a joint model for longitudinal data
and time-to-event data, assuming that the hazard function (or equiva-
lently the survival function) depends on the observed data itself:

yij = f(tij , ψi) + g(tij , ψi)εij

P(Ti > t) = S(t, (yij , tij < t)).

Remark: Here, missing data is called MAR (missing at random; see
Little and Rubin 2002). If the event is dropout, it is sometimes called
RD (random dropout; see Diggle and Kenward, 1994). In our example,
where (yij , tij < t) is the sequence of measured viral loads before time
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t, MAR (or RD) means that the probability that a patient leaves the
study depends on his previously-measured viral concentrations.

4.6.5 Mlxtran for joint models

Model 1: Joint model for continuous PKPD data.

φi = (Vi, Cli, S0i, Emaxi, EC50i)

ψi = (φi, a1, a2)

C(t, φi) =
D

Vi
e
−(Cli/Vi) (t−tD)

R(φi) = S0i +
Emaxi C(t, φi)

EC50i + C(t, φi)

y
(1)
ij |ψi ∼ N

(
C(tij , φi), a

2
1

)
y

(2)
ij )|ψi ∼ N

(
E(tij , φi), a

2
2

)

joint1_model.txt

[LONGITUDINAL]
INPUT:
parameter={V,Cl,S0,Emax,EC50,a1,a2}

EQUATION:
C = amtDose/V*exp(-(Cl/V)*(t-tDose))
R = S0 + Emax*EC50/(EC50+C)

DEFINITION:
y1 = {type=continuous,

distribution=normal,
prediction=C, sd=a1}

y2 = {type=continuous,
distribution=normal,
prediction=R, sd=a2}

Model 2: Joint model for continuous, time-to-event and categorical
data.

ψi = (ka,i, Vi, ke,i, λi, αi, βi, γi, δi, a)

.
Ad(t, ψi) = −ka,i Ad(t, ψi).
Ac(t, ψi) = ka,i Ad(t, ψi)− ke,i Ac(t, ψi)
C(t, ψi) = Ac(t, ψi)/Vi

h(t, ψi) = λie
δiC(t,φi)

log(y
(1)
ij )|ψi ∼ N

(
log(C(t, ψi)), a

2
)

y
(2)
i |ψi ∼ RTTE(hazard = h(·, ψi))

logit(P(y
(3)
ij ≤ 1|ψi))=αi+γiC(t, ψi)

logit(P(y
(3)
ij ≤ 2|ψi))=αi + βi+γiC(t, ψi)

joint2_model.txt

[LONGITUDINAL]
INPUT:
parameter={ka,V,\ke,lambda,alpha,

beta,gamma,delta,a}

EQUATION:
ddt_Ad=-ka*Ad
ddt_Ac=ka*Ad - \ke*Ac
C = Ac/V
h = lambda*exp(delta*C)
lp1 = alpha+gamma*C
lp2 = lp1 + beta

DEFINITION:
y1 = {type=continuous,

distribution=lognormal,
prediction=C, sd=a}

y2 = {type=event, hazard=h}
y3 = {type=categorical,

category={1,2,3},
logit(P(y3<=1))=lp1,
logit(P(y3<=2))=lp2}





5
Modeling the Individual Parameters

5.1 Introduction
In Chapter 4 we saw a number of models for observations in which
the vector of individual parameters ψi is given. As we want to work
with a population approach, we now suppose that ψi comes from some
probability distribution pψi .

In this chapter, we are interested in the description, representation
and implementation of individual parameter distributions (pψi , 1 ≤ i ≤
N). Generally speaking, we assume that individuals are independent.
This means that in the following analysis, it suffices to take a closer look
at the distribution pψi of a unique individual i.

If pψi is a parametric distribution that depends on a vector θ
of population parameters and a set of individual covariates ci =
(ci,1, ci,2, . . . , ci,L), this dependency can be stated explicitly as

ψi ∼ pψi( · ; ci, θ). (5.1)

The distribution pψi plays a fundamental role since it describes the
inter-individual variability of the individual parameter ψi. It achieves
two things:

1. The definition of a predicted value ψ̃i of ψi for a given vector of
covariates ci and population parameter θ, i.e., a “typical” value of the
individual parameter ψi for individuals who share the same covariate
values in a given population.

2. A description of how the individual parameter ψi fluctuates around
its predicted value ψ̃i. In other words, a description of the distribu-
tion of the individual parameters for individuals who share the same
covariate values ci.

This means that modeling the individual parameters reduces to de-
scribing these two properties of the distribution pψi . We can consider
all sorts of discrete and continuous distributions and linear and nonlin-
ear covariate models when defining ψ̃i. Nevertheless, we must remember
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that in the modeling context, parameters ψi are not actually going to
be observed. This means that we will prioritize types of models with
structures that let them be both identifiable and interpretable. Distri-
butions related to the normal distribution are presented in Section 5.2,
and continuous and categorical covariate models in Section 5.3.

Rather than defining ψi using a probability distribution as in (5.1),
we can also use equations:

ψi = M(β, ci, ηi),

where β is a vector of fixed effects and ηi a vector of random effects, i.e.,
a vector of zero-mean random variables: E (ηi) = 0. The predicted value
ψ̃i can then be seen as the value of ψi with the random effects set to
zero:

ψ̃i = M(β, ci, ηi ≡ 0).

We will show that both representations (definitions and equations) can
be used with the models presented in Sections 5.2 and 5.3. The pros and
cons of the two approaches are discussed in Section 5.6.

Several extensions of this basic model are possible. We can suppose
for instance that the individual parameters of a given individual can
fluctuate over time. In this case, the model needs to be able to describe
the intra-individual variability of the individual parameters. We can also
suppose that individuals are not independent. The model then requires
us to provide the inter-individual dependencies of the individual pa-
rameters. Some models incorporating different types of variability are
presented in Section 5.5.

A multivariate representation of the distribution of ψi is given in
Section 5.4 for when the random effects vector ηi is Gaussian. In this case,
under fairly general hypotheses we can explicitly calculate the likelihood
function

Lψ(θ)
def
=

N∏
i=1

p(ψi; ci, θ).

Here, the distribution of the vector of random effects is completely de-
fined by its variance-covariance matrix Ω. Thus, the vector of population
parameters θ contains the vector β of fixed effects and the variance-
covariance matrix Ω.
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5.2 Gaussian models

5.2.1 The normal distribution

Gaussian models have several advantages, including the capacity of de-
scribing with ease both the predicted value of a random variable and its
fluctuations around this value. Indeed, if we consider a Gaussian random
variable ψ with mean µ and standard deviation ω, we can work with two
entirely equivalent mathematical representations:

ψ ∼ N (µ, ω2) (5.2a)

ψ = µ+ η, where η ∼ N (0, ω2). (5.2b)

The form (5.2a) provides an explicit description of the distribution of
ψ from which we can deduce the probability distribution function (pdf)
and other characteristics such as the median, mode and quantiles. Fig-
ure 5.1 shows the pdf of a normal distribution with mean µ and standard
deviation ω. Each vertical band contains 10% of the distribution.
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FIGURE 5.1: The N (µ, ω2) distribution.

This type of graphical representation is powerful and helps us to
better visualize the types of values the random variable can take and the
values that are more likely than others. Examples of normal distributions
with various parameters are shown in Figure 5.2.
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FIGURE 5.2: Different normal distributions.

Representation (5.2b) lets us separate the random and nonrandom
components of ψ. If we define as the predicted value the value obtained
in the absence of randomness (η = 0), we get ψ̃ = µ. In the special case
of normal distributions, this predicted value is the mean, median and
mode of ψ. We can therefore rewrite equations (5.2a) and (5.2b) using
ψ̃:

ψ ∼ N (ψ̃, ω2)

ψ = ψ̃ + η, where η ∼ N (0, ω2).

5.2.2 Extensions of the normal distribution

Clearly, not all distributions are Gaussian. To begin with, the normal
distribution has support R, unlike many parameters that take values in
precise intervals. For instance, some variables take only positive values
(e.g., volumes and transfer rate constants) and others are restricted to
bounded intervals (e.g., bioavailability).

Furthermore, the Gaussian distribution is symmetric, which is not
a property shared by all distributions. One way to extend the use of
Gaussian distributions is to consider that some transformation of the
parameters in which we are interested is Gaussian, i.e., assume the exis-
tence of a monotonic function h such that h(ψ) is normally distributed.
Then, there exists some µ and ω such that h(ψ) ∼ N (µ, ω2).

For a given transformation h, we can parametrize the predicted value
of ψ using ψ̃. Indeed, the predicted value of h(ψ) is µ = h(ψ̃), and

h(ψ) ∼ N (h(ψ̃), ω2) (5.3a)

h(ψ) = h(ψ̃) + η, where η ∼ N (0, ω2). (5.3b)
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It is possible to derive the pdf of ψ from (5.3):

pψ(ψ) = h′(ψ) ph(ψ)(h(ψ)) (5.4a)

=
h′(ψ)√
2πω2

exp

{
− 1

2ω2

(
h(ψ)− h(ψ̃)

)2
}
. (5.4b)

Let us now see some examples of transformed normal pdfs.

Log-normal distribution: This is widely used for describing distribu-
tions of physiological parameters. Note that this choice is usually justified
by the fact that it ensures nonnegative values, and rarely because it is
shown to properly describe the population distribution of the parameter
of interest.

Let ψ be a log-normally distributed random variable with parameters
(µ, ω):

log(ψ) ∼ N (µ, ω).

This distribution can be also parametrized with (m,ω), where m = ψ̃ =
eµ. Then, log(ψ) ∼ N (log(m), ω) and

p(ψ) =
1

ψ
√

2πω2
e−

1
2ω2 (log(ψ)−log(m))2

.

Figure 5.3 shows some log-normal pdfs obtained with different parameter
sets (m,ω).
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FIGURE 5.3: Log-normal distributions.

We see that for a given standard deviation ω, the pdfs obtained for
different m are simply rescaled. On the other hand, for a given m the
asymmetry of the distribution increases when the standard deviation ω
increases.
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Note that the log-normal distribution takes its values in (0,+∞). It
is straightforward to define a rescaled distribution in (a,+∞) by shifting
it:

log(ψ − a) ∼ N (log(m− a), ω2).

Power-normal (or Box-Cox) distribution: This is the distribution
of a random variable ψ for which the Box-Cox transform of ψ,

h(ψ) =
ψλ − 1

λ

(with λ > 0) follows a normal distribution N (µ, ω2) truncated so that
h(ψ) > 0. It therefore takes its values in (0,+∞). This distribution
converges to a log-normal one when λ→ 0 and a truncated normal one
when λ → 1. The main interest of a power-normal distribution is its
ability to represent a distribution “between” the log-normal and normal
distributions. Here, m = ψ̃ = (λµ + 1)1/λ. Figure 5.4 shows several
power-normal pdfs obtained with different parameter sets (λ,m, ω).
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FIGURE 5.4: Power-normal distributions.

Logit-normal and probit-normal distributions: A random variable
ψ with a logit-normal distribution takes its values in (0, 1). The logit of
ψ is normally distributed, i.e.,

logit(ψ) = log

(
ψ

1− ψ

)
∼ N (µ, ω2),

where m = ψ̃ = 1/(1 + e−µ), i.e., µ = logit(m).
A random variable ψ with a probit-normal distribution also takes its
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values in (0, 1). The probit1 of ψ is normally distributed:

probit(ψ) = Φ−1(ψ) ∼ N (µ, ω2).

Here, m = ψ̃ = Φ(µ) and µ = probit(m). We can see in Figure 5.5
that the pdfs of the logit and probit distributions with the same m and
well-chosen ω are very similar. Thus, these two distributions can be used
interchangeably for modeling the distributions of parameters that take
values in (0, 1).
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FIGURE 5.5: Logit-normal and probit-normal distributions.

Logit and probit transformations can be generalized to any interval
(a, b) by setting

ψ(a,b) = a+ (b− a)ψ(0,1),

where ψ(0,1) is a random variable that takes values in (0, 1) with a logit-
normal (or probit-normal) distribution. Furthermore, it is easy to show
that the probit-normal distribution with m = 0.5 and ω = 1 is the uni-
form distribution on [0, 1]. Thus, any uniform distribution on an interval
can easily be derived from the probit-normal distribution.

Extension to transformed Student’s t-distributions: Such exten-
sions (log-t, power-t, etc.) can be obtained simply by replacing the nor-
mal distribution for the random effects with a Student’s t-distribution.
Such extensions can be useful for modeling heavy-tailed distributions.
Several Student’s t-distributions with different degrees of freedom (d.f.)
are shown in Figure 4.10 in Section 4.2.4.3. Student’s t-distribution con-
verges to the normal distribution as its d.f. increases, whereas heavy tails
are obtained for small d.f.

1The probit function is the inverse cumulative distribution function (quantile func-
tion) Φ−1 associated with the standard normal distribution N (0, 1).
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5.2.3 Mlxtran for Gaussian models

We consider in this example four PK parameters Fi, kai, Vi and Cli,
with four different distributions.

θ = (Fpop, kapop, Vpop, Clpop,

λ, ω2
F , ω

2
ka, ω

2
V , ω

2
Cl)

logit(Fi) ∼ N (logit(Fpop), ω2
F )

log(kai) ∼ N (log(kapop), ω2
ka)

Vi ∼ N (Vpop, ω
2
V )

Clλi − 1

λ
∼ N (

Clλpop − 1

λ
, ω2

Cl)

Gaussian_model.txt

[INDIVIDUAL]
input={F_pop, ka_pop, V_pop, Cl_pop,

lambda, omega_F, omega_ka,
omega_V, omega_Cl}

DEFINITION:
F ={distribution=logitnormal,

reference=F_pop,sd=omega_F}
ka={distribution=lognormal,

reference=ka_pop,sd=omega_ka}
V={distribution=normal,

reference=V_pop,sd=omega_V}
Cl={distribution=powernormal,

power=lambda_Cl,
reference=Cl_pop,sd=omega_Cl}

5.3 Models with covariates

5.3.1 Introduction

For the moment, we are still considering that there is only one scalar pa-
rameter ψi for each subject i. A covariate model then consists of defining
the prediction ψ̃i as a function of the subject’s covariates ci and the fixed
effects β:

ψ̃i = m(β, ci). (5.5)

We take a statistical approach here. The goal is not necessarily to con-
struct a causal model that supposes a cause-effect relationship between
covariates and the parameter, but one where the covariates partially
describe the parameter’s variability.

Consider, for example, a very simple model that posits a linear re-
lationship between the height hi of subject i and the predicted weight
w̃i:

w̃i = m(β, hi) = β0 + β1 hi.

The parameters β = (β0, β1) are population parameters which may vary
from one population to the next but are considered fixed within the same
homogeneous population. In this model, the height is a covariate that:
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1. helps to predict the weight. For an individual of height hi, we predict
the weight β0+β1 hi. We use this model without necessarily supposing
that there is a cause-effect relationship between height and weight. We
merely assume that having information about height gives us some
information about weight.

2. helps to describe variability in the weight. Suppose that we make the
arbitrary choice of a “reference individual” in the population who has
height hpop and weight wpop. Then, the model lets us show the link
between the reference height and weight:

wpop = β0 + β1 hpop.

Now we can more clearly see the variability in weight around the
reference weight as a function of the variation in height around the
reference height:

w̃i − wpop = β1 (hi − hpop).

If the weight is in kg and the height in cm, for an individual who
is 1cm taller than the reference height we predict a weight of β1 kg
above the reference weight.

In more general examples, there is a vector of reference covariates
cpop. A reference individual is one who would personally have these co-
variate values. Consequently, ψpop = m(β, cpop) is the predicted value of
the individual parameter for this virtual individual. The covariate model
therefore describes how ψ̃i falls around ψpop as ci varies around cpop:

ψ̃i − ψpop = m(β, ci)−m(β, cpop). (5.6)

For clarity, in the following we distinguish between linear and nonlinear
continuous covariate models, and categorical variable models.

5.3.2 Linear models for continuous covariates

In its most simple form, a linear model is one where the individual
parameter is modeled as a linear combination of the covariates, i.e.,

ψ̃i = β0 +

L∑
`=1

β` ci` . (5.7)

The coefficient β0 which appears in (5.7) is usually called the inter-
cept. Its interpretation is limited by the fact that it is the predicted value
of the parameter when all of the covariates are zero, which generally does
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not mean much. With respect to a reference individual, (5.7) can instead
be rewritten as in (5.6):

ψ̃i = ψpop + β · (ci − cpop).

The intercept ψpop is now the predicted value of the parameter when the
covariates are set to their reference values, and therefore, by definition,
is the parameter’s reference value. More generally, we usually suppose
that linearity can be with respect to a transformation h of ψ̃i:

h(ψ̃i) = h(ψpop) + β · (ci − cpop). (5.8)

Here, h is the transform described in (5.3) such that h(ψi) can be sup-
posed Gaussian. As well as covariates such as height and age, ci may
include transformed ones, e.g., log-weight or weight/height2. By combin-
ing (5.3) and (5.8), we obtain the following equivalent representations of
ψi:

h(ψi) ∼ N (h(ψpop) + β · (ci − cpop), ω2),

h(ψi) = h(ψpop) + β · (ci − cpop) + ηi , ηi ∼ N (0, ω2).
(5.9)

This model gives a clear and easily interpreted decomposition of the
variability of h(ψi) around h(ψpop), i.e., of ψi around ψpop:

• The component β · (ci − cpop) describes part of this variability by
way of covariates ci that fluctuate around cpop.

• The random component ηi describes the remaining variability, i.e.,
variability between subjects that have the same covariate values.

By definition, a mixed effects model combines these two components:
fixed and random effects. In linear covariate models, these two effects
combine additively.

In the present context, the vector of population parameters is θ =
(ψpop, β, ω

2). We can then use (5.4a) to give the pdf of ψi:

p(ψi; ci, θ) =
h′(ψi)√

2πω2
exp

{
− 1

2ω2
(h(ψi)− h(ψpop)− β · (ci − cpop))

2

}
,

and the likelihood function:

Lψ(θ)
def
=

N∏
i=1

p(ψi; ci, θ).

The maximum likelihood (ML) estimate of θ has a closed form here since
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the model is linear. Let

ζ =


h(ψpop)
β1

...
βL

 , h(ψ) =


h(ψ1)
h(ψ2)

...
h(ψN )

 ,

C =


1 c

1,1
− c

pop,1
. . . c

1,L
− c

pop,L

1 c
2,1
− c

pop,1
. . . c

2,L
− c

pop,L

...
...

. . .
...

1 c
N,1
− c

pop,1
. . . c

N,L
− c

pop,L

 .

Then,
ζ̂ = (C ′ C)−1 C ′ h(ψ),

and

ω̂2 =
1

N
‖h(ψ)− Cζ̂‖2

=
1

N

N∑
i=1

(
h(ψi)− h(ψ̂pop)−

L∑
`=1

β̂`(ci,` − cpop,`)

)2

.

Remarks

1. Let di,` = ci,` − cpop,` and η∗i = ω−1ηi. Then (5.9) can be written as

h(ψi) = h(ψpop) + β1di,1 + β2di,2 + . . .+ βLdi,L + ωη∗i ,

where η∗i ∼ N (0, 1). Here, di,1, di,2, . . . , di,L and η∗i represent effects
that contribute to the fluctuations of h(ψi) around h(ψpop). Coeffi-
cients β1, β2, . . . , βL and ω represent the magnitude of these effects.
If the `th coefficient is zero, this means that the `th covariate has no
effect. Similarly, ω = 0 signifies that there is no random effect.

2. The di,` and the standardized random effect η∗i play similar roles.
The difference is essentially that the di,` are “known” in the modeling
context, unlike η∗i . If the context is simulation, all of them can be
considered as random variables with their own specific distributions.
We can therefore consider a random effect to be like a covariate that
is not observed.
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Example 5.1 In this example, the individual parameter ψi is the volume
of distribution Vi which we can assume to be log-normally distributed. The
weight wi (kg) can be used to explain part of the variability in the volume
between individuals:

log(Vi) = log(Vpop) + β(log(wi)− log(70)) + ηi, (5.10)

where ηi ∼ N (0, ω2
V ). Here, the covariate used in the statistical model is the

log-weight, and the reference weight we decide to choose is 70kg. Of course,
it would be absolutely equivalent to define the covariate as ci = log(wi/70).
Then, the reference value of this covariate would become cpop = 0 for an
individual of 70kg, and model (5.10) is instead written as

log(Vi) = log(Vpop) + β log(wi/70) + ηi.

This same model can also be expressed in other ways. For instance, taking
the exponential gives a model in terms of Vi:

Vi = Vpop

(wi
70

)β
eηi .

Here, the predicted volume for an individual with weight wi is

Ṽi = Vpop

(wi
70

)β
.

The right-hand panel of Figure 5.6 shows how the predicted volume Ṽ
increases with weight w for different values of β. Here, Vpop has been set at
10. For β not equal to 0 or 1, the model is not linear. However, the predicted
log-volume (left-hand panel) does increase linearly with the log-weight:

log(Ṽi) = log(Vpop) + β log(wi/70).

−0.5 0 0.5

1

1.5

2

2.5

3

3.5

log(wi/70)

lo
g
(Ṽ
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FIGURE 5.6: Examples of covariate models for the volume V assuming that
the predicted log-volume is a linear function of the log-weight. Left: log(Ṽi) as
a function of log(wi); right: Ṽi as a function of wi.
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Example 5.2 The model proposed in Example 5.1 is not unique; there exist
other possible transformations of the weight that ensure that the predicted
volume increases with weight. Setting for example ci = wi − 70 (as in
Figure 5.7, left-hand side) assumes that the predicted log-volume increases
linearly with weight:

log(Vi) = log(Vpop) + β(wi − 70) + ηi.

Notice that the two proposed covariate models give very similar predictions
for β close to 1 (a typical value for PK applications).
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FIGURE 5.7: Examples of covariate models for the volume V assuming that
the predicted log-volume is a linear function of the weight. Left: log(Ṽi) as a
function of wi − 70; right: Ṽi as a function of wi.

Example 5.3 In this third example, we suppose that the bioavailability
Fi has a logit-normal distribution, and age ai (years) is used as a covariate
with a reference age of 40:

logit(Fi) = logit(F̃i) + ηF,i

= logit(Fpop) + β(ai − 40) + ηF,i,

where ηF,i ∼ N (0, ω2
F ). The predicted logit-bioavailability for an individual

of age ai is then

logit(F̃i) = logit(Fpop) + β(ai − 40).

We can derive from this equation an expression for F̃i:

F̃i =
Fpop

Fpop + (1− Fpop)e−β(ai−40)
.

We see in this example how it is much easier to define a model for the
transformed parameter logit(Fi) than for Fi itself. Furthermore, as the logit
transform is strictly increasing, both values vary in the same direction with
respect to changes in ai. Figure 5.8 shows how F̃i and logit(F̃i) vary with
age for several values of β.
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FIGURE 5.8: Examples of covariate models for the bioavailability F assum-
ing that the predicted logit-bioavailability is a linear function of age. Left:
logit(F̃i) as a function of ai − 40; right: F̃i as a function of ai.

5.3.3 Nonlinear models for continuous covariates

Nonlinear models allow for much more general relationships between
the covariate vector ci and prediction ψ̃i. For equation (5.5) we now
only assume that there exists some function m and reference value ψpop

such that

ψ̃i = m(β, ci)

ψpop = m(β, cpop).

We can either make the hypothesis that we are still in the Gaussian case,
or not.

• If we hypothesize that we are still working with Gaussian models,
extending the linear model in (5.9) is straightforward: we suppose
that there exists a monotonic transformation h such that

h(ψi) = h(ψ̃i) + ηi

= µ(β, ci) + ηi,

where µ(β, ci) = h(m(β, ci)) is the prediction of h(ψi) (whilem(β, ci)
is the prediction of ψi). We can then derive the pdf of ψi using (5.4a)
as previously:

p(ψi; ci, θ) =
h′(ψi)√

2πω2
exp

{
− 1

2ω2
(h(ψi)− µ(β, ci))

2

}
, (5.11)

where θ = (β, ω2). The only difference with the Gaussian linear
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model is that now there is no explicit form available for the ML
estimator of θ. Instead, it is defined as the solution of an optimiza-
tion problem:

β̂ = arg min
β

{
N∑
i=1

(h(ψi)− µ(β, ci))
2

}

ω̂2 =
1

N

N∑
i=1

(
h(ψi)− µ(β̂, ci)

)2

.

Example 5.4 Consider the following model for ψi:

ψi =
β1 e

ηi

1 + β2 ci
,

where ηi ∼ N (0, ω2). We are therefore assuming that ψi is log-normally
distributed:

log(ψi) ∼ N
(

log

(
β1

1 + β2 ci

)
, ω2

)
.

Here, h is the log function, ψ̃i = β1/(1 + β2 ci) and ψpop = β1/(1 +
β2 cpop). The optimization problem to solve for the ML estimator is

(β̂1, β̂2) = arg min
β1,β2

N∑
i=1

(
log(ψi)− log

(
β1

1 + β2 ci

))2

ω̂2 =
1

N

N∑
i=1

(
log(ψi)− log

(
β̂1

1 + β̂2 ci

))2

.

• For more general distributions of ψi, we can simply define ψi as a
function of fixed and random effects:

ψi = M(β, ci, ηi). (5.12)

The prediction ψ̃i is obtained when setting ηi = 0:

ψ̃i = M(β, ci, ηi ≡ 0),

and the population value of ψ when ci = cpop:

ψpop = M(β, ci ≡ cpop, ηi ≡ 0).

If the random effects are supposed Gaussian, there always exists an
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underlying Gaussian model for the distribution of ψi. Let H be the
following function obtained by rearranging (5.12) as a function of ηi:

ηi = H(β, ci, ψi).

We can then derive the pdf of ψi from that of ηi,

p(ψi; ci, θ) =
∂

∂ψ
H(β, ci, ψi)

1√
2πω2

exp

{
−H

2(β, ci, ψi)

2ω2

}
, (5.13)

where θ = (β, ω2) is the vector of population parameters of the
model. The pdf pψi and the likelihood function Lψ have closed forms
if and only if the inverse function H can be computed in closed form,
which is not always the case.

Example 5.5 Suppose that we model ψi with

ψi =
β1 e

ηi

1 + β2 ci eηi
,

where ηi ∼ N (0, ω2). As previously, ψ̃i is obtained when ηi is set to 0:
ψ̃i = β1/(1 + β2 ci) and ψpop = β1/(1 + β2 cpop). In this example, it is
possible to rearrange the formula for ηi:

ηi = log

(
ψi

β1 − β2 ci ψi

)
.

It is therefore possible to explicitly give the distribution of ψi and the
likelihood Lψ using (5.13) with H(β, ci, ψi) = log (ψi/(β1 − β2 ci ψi)).

Example 5.6 Let us now propose a model with a small modification
with respect to the previous one:

ψi =
β1 + ηi

1 + β2 ci eηi
.

The predictions ψ̃i and ψpop are both defined as previously, but it is
no longer possible to explicitly invert the formula in order to express ηi
as a function of ψi. Therefore, we cannot explicitly write the likelihood
Lψ here.

Remarks: Even though the great flexibility of such models appears
attractive at first glance, we must remain attentive to what we want to
use them for and the tasks we want to perform. In a modeling context,
remember that the individual parameters are not observed. The choice
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of using a complex model for such parameters can pose several prob-
lems for model identification and parameter estimation, mainly when
the algorithms are based on model linearization. In such cases, users
may appreciate the great flexibility when writing the model, but they
should be aware of the reduced control they have over the quality of the
estimates.

The linear model proposed in (5.8) has certain limits due to the
fact that it cannot represent all possible and imaginable models, but
it remains sufficiently flexible (due to being able to choose a parame-
ter transform h and covariate transforms) and robust to be successfully
used in most situations. Mlxtran allows us to write any linear or non-
linear covariate model. The model can then be easily used for simulation
(using the Simulx function for R and MATLAB, for instance). On the
other hand, only linear covariate models can be used for estimation with
Monolix up to version 4.

5.3.4 Models for categorical covariates

Categorical variables take a finite number of values from a set that is not
necessarily numerical or even ordered, e.g., gender, country or ethnicity.
The approach taken for continuous covariates extends easily to categor-
ical ones. For simplicity’s sake, let us consider a unique covariate ci that
takes its values in {a1, a2, . . . , aK}, and a unique parameter ψi. Here,
a reference covariate value cpop is a reference category, i.e., a specific
element ak∗ of {a1, a2, . . . , aK}. The prediction for ψi is thus given by
the following model:

h(ψ̃i) = h(ψpop) + β11Ici=a1
+ β21Ici=a2

+ . . .+ βK1Ici=aK , (5.14)

with βk∗ = 0. Thus, (5.14) is equivalent to

h(ψ̃i) =

{
h(ψpop) if ci = ak∗

h(ψpop) + βk if ci = ak 6= ak∗ .

We see that if the covariate has K categories, K−1 coefficients (βk) are
required for defining the covariate model.

Example 5.7 Assume that the individual clearance (of a drug) depends
on gender. Here, the gender gi of individual i is either female or male.
We arbitrarily choose female as reference gender. Assuming a log-normal
distribution for clearance, the model can be written as follows:

log(Cli) = log(Clpop) + β1Igi=male + ηi,
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and the predicted clearance as

C̃li =

{
Clpop if gi = female
Clpop e

β if gi = male.

Example 5.8 Suppose that we want to model the variation in weight
between individuals of three countries: India, USA and China. Assuming a
normal distribution for weight and India as the reference country, we have

wi = wpop + β11Ici=USA + β21Ici=China + ηi.

The predicted weight is therefore

w̃i =


wpop if ci = India
wpop + β1 if ci = USA
wpop + β2 if ci = China.

5.3.5 Mlxtran for covariate models

Model 1: linear model of covariates.
We consider in this first example a linear model with two covariates:

– weight wi, a continuous covariate

– gender gi, a categorical covariate: gi ∈ {F,M}.

We consider the following mathematical representation of the model for
ψi = (kai, Vi, Cli):

log(kai) ∼ N (log(kapop), ω2
ka)

log(Vi) ∼ N (log(Vpop) + βV,w log(wi/70), ω2
V )

log(Cli) ∼ N (log(Clpop) + βCl,w log(wi/70) + βCl,g1Igi=M , ω
2
Cl).

Here,

θ = (kapop, Vpop, Clpop, ωka, ωV , ωCl, βV,w, βCl,w, βCl,g)

ci = (wi, gi)

This model can then be implemented with Mlxtran in the section
[INDIVIDUAL].
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covariate1_model.txt

[INDIVIDUAL]
input={ka_pop, V_pop, Cl_pop, omega_ka, omega_V, omega_Cl,

beta_V, beta1_Cl, beta2_Cl, weight, gender}

EQUATION:
lw70=log(weight/70)

DEFINITION:
ka = {distribution=lognormal, reference=ka_pop, sd=omega_ka}
V = {distribution=normal, reference=V_pop, sd=omega_V,

covariate=lw70, coefficient=beta_V}
Cl = {distribution=normal, reference=Cl_pop, sd=omega_Cl,

covariate={lw70,gender}, coefficient={beta1_Cl, beta2_Cl}}

Model 2: Nonlinear model for continuous covariates:

θ = (β1, β2, ω
2)

ψ̃ =
β1c1,i

1 + β2 c2,i

ψi ∼ N
(
ψ̃, ω2

)
.

covariate2_model.txt

[INDIVIDUAL]
input={beta1, beta2, omega, c1, c2}

EQUATION:
predpsi = beta1*c1/(1+beta2*c2)

DEFINITION:
psi = {distribution = normal,

prediction = predpsi,
sd = omega}

5.4 Extensions to multivariate distributions

5.4.1 Gaussian models

We would now like to extend the model defined for a unique individual
scalar parameter ψi to the case where ψi is a vector (ψi,1, ψi,2, . . . , ψi,d) of
individual parameters. To begin with, we are going to merely generalize
the basic model to each component of ψi. To do this, we suppose that
there exists a vector of covariates ci = (ci,1, . . . , ci,L) and:

1. d monotonic transforms h1, h2, . . . , hd

2. d vectors of fixed coefficients β1, β2, . . . , βd

3. d functions µ1, µ2, . . . , µd

4. d random effects ηi,1, ηi,2, . . . , ηi,d,
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such that for each m = 1, 2, . . . , d,

hm(ψi,m) = hm(ψ̃i,m) + ηi,m

= µm(βm, ci) + ηi,m.

In other words, we assume that hm(ψi,m) is normally distributed and
µm(βm, ci) is the predicted value of hm(ψi,m). For instance, a linear
covariate model supposes that for each m = 1, 2, . . . , d, we have

hm(ψ̃i,m) =hm(ψpop,m) + βm,1(ci,1 − cpop,1) + . . . (5.15)
+ βm,2(ci,2 − cpop,2) + βm,L(ci,L − cpop,L).

Dependency can be introduced between parameters by supposing that
the random effects (ηi,m) are not independent. In the special case where
the random effects are Gaussian, this means considering them to be
linearly correlated: let ηi = (ηi,1, ηi,2, . . . , ηi,d)

t and suppose there exists
a d× d variance-covariance matrix Ω such that

E (ηi) = (0, 0, . . . , 0)t

E
(
ηiη

t
i

)
= Ω.

Here,

Ω =


ω2

1 ω1,2 . . . ω1,d

ω1,2 ω2
2 . . . ω2,d

...
...

. . .
...

ω1,d ω2,d . . . ω2
d

 ,

where ω2
m is the variance of ηi,m and ωm,m′ the covariance between ηi,m

and ηi,m′ .
It will be useful in the following to have a diagonal decomposition

of Ω. To this end, let us define the correlation matrix R = (Rm,m′ , 1 ≤
m, m′ ≤ d) of the vector ηi:

Rm,m′ =

{
1 if m = m′

ρm,m′ =
ωm,m′

ωmωm′
otherwise,

and let D = (Dm,m′) be a diagonal matrix which contains the standard
deviations (ωm):

Dm,m′ =

{
ωm if m = m′

0 otherwise.

Then, we have the diagonal decomposition: Ω = DRD.
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Example 5.9 Consider the growth model f(t, ψi) = ai + bi(1 − e−ki t)
introduced in Section 1.1 and where ψi = (ai, bi, ki). We suppose that ai
and bi are log-normally distributed and ki fixed in the population:

log(ai) = log(apop) + ηa,i

log(bi) = log(bpop) + ηb,i

ki = kpop.

Furthermore, we make the assumption that ηa,i and ηb,i are correlated with
correlation:

ρa,b = Corr (ηa,i, ηb,i)

= Corr (log(ai), log(bi)) .

Assuming that ki = kpop for any i implies that ηk,i = 0, and thus
ωk = 0. The correlation matrix R and the variance-covariance matrix Ω
of (ηa,i, ηb,i, ηk,i) are therefore:

R =

(
1 ρa,b 0
ρa,b 1 0

0 0 1

)
, Ω = DRD =

(
ω2
a ωaωb ρa,b 0

ωaωb ρa,b ω2
b 0

0 0 0

)
.

Warning: Here, ρa,b does not denote the linear correlation between ini-
tial weight and weight gain, but that between the log-transform of these
parameters.

5.4.2 The probability distribution function

We now have all the elements needed for computing the pdf of ψi =
(ψi,1, ψi,2, . . . , ψi,d) when here θ = (β1, . . . , βd,Ω).

• If Ω is a positive-definite matrix, it can be inverted, and a straightfor-
ward extension to the pdf proposed in (5.11) for one scalar variable
gives

p(ψi; ci, θ) =

(
d∏

m=1

h′m(ψi,m)

)
(2π)−

d
2 |Ω|− 1

2 (5.16)

× exp

{
−1

2
(h(ψi)− µ(β, ci))

tΩ−1(h(ψi)− µ(β, ci))

}
,

where h(ψi) is the column vector (h1(ψi,1), h2(ψi,2), . . . , hd(ψi,d))
t

and µ(β, ci) the column vector (µ1(β1, ci), µ2(β2, ci), . . . , µd(βd, ci))
t.

• If some of the random effects have zero variance, Ω is not positive-
definite. The pdf in (5.16) no longer applies to the complete d-vector
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ψi but only to the d1-vector subset ψ(1)
i of ψi whose matrix Ω1 is

positive-definite. The distribution of the remaining fixed parameters
ψ

(0)
i is a Dirac delta distribution. Let I0 be the indices of the param-

eters ψ(0)
i and I1 those of the parameters ψ(1)

i , i.e., ωm = 0 if m ∈ I0
and ωm > 0 if m ∈ I1. Then,

p(ψi; ci, θ) = p(ψ
(0)
i ; ci, θ) p(ψ

(1)
i ; ci, θ),

where

p(ψ
(0)
i ; ci, θ) =

∏
m∈I0

δ{h(ψi,m)=µm(βm,ci)} (5.17)

p(ψ
(1)
i ; ci, θ) =

( ∏
m∈I1

h′m(ψi,m)

)
(2π)−

d1
2 |Ω1|−

1
2 (5.18)

× exp

{
−1

2
(h(ψi)− µ(β, ci))

(1)tΩ−1
1 (h(ψi)− µ(β, ci))

(1)

}
,

with (h(ψi)−µ(β, ci))
(1) the same as (h(ψi)−µ(β, ci)) but with the

I0 entries removed.

• There exist other situations where Ω is not positive-definite. This is
the case, for instance, when two random effects are equal: ηi,m = ηi,m′

for any i. For them, we can calculate a joint distribution:

p(ψi,m, ψi,m′ , ηi,m;βm, βm′ , ω
2
m, ci) =

p(ψi,m|ηi,m;βm, ci) p(ψi,m′ |ηi,m;βm′ , ci) p(ηi,m;ω2
m),

where

p(ψi,m|ηi,m;βm, ci) = δ{h(ψi,m)=µm(βm,ci)+ηi,m}

p(ψi,m′ |ηi,m;βm′ , ci) = δ{h(ψi,m′ )=µm′ (βm′ ,ci)+ηi,m}

p(ηi,m;ω2
m) =

1√
2πω2

m

exp

{
−
η2
i,m

2ω2
m

}
.

All kinds of combinations are possible, including parameters with
and without variability, algebraic relationships between random effects,
etc. In all possible cases it is possible to find an adequate decomposition
that lets us build a pdf. This pdf turns out to play a fundamental role for
tasks such as population parameter estimation with maximum likelihood
when we start with observations y = (yi, 1 ≤ i ≤ N) and the individual
parameters (ψi) are not observed.

We will see in Chapter 9 that these types of degenerate models cannot
be used as they are for certain tasks such as estimation. In these cases, it
will be necessary to work with modified versions of the joint distribution
p(y,ψ) of the observations and parameters.



Modeling the Individual Parameters 125

5.4.3 Mlxtran for multivariate normal distributions

We consider the following model for ψi = (Ai, Bi, Ci, Di):

Ai = Apop + ηA,i, ηA,i ∼
i.i.d.
N (0, ω2

A)

Bi = Bpop + ηB,i, ηB,i ∼
i.i.d.
N (0, ω2

B)

log(Ci) = log(Cpop) + ηC,i, ηC,i ∼
i.i.d.
N (0, ω2

C)

logit(Di) = logit(Dpop) + ηD,i, ηD,i ∼
i.i.d.
N (0, ω2

D).

The correlation matrix for (ηA,i, ηB,i, ηC,i, ηD,i)
′ is a symmetric block

one:

R =


1 r1 r2 0
r1 1 r3 0
r2 r3 1 0
0 0 0 1

 .

Implementation with Mlxtran:

correlation_model.txt

[INDIVIDUAL]
input={A_pop,B_pop,C_pop,D_pop,omega_A,omega_B,

omega_C,omega_D,r1,r2,r3}

DEFINITION:
A = {distribution=normal, reference=A_pop, sd=omega_A}
B = {distribution=normal, reference=B_pop, sd=omega_B}
C = {distribution=lognormal, reference=C_pop, sd=omega_C}
D = {distribution=logitnormal, reference=D_pop, sd=omega_D}

correlationCoefficient = {r(A,B)=r1, r(A,C)=r2, r(B,C)=r3}

5.5 Additional levels of variability

5.5.1 Modeling inter-occasion variability

Up to now, the distribution pψi or equivalently the equation

ψi = M(β, ci, ηi), (5.19)

describes only the inter-individual variability of the individual parame-
ters (ψi). This model therefore assumes that:
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• the individual parameter ψi for individual i remains constant during
the whole study.

• the N individuals in the study are independent, i.e., the parameters
(ψi, 1 ≤ i ≤ N) are mutually independent.

We will now see that these hypotheses can be weakened by considering
additional levels of variability.

Let us look at the first assumption and consider introducing intra-
individual variability of individual parameters into the model. A first
simple model consists of splitting the study into K time periods or “oc-
casions” and assuming that individual parameters can vary from occa-
sion to occasion but remain constant within occasions. Then, we can
try to explain part of the intra-individual variability of the individual
parameters by piecewise-constant covariates, i.e., “occasion-dependent”
or “occasion-varying” (varying from occasion to occasion and constant
within an occasion) ones. The remaining part must then be described
by random effects.

We will need some additional notation for describing this new statis-
tical model. Let

• ψik be the vector of individual parameters of individual i for occasion
k, where 1 ≤ i ≤ N and 1 ≤ k ≤ K.

• cik be the vector of covariates of individual i for occasion k. Some of
these covariates remain constant (gender, group treatment, ethnicity,
etc.) and others can vary (weight, treatment, etc.).

Let ψi = (ψi1, ψi2, . . . , ψiK) be the sequence of K individual parameters
for individual i. The model for ψi is now a joint distribution:

ψi ∼ pψi( · ; ci1, ci2, . . . , ciK , θ).

We also need to define:

• η(0)
i , the vector of random effects which describes the random inter-
individual variability of the individual parameters and

• η(1)
ik , the vector of random effects which describes the random intra-
individual variability of the individual parameters in occasion k, for
each 1 ≤ k ≤ K.

Here and in the following, the superscript (0) is used to represent inter-
individual variability, i.e., variability at the individual (“reference”) level,
while superscript (1) represents inter-occasion variability, i.e., variability
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at the “occasion” level for each individual. Then, for any individual i and
occasion k, model (5.19) becomes

ψik = M(β, cik, η
(0)
i , η

(1)
ik ). (5.20)

As previously, the prediction ψ̃ik of ψik is obtained in the absence of
random effects:

ψ̃ik = M(β, cik, η
(0)
i ≡ 0, η

(1)
ik ≡ 0)

= m(β, cik).

If η(0)
i 6= 0, then the parameters ψik defined in (5.20) are no longer

independent because they all depend on the same random effect η(0)
i .

The joint distribution pψi will therefore depend on the model M and in
particular on the way in which the model integrates the random effects
η

(0)
i and η(1)

ik . Let us look at this in more detail.

1. Assume first an additive model for the random effects. Here, η(0)
i and

η
(1)
ik can be grouped into a random effect ηik, where

ηik = η
(0)
i + η

(1)
ik . (5.21)

Figure 5.9 gives an example for one individual with three time periods,
when the random effect is additive.

0
period 1 period 2 period 3

η
(0)
i

ηi1

ηi2

ηi3

η
(1)
i1

η
(1)
i2

η
(1)
i3

FIGURE 5.9: Possible decomposition of the random effects of a single subject
over three time periods.

If we also assume that η(0)
i and η

(1)
ik are normally distributed with

variance-covariance matrices Ω(0) and Ω(1), then ηik is also normally
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distributed and the covariance between ηik and ηik′ is

Cov (ηik, ηik′) =

{
Ω(0) + Ω(1) if k = k′

Ω(0) otherwise.
(5.22)

Model (5.20) then reduces to ψik = M(β, cik, ηik), where now the ψik
are not independent.

2. Assume now a Gaussian model of the form

h(ψik) = h(ψ̃ik) + ηik (5.23)

= h(ψ̃ik) + η
(0)
i + η

(1)
ik . (5.24)

Here, the h(ψi1), . . . , h(ψiK) are correlated Gaussian vectors whose
variance-covariance structure is that of the (ηik) defined in (5.22).

3. Assume furthermore a linear covariate model. For the sake of simplic-
ity, we consider a unique covariate; extension to multiple covariates,
including categorical and continuous covariates, is straightforward.
An initial covariate model deduced from the basic linear model pro-
posed in (5.9) can be written

h(ψik) = h(ψpop) + β(cik − cpop) + η
(0)
i + η

(1)
ik . (5.25)

Example 5.10 Consider the model for the volume of distribution intro-
duced in Example 5.1, which assumes a linear relationship between the
log-weight and log-volume. If the weight does not vary from occasion to
occasion, we can consider the following model:

log(Vik) = log(Vpop) + β log(wi/70) + ηik.

Rewriting this as

Vik = Vpop

(wi
70

)β
eη

(0)
i eη

(1)
ik

helps us to deduce that:

• Vpop is the reference volume for the whole population

• Vpop(wi/70)β is the predicted volume at any occasion for any individual
with weight wi

• Vpop(wi/70)βeη
(0)
i is the typical volume of individual i over time

• Vpop(wi/70)βeη
(0)
i eη

(1)
ik is the volume of individual i in occasion k.

We can then decompose the part of the variability explained by the
covariate c into inter-individual and intra-individual components, ex-
actly as we did with the random effects. Let cpop be the reference value
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of covariate c in the population as previously, and also let ci be some
reference (or typical) value for individual i. Then we can write

cik − cpop = (ci − cpop) + (cik − ci)

= d
(0)
i + d

(1)
ik ,

where d(0)
i describes the variability of the reference individual value ci

around the reference population value cpop, and d
(1)
ik the fluctuations of

the sequence of individual covariate values (cik) around ci. Here is an
illustration of this for one individual and three time periods.

cpop
period 1 period 2 period 3

ci

ci1

ci2

ci3

d
(1)
i1

d
(1)
i2

d
(1)
i3

FIGURE 5.10: Decomposition of a time-varying covariate for a single subject
over three time periods.

It is instructive now to write model (5.25) with the following decom-
position:

h(ψik)−h(ψpop) =
(
β(ci − cpop) + η

(0)
i

)
+
(
β(cik − ci) + η

(1)
ik

)
. (5.26)

On the right-hand side the first term gives the inter-individual (or intra-
individual) variability and the second the inter-occasion variability for
the individual. If a covariate c does not vary from occasion to occasion, it
is the same as saying that for each k, cik = ci. It may also be that some
random effects do not exhibit inter-occasion variability, i.e., η(1)

ik = 0.
Therefore, an individual parameter ψi does not exhibit inter-occasion
variability if and only if both cik − ci = 0 and η(1)

ik = 0.
In general the goal is to construct a model based on the perceived

variability of each of these two terms:

• The inter-individual variability (IIV) model: choose a model for the
covariates that do not change from occasion to occasion, and a
variance-covariance structure for the random effects η(0)

i .
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• The inter-occasion variability (IOV) model: choose a model for the
covariates that change from occasion to occasion, and a variance-
covariance structure for the random effects η(1)

ik .

Example 5.11 Consider again our model for the volume of distribution,
where now the weight of individual i varies over time:

log(Vik) = log(Vpop) + β log(wik/70) + ηik.

Here, wik is the typical weight of individual i at occasion k. Let wi be the
typical weight of individual i for the whole study. We can then rewrite the
model as

log(Vik) = log(Vpop) +
(
β log(wi/70) + η

(0)
i

)
+
(
β log(wik/wi) + η

(1)
ik

)
,

or

Vik = Vpop

(wi
70

)β
eη

(0)
i

(
wik
wi

)β
eη

(1)
ik .

Here,

• Vpop(wi/70)β is the predicted volume at any occasion for any individual
with typical weight wi

• Vpop(wik/70)β is the predicted volume at occasion k for any individual
with weight wik at occasion k

• Vpop(wi/70)βeη
(0)
i is the typical volume of individual i over time.

Model (5.26) assumes that the inter-individual and intra-individual
variability of the covariate have the same magnitude of effect on the
parameter, i.e., an increase of one unit of cik with respect to ci has the
same effect as an increase of one unit of ci with respect to cpop. If we
would rather not make this hypothesis, we can weight differently the
covariates (ci − cpop) and (cik − ci):

h(ψik) = h(ψpop) + β(ci − cpop) + γ(cik − ci) + η
(0)
i + η

(1)
ik . (5.27)

Example 5.12 Consider a model that supposes a linear relationship be-
tween income and happiness. Denote ψik the happiness score (on some scale)
for subject i in year k, and cik his income (in Ke) in year k. Model (5.26)
supposes that for each subject and year k, a difference in annual income
of 1Ke with respect to the reference income in the population generates
an increase of β happiness. There is no reason to expect that the intra-
individual variability (fluctuation in an individual’s salary) has the same
effect on happiness. Indeed, an increase in annual salary of 1Ke for some
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individuals might lead to more happiness than the fact of having a salary
of 1Ke more than the reference salary. Model (5.27) lets us take this into
account, assuming for example that γ > β.

5.5.2 Extensions to multiple levels of variability

Extension of the proposed approach to nested levels of variability is
straightforward. We illustrate this with several examples.

1. Suppose that an occasion can be split into several suboccasions. For
instance, imagine that the same study (that lasts several days) is
repeated each year. In this case, we might want to take into account
year-by-year variability and day-by-day variability. To do this, we can
introduce an additional level of intra-individual (or inter-occasion)
variability into the model:

ψikl = M(β, cikl, η
(0)
i , η

(1)
ik , η

(2)
ikl ).

Here, cikl is the value of covariate c for subject i during suboccasion l
of occasion k, and η(0)

i , η(1)
ik and η(2)

ikl describe different levels of random
variability of the parameter. As in (5.21), we can assume an additive
model where the different levels of random effect can be grouped as a
single one named ηikl. Now both the explained and the unexplained
parts of the variability can be decomposed into inter-individual and
two intra-individual components:

cikl − cpop = (ci − cpop) + (cik − ci) + (cikl − cik)

= d
(0)
i + d

(1)
ik + d

(2)
ikl

ηikl = η
(0)
i + η

(1)
ik + η

(2)
ikl .

2. Consider instead that the individuals are allocated to different centers
or studies. Then, possible variability between centers or studies also
needs to be taken into account by the statistical model.
Let ` = 1, 2, . . . , L be the set of subgroups or studies. To keep things
simple, first consider the case where there is only one occasion. Let
ψ`i be the vector of individual parameters of individual i from study
`. Then, ψ`i can be characterized by a model that takes into account
the inter-study variability:

ψ`i = M(β, c`i, η
(−1)
` , η

(0)
`i ),
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where c`i is the vector of covariates for individual i from study `, and
η

(−1)
` and η(0)

`i the random effects that describe the random compo-
nents of the inter-study and inter-individual variability (within the
same study). Note that some components of c`i might be specific to
study ` and have no dependency on any given individual.

3. We can include in the model any combination of inter-group, inter-
individual and inter-occasion variability with any combination of in-
teractions. Consider for example a cross-over study with K occasions
performed in L centers and assume the following levels of random
variability:

• Center: η(−1)
` ; 1 ≤ ` ≤ L,

• Center and individual: η(0)
`i ; 1 ≤ i ≤ N ,

• Center, individual and occasion: η(1)
`ik ; 1 ≤ k ≤ K.

Now, if we decide to assume an additive model for the random effects,
all the random components of the variability can be combined as a
unique vector of random effects:

η`ik = η
(−1)
` + η

(0)
`i + η

(1)
`ik.

For example, if we were considering an animal study, we might want to
group animals with the same father (equivalent to “center”) and then
try and characterize variability of some animal feature by a “father”
effect, an “animal” effect and an “occasion” effect.

5.5.3 Mlxtran for multiple levels of variability

Model 1: One additional level of variability.
We assume only IIV for (Aik), only IOV for (Bik) and both IIV and IOV
for (Cik):

Aik = Apop + η
(0)
A,i , η

(0)
A,i ∼

i.i.d.
N (0, ω2

A)

Bik = Bpop + η
(1)
B,ik , η

(1)
B,ik ∼

i.i.d.
N (0, γ2

B)

Cik = Cpop + η
(0)
C,i + η

(1)
C,ik , η

(0)
C,i ∼

i.i.d.
N (0, ω2

C) , η
(1)
C,ik ∼

i.i.d.
N (0, γ2

C).

The levels of variability individual (0) and occasion (1) are assumed
nested.
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level1_model.txt

[INDIVIDUAL]
input={A_pop, B_pop, C_pop, omega_A, gamma_B, omega_C, gamma_C}
level={id, occ}

DEFINITION:
A ={distribution=normal,mean=A_pop,level={id},sd=omega_A}
B ={distribution=normal,mean=B_pop,level={id*occ},sd=gamma_B}
C ={distribution=normal,mean=C_pop,level={id,id*occ},

sd={omega_C,gamma_C}}

Model 2: Two additional levels of variability.
A`ik varies with center, B`ik with center and individual and C`ik with
center, individual and occasion:

A`ik = Apop + η
(−1)
A,` , η

(−1)
A,` ∼

i.i.d.
N (0, τ2A)

B`ik = Bpop + η
(0)
B,`i , η

(0)
B,`i ∼

i.i.d.
N (0, ω2

B)

C`ik = Cpop + η
(−1)
C,` + η

(0)
C,`i + η

(1)
C,`ik, with

η
(−1)
C,` ∼

i.i.d.
N (0, τ2C) , η

(0)
C,`i ∼

i.i.d.
N (0, ω2

C) , η
(1)
C,`ik ∼

i.i.d.
N (0, γ2

C).

Here center, individual and occasion are nested.

level2_model.txt

[INDIVIDUAL]
input={A_pop,B_pop,C_pop,tau_A,omega_B,tau_C,omega_C,gamma_C}
level={center, id, occ}

DEFINITION:
A ={distribution=normal,mean=A_pop,level={center},sd=tau_A}
B ={distribution=normal,mean=B_pop,level={center*id},sd={omega_B}}
C ={distribution=normal,mean=C_pop,

level={center,center*id,center*id*occ},sd={tau_C,omega_C,gamma_C}}

5.6 Different mathematical representations and im-
plementations of the same model

The statistical component of a model can be decomposed into two sub-
models: a model that describes the variability of the observations and
one that describes the variability of the individual parameters. Each
submodel needs to be described, represented and implemented. Differ-
ent mathematical representations of the same model lead to different
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implementations. The choice of the mathematical representation – and
then the implementation – should be driven by the task we want to ex-
ecute. Let us illustrate this with a very simple statistical model used for
modeling variability in a single individual parameter.

5.6.1 Description of the statistical model

Let us consider the example of wanting to describe the distribution of
the volume in a population using weight as a covariate. The first step
consists of describing with extreme precision the statistical model we
want to use:

1. Individuals in the population are mutually independent.
2. The volume is log-normally distributed.
3. The log-volume predicted by the model is a linear function of the

log-weight.
4. The reference weight in the population is 70kg.
5. The variance of the log-volume is constant.

5.6.2 Representation of the statistical model

Since this model involves probability distributions, we will use a proba-
bilistic model to represent it. Let Vi and wi be the volume and weight of
individual i. Statement 1 implies that only the distribution p(Vi;wi) for
individual i needs to be represented. A probability distribution can be
mathematically represented by a series of definitions and equations. This
mathematical representation is not unique. We can use, for instance, any
of these three representations:

Vi = Vpop

(wi
70

)β
eηi where ηi ∼ N (0, ω2) (5.28a)

log(Vi) ∼ N (log(Ṽi), ω
2) where Ṽi = Vpop

(wi
70

)β
(5.28b)

log(Vi) ∼ N (log(Vpop) + βci , ω
2) where ci = log

(wi
70

)
. (5.28c)

Here, ω is the standard deviation of the log-volume, Vpop a reference
value for the volume in the population for a reference individual of 70kg,
and Vpop(wi/70)β the predicted volume for an individual with weight
wi.

These three representations combine equations and definitions. The
equations allow us to define the variables via algebraic equations, while
the definitions characterize the random variables using probability dis-
tributions.
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5.6.3 Which representation for which task?

Representations (5.28a), (5.28b) and (5.28c) provide three different
mathematical representations of the same probabilistic model. This
means that when written in text, anyone with some basic knowledge in
statistics and mathematics will be able to derive the same information
from any of them.

However, if we want to use the model to perform tasks using specific
software, the information passed to the software needs to be of a form
that the software can understand with respect to each given task. It is
not always true that any representation paired with any implementation
can be used to perform any task. Let us illustrate this on our example
for three basic tasks: simulation, likelihood computation and covariate
model assessment.

Simulation. If we assume that the software we use is able to simulate
normal random variables with any given mean and standard deviation,
then any representation of the model can be used for simulation:

• Using (5.28a), ηi is first simulated as a random normal variable with
mean 0 and variance ω2. Then the volume Vi is calculated as a func-
tion of ηi.

• Using (5.28b) or (5.28c), log(Vi) can be directly simulated as a
random normal variable with mean log(Vpop) + β log (wi/70), or
equivalently log(Vpop(wi/70)β), and standard deviation ω2. Then
Vi = exp (log(Vi)).

In summary, what is required for simulation is the capacity to express
the variable to be simulated as a function of some random variable that
can be directly simulated by the software. In conclusion, any of the three
representations can be used for simulation.

Likelihood computation. Deriving the likelihood of θ = (Vpop, β, ω
2)

requires computation of the pdf of Vi or some function of it. Here, it
is straightforward to derive the likelihood from the pdf of Vi, which is
log-normally distributed.

L1(θ;V1, . . . , VN )

= p(V1, V2, . . . , VN ; θ)

=

N∏
i=1

p(Vi; θ)

=

N∏
i=1

1√
2πω2Vi

exp

{
− 1

2ω2

(
log(Vi)−log

(
Vpop

(wi
70

)β))2
}
.
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It is also straightforward to derive the likelihood from the pdf of log(Vi),
which is normally distributed:

L2(θ; log(V1), . . . , log(VN ))

= p(log(V1), . . . , log(VN ); θ)

=

N∏
i=1

1√
2πω2

exp

{
− 1

2ω2

(
log(Vi)− log

(
Vpop

(wi
70

)β))2
}
.

These likelihoods L1 and L2 are equal up to a constant
∏
i Vi. No matter

what the definition on which the likelihood is based, it is nonetheless
necessary to provide some information about the pdf of Vi for computing
the likelihood. In this very basic example, the minimal set of information
on the model that needs to be passed to the software via code to be able
to compute the likelihood is

• The log-volume is normally distributed.

• The mean of log(Vi) is log
(
Vpop (wi/70)

β
)
.

• The standard deviation of log(Vi) is ω.

Then, the likelihood can be easily computed if the software is able to
compute a normal pdf for a given mean and standard deviation.

In our example, only the model representations given in (5.28b) and
(5.28c) can be used for computing the likelihood in closed form. Indeed,
both explicitly describe the probability distribution of log(Vi) and pro-
vide all the required information. In contrast, the representation given in
(5.28a) does not provide any explicit information about the distribution
of Vi. Deriving the pdf of Vi from (5.28a) would therefore require an
interpreter to “understand” the formula and a tool that could perform
symbolic computation.

Covariate model assessment. Our model hypothesizes a linear rela-
tionship between the log-weight and log-volume. To assess if this is valid,
we might consider using some visual diagnostic checks on the plot of the
(predicted or simulated) log-volume against log-weight to see whether
this linear relationship seems plausible. Specific statistical procedures
can also be used for testing the linearity hypothesis.

Thus, both displaying an appropriate goodness of fit plot and using
an appropriate statistical test require knowledge of the explicit relation-
ship between the covariate and the parameter, i.e., the software needs
to “know” this relationship. Neither of the representations of the model
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based on equations (5.28a) and (5.28b) explicitly spell out this relation-
ship to the software. Of course, we can rewrite (5.28b) as

µi = log(Vpop) + β log (wi/70)

log(Vi) ∼ N (µi, ω),

and clearly “see” that the predicted log-volume is a linear function of
the log-weight. The issue is that without a powerful interpreter, this
information is not available to the software, so it cannot automatically
run these tasks. Therefore, we must explicitly “tell” the software that the
model is linear and provide lists of covariates and coefficients, as can be
done with a Mlxtran script derived from (5.28c).

5.6.4 Implementation of the statistical model

Implementation of models (5.28a, 5.28b, 5.28c) with Mlxtran means
the direct usage of these definitions and equations with a language very
close to the mathematical one. The model in (5.28a) can be implemented
in the following way:

DEFINITION:
eta = {distribution=normal, mean=0, sd=omega}

EQUATION:
V = Vpop*((w/70)^beta)*exp(eta)

The model in (5.28b) can be implemented as:

EQUATION:
Vpred = Vpop*(w/70)^beta

DEFINITION:
V = {distribution=lognormal, prediction=Vpred, sd=omega}

The model in (5.28c) can be implemented as:

EQUATION:
c = log(w/70)

DEFINITION:
V = {distribution=lognormal, reference=Vpop,

covariate=c, coefficient=beta, sd=omega}





6
Extensions

We have so far reviewed the most frequently used models for describ-
ing both the individual parameters (ψi) and the observations (yi), but
several extensions can be considered.

For instance, if we assume that a population consists of several homo-
geneous subpopulations, mixture models can be very useful for describing
different types of mixtures such as mixtures of distributions, mixtures of
structural models and mixtures of residual models (see Section 6.1).

A stochastic component can also be added to a model by assuming
certain underlying stochastic dynamics, characterized by either a hidden
Markov model (see Section 6.2) or a system of stochastic differential
equations (see Section 6.3).

6.1 Mixture models

6.1.1 Introduction

Mixed effects models are frequently used for modeling longitudinal data
when data is obtained from different individuals from the same pop-
ulation. These models allow us to take into account between-subject
variability. One complicating factor arises when data is obtained from a
population with some underlying heterogeneity. If we assume that the
population consists of several homogeneous subpopulations, a straight-
forward extension of mixed effects models is a finite mixture of mixed
effects models.

As an example, the use of a mixture of mixed effects models is par-
ticularly relevant when the response of patients to a drug therapy is
heterogeneous. In any clinical efficacy trial, patients who respond well,
partially or not at all can be considered different subpopulations with
quite different profiles.

The introduction of a categorical covariate (e.g., sex, genotype, treat-
ment, status, etc.) into such a model already supposes that the whole

139
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population can be decomposed into subpopulations. The covariate then
serves as a label for assigning each individual to a subpopulation. In
practice, the covariate can either be known or not.

Mixture models usually refer to models for which the categorical
covariate is unknown, but whichever the case, the joint model that brings
together all the parts (observations, individual parameters, covariates,
labels, design, etc.) is the same. The difference appears when having to
perform certain tasks and in the methods needed to implement them. For
instance, the task of simulation makes no distinction between the two
situations because all variables are simulated, whereas model building
is different depending on whether the labels are known or unknown:
we have supervised learning if the labels are known and unsupervised
otherwise.

There exist several types of mixture models useful in the context of
mixed effects models, including mixtures of distributions, mixtures of
residual error models and mixtures of structural models. Indeed, hetero-
geneity in the response variable cannot be always adequately explained
only by inter-patient variability of certain parameters. It may therefore
be necessary to introduce diversity into the structural models themselves:

– Between-subject model mixtures assume that there exist subpopula-
tions of individuals. Different structural models describe the response
of each subpopulation, and each subject belongs to one of these sub-
populations. One can imagine for example different structural models
for responders, nonresponders and partial responders to a given treat-
ment.

– Within-subject model mixtures assume that there exist subpopulations
(of cells, viruses, etc.) within each patient. In this case, different struc-
tural models can be used to describe the response of different subpop-
ulations, but the proportion of each subpopulation depends on the
patient.

6.1.2 Mixtures of mixed effects models

For the sake of simplicity, we will consider a basic model that involves
individual parametersψ = (ψi, 1 ≤ i ≤ N) and observations y = (yi, 1 ≤
i ≤ N), where yi = (yij , 1 ≤ j ≤ ni). Then, the easiest way to model a
finite mixture model is to introduce a label sequence z = (zi; 1 ≤ i ≤ N)
that takes its values in {1, 2, . . . ,M} such that zi = m if subject i belongs
to subpopulation m.

In some situations, the label set z is known and can be used as a
categorical covariate in the model. If z is known and if we consider it the
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realization of a random vector, the model is the conditional distribution

p(y,ψ|z; θ) = p(y|ψ, z)p(ψ|z; θ).

If z is unknown, it can modeled as a random vector, and the model is
the joint distribution

p(y,ψ, z; θ) = p(y,ψ|z; θ)p(z; θ).

We therefore consider that z = (zi) is a set of independent random
variables taking its values in {1, 2, . . . ,M} where for i = 1, 2, . . . , N ,
P(zi = m) is the probability that individual i belongs to group m. Sim-
ple models can assume that the (zi) are identically distributed, i.e.,
P(zi = m) does not depend on i for m = 1, . . . ,M . However, more com-
plex models can be considered, assuming for instance that an individual’s
probabilities depend on individual covariates.

Example 6.1 The Hepatitis C virus (HCV) can be divided into six distinct
genotypes. Genotype 1 is the most difficult to treat, whereas individuals
with genotypes 2 and 3 are almost three times more likely to respond to
therapy involving a combination of alpha interferon and ribavirin.

Suppose we want to divide patients infected with HCV into three out-
come groups: patients who respond, partially respond or do not respond.
It is plausible to assume that an individual’s probabilities for ending up in
each of these groups depend on his genotype, which therefore can be used
as an individual covariate to help explain P(zi = m).

In its most general form, a mixture of mixed effects models assumes
that there exist M joint distributions p1, . . . ,pM and M vectors of pa-
rameters θ1,. . . ,θM such that for any individual i, the joint distribution
of yi and ψi is

p(yi, ψi; θ) =

M∑
m=1

P(zi = m)pm(yi, ψi; θm),

where pm is the joint distribution of (yi, ψi) in group m and θ =
(θ1, . . . , θM ). The distribution of observations yi is therefore itself a mix-
ture of M distributions:

p(yi; θ) =

∫
p(yi, ψi; θ) dψi

=

M∑
m=1

P(zi = m)

∫
pm(yi, ψi, θm) dψi

=

M∑
m=1

P(zi = m)pm(yi; θm).
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The mixture can be in terms of the distribution of the individual param-
eters pψi and/or the conditional distribution of the observations pyi|ψi .
Let us now see some examples of mixtures models.

1. A latency structure can be introduced at the individual parameter
level:

p(yi, ψi; θ) = p(yi|ψi)p(ψi; θ)

= p(yi|ψi)

(
M∑
m=1

P(zi = m)pm(ψi; θm)

)
,

where pm(ψi; θm) is the distribution of the individual parameters
in group m. For example, a mixture of linear Gaussian models
for the individual parameters assumes that there exist M pop-
ulation parameters ψpop,1, . . . , ψpop,M , M vectors of coefficients
β1, . . . , βM ,M variance-covariance matrices Ω1, . . . ,ΩM andM trans-
forms h1, . . . , hM such that

hm(ψi) | zi = m ∼ N (hm(ψpop,m) + βm · ci , Ωm). (6.1)

This is the most general representation possible because it allows the
transformation, population parameters, covariate model and variance-
covariance structure of the random effects all to vary from one group
to the next. A more simpler representation would have one or several
of these fixed across groups. If we assume, for instance, that only the
reference value of the parameter changes, then (6.1) becomes

h(ψi) | zi = m ∼ N (h(ψpop,m) + β · ci , Ω).

2. A latency structure can be introduced at the level of the conditional
distribution of the observations (yij):

p(yi, ψi; θ) = p(yi|ψi)p(ψi; θ)

=

(
M∑
m=1

P(zi = m)pm(yi|ψi)

)
p(ψi; θ),

where pm(yi|ψi) is the conditional distribution of the observations in
group m. For example, the model for continuous data

yij = f (tij ;ψi, zi) + g (tij ;ψi, zi) εij

with εij ∼ N (0, 1), can be equivalently represented as

yij | zi = m ∼ N (fm(tij ;ψi), gm(tij ;ψi)
2)
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for eachm = 1, . . . ,M . A mixture of conditional distributions is there-
fore reduced to a mixture of structural models and/or residual errors.
To give a precise example, a mixture of constant error models would
assume that

yij = f (tij ;ψi) +

(
M∑
m=1

1Izi=mam

)
εij ,

where am is the standard deviation of the residual errors in group
m. Another possible alternative is between-subject model mixtures
(BSMM), which assume that the structural model is a mixture of M
different structural models:

f (tij ;ψi, zi) =

M∑
m=1

1Izi=mfm (tij ;ψi) .

Remark: It may be too simplistic to assume that each individual is rep-
resented by only one well-defined model from the mixture. For instance,
in a pharmacological setting there may be subpopulations of cells or
viruses within each patient that react differently to a drug treatment. In
this case, it makes sense to consider that the mixture of models happens
within each individual. Such within-subject model mixtures (WSMM)
require additional vectors of individual parameters πi = (π1,i, . . . , πM,i)
representing the proportions of the M models within each individual i:

f (tij ;ψi, zi) =

M∑
m=1

πm,ifm (tij ;ψi) .

The proportions (πm,i) are now individual parameters in the model and
the problem is transformed into a standard mixed effects model. These
proportions are assumed to be positive and to sum to 1 for each patient.
We can then define πm,i in order to satisfy these constraints. One possible
way to do this is

πm,i =
γm,i∑M
`=1 γ`,i

,

where log(γm,i) ∼ N (log(γm,pop), ω2
m).

6.1.3 Example 1: A mixture of normal distributions

We consider here a simple pharmacokinetic (PK) model for a single oral
administration:

f(t; kai, Vi, Cli) =
Dkai

V kai − Cli)

(
e−(Cli/Vi) t − e−kai t

)
,
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where the absorption rate constant kai and clearance Cli of patient i
have log-normal distributions:

log(kai) ∼ N (log(1), 0.32)

log(Cli) ∼ N (log(4), 0.32),

and the distribution of the volume Vi is a mixture of two log-normal
distributions:

log(Vi) ∼ 0.35 N (log(70), 0.32) + 0.65 N (log(42), 0.32).

Figure 6.1 shows the distributions p1 and p2 of the volume in the two
groups and the mixture of these two distributions.
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FIGURE 6.1: Two weighted log-normal distributions 0.35p1 and 0.65p2 and
the mixture of p1 and p2: p = 0.35p1 + 0.65p2.

Here, the structural model f is a function of time and f(t;ψi) the
predicted concentration of the drug in individual i at time t, with
ψi = (kai, Vi, Cli). The probability distribution of f( · ;ψi) then rep-
resents the inter-individual variability of predicted concentration of the
drug across the population. Figure 6.2 shows prediction intervals for the
concentration f( · ;ψi) for one individual i randomly chosen in the popu-
lation. This plot allows us to visualize the impact of the inter-individual
variability of the individual PK parameters on exposure to the drug.

In this example, the distribution of f( · ;ψi) is itself a mixture of two
distributions since the distribution of ψi is a mixture of distributions due
to Vi. It is then interesting to visualize the distribution of the predicted
concentration in each subpopulation. Indeed, any individual i will have
either a log-volume from N (log(70), 0.32) (with probability 0.35) or a
log-volume from N (log(42), 0.32) (with probability 0.65), so in order
to see what really happens to a single individual i, we need to split the
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data into two plots: 35% of the individuals will have concentration curves
distributed as on the left of Figure 6.3 and 65% as on the right.
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FIGURE 6.2: Probability distribution for the predicted concentration curve
f( · ;ψi).
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FIGURE 6.3: Probability distribution of the predicted concentration curves
f( · ;ψi) in the two subpopulations.
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6.1.4 Example 2: A mixture of structural models

We will work here with the example given in Mbogning et al. (2012)
where we are interested in a study of treated human immunodeficiency
virus (HIV) infected patients; the output data are the evolution in their
viral loads. Figure 6.4 gives examples of patients with one of three “typ-
ical” viral load progressions:

• Non-responders (1) show no decline in viral load.

• Responders (2) exhibit a sustained viral load decline.

• Partial responders (3 and 4) exhibit an initial drop in viral load, then
a rebound to higher levels.
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FIGURE 6.4: Viral load progression for four HIV-infected patients. (1) non-
responder; (2) responder; (3) and (4) partial responders. The ∗ symbol indi-
cates below level of quantification data.

Remarks:

• Since viral loads generally evolve exponentially over time, they are
most commonly expressed on a logarithmic scale.

• There is a detection limit at 50 HIV RNA copies/ml, corresponding
to a log-viral load of 1.7, i.e., data are left-censored. These points are
shown with a ∗.

Within a few months of HIV infection, patients typically enter a
steady state of chronic infection and have a stabilized concentration of
HIV-1 in blood plasma. This concentration is modeled as a baseline
A0. When antiretroviral treatment starts, the viral load of patients who
respond shows an initial rapid exponential decay usually followed by a
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slower second phase of exponential decay. This two-phase decay in viral
load can be approximated by the bi-exponential model A1e

−λ1t+A2e
−λ2t

(Samson et al., 2006).
After the decrease in viral load some subjects show a rebound, which

may be due to several factors (nonadherence to the therapy, emergence
of drug-resistant virus strains, etc.). We can extend the bi-exponential
model to these patients by adding a third phase, characterized by a
logistic growth process A3/(1 + e−λ3(t−τ)), where τ is its inflection point.

We can then consider three simple models, corresponding to each of
the three types of viral load progression:

f1 (tij , ψi) = A0,i

f2 (tij , ψi) = A1,ie
−λ1,itij +A2,ie

−λ2,itij

f3 (tij , ψi) = A1,ie
−λ1,itij +A2,ie

−λ2,itij +
A3,i

1 + e−λ3,i(tij−τi)
.

The log-transformed viral load can then be modeled using a BSMM:

log (yij) =

3∑
m=1

1Izi=m log (fm (tij , ψi)) + aεij ,

where yij is the viral load for patient i at time tij and ψi =
(A0,i, A1,i, A2,i, A3,i, λ1,i, λ2,i, λ3,i, τi) the vector of individual parame-
ters.

Figure 6.5 displays the predicted viral loads for the four patients
using model f1 for patient 1, f2 for patient 2 and f3 for patients 3 and
4, with the following parameters1

id A0 A1 A2 A3 λ1 λ2 λ3 τ
1 92 − − − − − − −
2 − 66 5 − 0.14 2× 10−5 − −
3 − 53 6 28 0.15 1.5× 10−5 0.15 200
4 − 77 10 100 0.1 1.5× 10−5 0.013 270

Not all observed viral load progressions fall so easily into one of the
three classes, as seen in the patients shown in Figure 6.6.

1These values and the predicted class for each patient were obtained using
Monolix.
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FIGURE 6.5: Observed and predicted viral load progression for four HIV-
infected patients.
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FIGURE 6.6: Viral load data for four patients with ambiguous progressions.

In these cases, it does not seem quite so reasonable to model the data
under the BSMM assumption that each patient must belong uniquely
to one class. Instead, it is perhaps more natural to suppose that each
patient is partially responding, partially nonresponding and partially
rebounding to the given drug treatment. The goal becomes to find the
relative strength of each process in each patient, and WSMMs are ideal
tools for this:

log (yij) =

3∑
m=1

πm,i log (fm (tij , ψi)) + aεij .

Without going into further detail, Figure 6.7 displays the observed and
predicted viral loads computed with Monolix for these four individuals
when each individual has a mixture of the three viral load progressions.
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FIGURE 6.7: Observed and predicted viral load progression for four patients
using within-subject model mixtures.

6.2 Hidden Markov models

6.2.1 Introduction

Markov chains are a useful tool for analyzing categorical longitudinal
data. However, sometimes the Markov process cannot be directly ob-
served and only some output, dependent on the (hidden) state, is seen.
More precisely, we assume that the distribution of this observable output
depends on the underlying hidden state. Such models are called hidden
Markov models (HMMs; see Cappé et al., 2005; Rabiner, 1989). HMMs
can be applied to many domains and have turned out to be particu-
larly useful in several biological contexts. For example, they are helpful
when characterizing diseases for which the existence of several discrete
stages of illness is a realistic assumption, e.g., epilepsy (Albert, 1991)
and migraines (Anisimov et al., 2007).

In this section, we will consider a parametric framework with Markov
chains in a discrete and finite state space K = {1, . . . ,K}.

6.2.2 Mixed hidden Markov models

HMMs were developed to describe how a given system moves from one
state to another over time in situations where the successive visited
states are unknown and a set of observations is the only available in-
formation to describe the system’s dynamics. HMMs can be seen as a
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variant of mixture models that allow for possible memory in the se-
quence of hidden states. An HMM is thus defined as a pair of processes
(zj , yj , j = 1, 2, . . .), where the latent sequence (zj) is a Markov chain
and the distribution of observation yj at time tj depends on state zj (see
Figure 6.8).

z1

y1

z2

y2

q2
zj−1

yj−1

zj

yj

qj
zn

yn

FIGURE 6.8: Dynamics of a hidden Markov model.

In the population approach, HMMs for several individuals can be
simultaneously defined by considering mixed HMMs (Altman, 2007;
Delattre and Lavielle, 2012; Maruotti, 2011; Reuter et al., 2004). Let
yi = (yi,1, . . . , yi,ni) and zi = (zi,1, . . . , zi,ni) denote, respectively, the
sequences of observations and hidden states for individual i.

We suppose that the joint distribution of (zi, yi) is a parametric one
that depends on a vector of parameters ψi and can be decomposed as

p(zi, yi|ψi) = p(zi|ψi)p(yi|zi, ψi).

For each individual i, zi is a Markov chain whose probability distribution
is defined by

• the distribution πi = (πki , k = 1, 2, . . . ,K) of the first state zi,1:

πki = P(zi,1 = k|ψi) .

• the sequence of transition matrices (Qij , j = 2, 3, . . .), where for each
j, Qij = (q`,kij ; 1 ≤ `, k ≤ K) is a matrix of size K ×K such that
q`,kij = P(zij = k|zi,j−1 = `, ψi).

The conditional distribution pyi|zi,ψi depends on the model chosen
for the observations; for each state, observation yij has a certain distri-
bution. Let us now see some examples.
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6.2.3 Probability distribution function for the observa-
tions

Assuming that the N individuals are independent, the joint pdf is given
by

p(y1, . . . , yN |ψ1, . . . , ψN ) =

N∏
i=1

p(yi|ψi).

Then, computing the conditional distribution of the observations pyi|ψi
for any individual i requires integration of the joint conditional distri-
bution pzi,yi|ψi over all states:

p(yi|ψi) =
∑
zi∈S

p(zi, yi|ψi)

=
∑
zi∈S

p(zi|ψi)p(yi|zi, ψi)

=
∑
zi∈S

πzi,1i p(yi,1|zi,1, ψi)
n∏
j=2

(
q
zi,j−1,zij
ij p(yij |zij , ψi)

) .

Though this looks complicated, it turns out that a forward recursion of
the Baum-Welch algorithm provides a quick way to numerically compute
it (Cappé et al., 2005; Rabiner, 1989).

6.2.4 Examples

In a continuous data model, one possibility is that the residual error
model is a hidden Markov model that can randomly switch between K
possible residual error models.

Example 6.2 In this example, we consider a 2-state Markov chain. A
constant error model is assumed in each state:

yij = sin(α tij) + a1,iεij if zij = 1

yij = sin(α tij) + a2,iεij if zij = 2.

Figure 6.9 shows simulated data from this model for two individuals.
Only the observations are shown in the top two plots. Clearly it is not
trivial to visually identify the two states. In the lower panel, the structural
model is displayed and observations drawn from state 1 (resp. state 2) are
displayed with dots (resp. crosses). Now the model is easier to understand;
in particular we can see how the residual variability changes with time for
these two individuals. Unfortunately however, this is not a realistic situation
with hidden Markov models because only the values are observed, not the
symbols.
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FIGURE 6.9: 2-state Markov chains for two individuals. Different constant
error models are used in each state. Top: only the observations are displayed;
bottom: the structural model is displayed with a solid line and the 2 states are
represented differently (state 1 with dots and state 2 with crosses). Individual
1: a1,1 = 0.1, a2,1 = 0.6, q121 = 0.1, q211 = 0.1; individual 2: a1,2 = 0.1,
a2,2 = 0.6, q122 = 0.4, q212 = 0.6.

In Poisson models for count data, the Poisson parameter might ran-
domly switch between K intensities. This type of model has been used
to describe the evolution of seizures in epileptic patients.

Example 6.3 Instead of assuming a unique Poisson distribution for the
observed numbers of seizures, this model assumes that patients go through
alternating periods of low and high epileptic susceptibility. Therefore, we
consider what is called a 2-state Poisson mixed-HMM:

yij ∼ Poisson(λ1,i) if zij = 1

yij ∼ Poisson(λ2,i) if zij = 2.

Again, only the upper plots of Figure 6.10 are seen in reality because the
states are unknown. Note that we can see for the first individual that simply
defining a fixed cutoff value between the two states would not work because
there is significant overlap in the two distributions.
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FIGURE 6.10: 2-state Poisson mixed-HMM for two individuals. Different
Poisson distributions are used in each state. Top: only the observations are
displayed; bottom: the two states are represented differently (state 1 with dots
and state 2 with crosses). Only consecutive observations in the same state are
connected. Individual 1: λ1,1 = 2, λ2,1 = 8, q121 = 0.1, q211 = 0.1; Individual 2:
λ1,2 = 1, λ2,2 = 5, q122 = 0.4, q212 = 0.6.

6.3 Stochastic differential equation-based models

6.3.1 Introduction

Diffusion models are known to be a useful tool for modeling stochas-
tic dynamics phenomena and are widely used in various fields including
finance, physics, biology, physiology and control. In the population ap-
proach, a mixed effects diffusion model aims to describe each individual
series of observations using a system of stochastic differential equations
(SDE) while also taking into account variability between individuals (De-
lattre and Lavielle, 2013; Ditlevsen and Gaetano, 2005; Donnet and Sam-
son, 2008; Klim et al., 2009).

For the sake of simplicity, we will first consider a diffusion model for a
single individual involving a quite general dynamical system with linear
transfers, and illustrate it with several PK examples. We will then show
that the extension to mixed diffusion models is fairly straightforward.

Note that the conditional distribution py|ψ of the observations usu-
ally does not have a closed-form expression. When the underlying system
is a Gaussian linear dynamical one, the conditional pdf p(yi|ψi) of the
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observations can be computed using the Kalman filter (Grewal and An-
drews, 2011). When the system is not linear, the extended Kalman filter
(EKF) provides an approximation of the conditional pdf.

6.3.2 Diffusion models

We assume that one diffusion trajectory is observed with noise at discrete
time points t1 < . . . < tj < . . . < tn. Let us note (X(t), t ≥ 0) ∈ Rp
the underlying dynamical process and yj ∈ R a noisy function of X(tj),
j = 1, . . . , n. The general form of the diffusion model is given by

dX(t) = b(X(t), ψ)dt+ γ(X(t), ψ)dW (t)

yj = c(X(tj), ψ) + εj

εj ∼
i.i.d.

N (0, a2(ψ)), j = 1, . . . , n,

(6.2)

with initial condition X(0) = x ∈ Rp. Here, (W (t), t > 0) is a standard
Wiener process in Rp and εj ∈ R represents the measurement error
occurring at the jth observation, independent ofW (t). The measurement
function c : Rp×Rd → R, drift function b : Rp×Rd → Rp and diffusion
function γ : Rp × Rd → Mp(R), where Mp(R) is the set of p × p
matrices with real elements, are known functions that depend on an
unknown parameter ψ ∈ Rd.

We can in fact consider an SDE-based model as a ODE-based one
with a stochastic component.

Example 6.4 The ODE

dAc(t) = −kAc(t)dt (6.3)

can be used to describe the kinetics of a drug administered by rapid injection
(iv bolus) into plasma. Here, Ac(t) represents the drug amount in plasma
at time t after injection, and k the elimination rate constant. Figure 6.11
(left) displays the typical evolution of the amount found in the central
compartment when k = 4.

Imagine now that we want to describe the evolution of the drug amount
over time by means of SDEs rather than ODEs in order to better describe
the intra-individual variability of the observed process. We can assume, for
example, that system (6.3) is randomly perturbed by an additive Wiener
process:

dAc(t) = −kAc(t)dt+ γdW (t).

Figure 6.11 (right) displays three kinetics for the amount in the central
compartment simulated from this model with k = 4 and γ = 2.
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FIGURE 6.11: Drug amount kinetics. Left: ODE model; right: SDE model
for three individuals.

These kinetics are clearly stochastic. Nevertheless, they are not real-
istic because:

• they give an overly erratic description of the evolution of the drug
concentration within compartments of the human body.

• they do not comply with certain constraints on biological dynamics
(concentration should be positive and decreasing over time).

A more relevant model might consider that some parameters ran-
domly fluctuate over time, rather than the observed variable itself. We
could model for example the elimination rate “constant” k as a stochastic
process k(t) that randomly varies around a typical value k∗.

More generally, we can describe fluctuations within a linear dynam-
ical system by considering transfer rates as diffusion processes rather
than the observed processes themselves.

6.3.3 Diffusion models for dynamical systems with linear
transfers

Dynamical systems are of importance in many fields. For example, they
can be used to model viral dynamics, population flows, interactions be-
tween cells and drug pharmacokinetics. Dynamical systems involving
linear transfers between different entities are usually modeled by means
of a system of ODEs with the following general form

dA(t) = KA(t)dt, (6.4)

where A(t) is a vector whose lth component represents the condition of
the lth entity at time t and K = (Kl l′ , 1 ≤ l, l′ ≤ p) is a deterministic
matrix defined as{

Kl l′ = kl l
′

if l 6= l′

Kl l = −kl 0 −
∑
l′ k

l l′ otherwise,
(6.5)



156 Mixed Effects Models

where kl l
′
represents the transfer rate from entity l to entity l′ and

kl0 the elimination rate from entity l. An example of such a dynamical
system with three components is shown in Figure 6.12.

1

2 3

k12

k21 k13

k31

k23

k32

k10

k20 k30

FIGURE 6.12: Dynamical system with three components (circles) and linear
transfers between them (arrows).

In this particular example, the matrix K would be

K =

−k10 − k12 − k13 k21 k31

k12 −k20 − k21 − k23 k32

k13 k23 −k30 − k31 − k32

 .

The model defined by equations (6.4) and (6.5) is a deterministic one
which assumes that transfers take place at the same rate at all times.
This is often a restrictive assumption since in reality, dynamical systems
tend to exhibit some random behavior. It is therefore reasonable to con-
sider that transfers are not constant but randomly fluctuate over time.
This new assumption leads to the following dynamical system:

dA(t) = K(t)A(t)dt,

where K has the same structure as in (6.5) but now some components
kl l
′
are stochastic processes which take nonnegative values and randomly

fluctuate around a typical value kl l
′∗
. Let us illustrate the construction

of these types of diffusion models using some specific examples from
pharmacokinetics.

Example 6.5 We consider in this example iv bolus administration with
stochastic linear elimination. We will first extend the ODE-based model
defined in (6.3) by assuming that k is a diffusion process which takes non-
negative values and fluctuates around a typical value k∗. In this example,
nonnegativity of k(t) is ensured by defining the logarithm of the transfer
rate as an Ornstein-Uhlenbeck diffusion process:

d log k(t) = −α (log k(t)− log k∗) dt+ γdW (t),
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where W is a standard one-dimensional Wiener process. This results in the
following diffusion system:

dX(t) = b(X(t))dt+ γ(X(t))dW (t),

where

X(t) =

(
Ac(t)

log k(t)

)
, b(x) =

(
−x1 exp(x2)
−α(x2 − log k∗)

)
, γ(x) =

(
0 0
0 γ

)
.

Note that in this specific example, the Jacobian matrix of the drift function
b has a simple form:

B(x) =

(
− exp(x2) −x1 exp(x2)

0 −α

)
.

Figure 6.13 shows four simulated processes k(t) and the associated amount
processes Ac(t).

We measure the concentration at times (tj , 1 ≤ j ≤ n):

yj =
Ac(tj)

V
+ a εj .

The parameter vector of the model is therefore ψ = (V, k∗, α, γ, a). We see
in this example that the simulated kinetics are much more realistic than
those obtained with the previous model because:

• the elimination rate process k(t) is a stochastic process that takes non-
negative values.

• even though the amount process is stochastic, it is smooth and decreases
monotonically with time.
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FIGURE 6.13: Four simulated processes k(t) and the associated amount
processes Ac(t).
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Example 6.6 Consider now a one compartment model for oral adminis-
tration:

d

dt

(
Ad(t)
Ac(t)

)
=

(
−ka 0
ka −ke

)(
Ad(t)
Ac(t)

)
, (6.6)

where Ad(t) and Ac(t) represent, respectively, the drug amount at time t in
the depot and central compartments. Assume now that the elimination con-
stant is driven by a stochastic process, solution of the stochastic differential
equation:

dke(t) = −α(ke− ke∗)dt+ γ
√
ke(t)dW (t),

whereW is a standard one-dimensional Wiener process. Then (6.6) becomes

dX(t) = b(X(t))dt+ γ(X(t))dW (t).

Here,

X(t) =

Ad(t)Ac(t)
ke(t)

 , b(x) =

 −kax1
kax1 − x3x2
−α(x3 − ke∗)

 , γ(x) =

0 0 0
0 0 0
0 0 γ

√
x3

 ,

and the parameter vector for the model is ψ = (V, ka, k∗, α, γ, a).

In both examples, the diffusion model can be easily extended to the
population approach by defining the system’s parameters ψ as an indi-
vidual random vector.

6.3.4 Mixed effects diffusion models

Let us now consider model (6.2) with observations coming from several
subjects. An adequate adaptation of model (6.2) in this context consists
of considering as many dynamical systems as there are individuals, and
defining the parameters of the individual’s dynamical systems as inde-
pendent random variables in such a way as to correctly reflect variability
between different trajectories.

To standardize notation, we consider N subjects randomly chosen
from a population and note ni the number of observations for individ-
ual i, so that ti,1 < . . . < ti,ni are subject i’s observation time points.
(Xi(t), t ≥ 0) ∈ Rp and yij ∈ R will denote, respectively, individual i’s
diffusion and observation Xi(tij). The yij , i = 1, . . . , N , j = 1, . . . , ni,
are governed by a mixed effects model based on a p-dimensional real-
valued system of SDEs of the general form:

dXi(t) = b(Xi(t), ψi)dt+ γ(Xi(t), ψi)dWi(t)

yij = c(Xi(tij), ψi) + εij

εij ∼
i.i.d.
N (0, a2(ψi)) , j = 1, . . . , ni, i = 1, . . . , N,
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and initial conditions Xi(0) = x0,i ∈ Rp for i = 1, . . . , N . The ψi are
unobserved independent p-dimensional random subject-specific parame-
ters drawn from a distribution pψ which depends on a set of population
parameters θ. The (W1(t), t > 0), . . . , (WN (t), t > 0) are standard inde-
pendent Wiener processes and the εij are independent Gaussian random
variables representing residual errors in such a way that the ψi, Wi and
εij are mutually independent. The measurement function c, drift func-
tion b and diffusion function γ are known functions common to the N
subjects that depend on the unknown parameters ψi.

For example, a straightforward extension of the dynamical system
with linear transfers defined in (6.4) and (6.5) consists of considering
individual transfer rates kl l

′

i and individual volatilities γi for individual
i at time tij . Assuming that the N individuals are independent, the joint
pdf is given by

p(y1, . . . , yN |ψ1, . . . , ψN ) =

N∏
i=1

p(yi|ψi).

Computing the conditional distribution p of the observations for any
individual i requires calculation of the conditional distribution of each
observation given the past:

p(yi|ψi) = p(yi1|ψi)
ni∏
j=2

p(yij |yi,1, . . . , yi,j−1, ψi).

Except in some very specific classes of mixed effects diffusion models,
the transition density p(yij |yi,1, . . . , yi,j−1, ψi) does not have a closed-
form expression since it involves the transition densities of the underlying
diffusion processes Xi. When the underlying system is a Gaussian linear
dynamical one, this density is Gaussian with mean and variance that can
be computed using the Kalman filter. When the system is not linear, an
initial solution comes from approximating this density by a Gaussian one
and using the extended Kalman filter for quickly computing its mean and
variance (Delattre and Lavielle, 2013). In comparison to this, particle fil-
ters do not require making approximations of the transition density, but
are quite demanding in terms of simulation requirements and compu-
tation time (see Zechner et al., 2014 for an application in quantitative
biology).





Part III

Using Models



In Part II of the book we learned how to define models. Now we
want to look at the practical aspects of modeling using such models.
In other words, aspects of how a modeler can decide which models for
observations and individual parameters give good approximations of how
the data changes with time and varies between individuals. In this part
of the book, we are therefore going to present several useful statistical
methods for modeling, and examples of implementing and using them in
practice.

The tasks of identifying, evaluating and choosing models are pre-
sented in Chapter 7 along with statistical methods useful for these tasks.
Being at ease with these tasks and methods is critical for modelers, es-
pecially when it comes to knowing the method to use for a given task, as
well as its features. For example, it is important to know the properties
of a chosen estimator, understand when Bayesian methods are applica-
ble, know the limits of methods based on model linearization as opposed
to exact methods, know how to analyze diagnostic plots constructed by
software tools, etc.

We are not pretending to be providing a “how-to toolbox” for model
construction; we merely present a set of tools for modelers to help con-
struct models. Hence, the examples provided in Chapter 8 illustrate ap-
proaches and methods presented in the book but do not pretend to
describe the actual data modeling process; this itself relies on the talent
of expert modelers in each domain.

All examples and illustrations presented here were undertaken
using Monolix, the modeling software in which all methods pre-
sented are implemented. The data and Monolix scripts used to
analyze them are readily available from the supporting web site
http://www.math.u-psud.fr/~lavielle/book

Some proposed methods – maximum likelihood estimation in non-
linear mixed effects models for instance – are complicated to implement
in practice. Algorithms for how to do so are presented in Chapter 9, in
particular the SAEM (Stochastic Approximation Expectation Maximiza-
tion) algorithm, known to be particularly adept at parameter estimation
in mixed models. This chapter is aimed at those who are considering im-
plementing such algorithms or simply want to understand how – and why
– they work. We will not go into theoretical properties (i.e., convergence
of SAEM and Metropolis-Hastings) here.



7
Tasks and Methods

7.1 Introduction
Data modeling is by definition the main task confronted by modelers.
The main goal of this chapter is to introduce several statistical methods
available to modelers, for both parameter estimation in and evaluation
of mixed effects models.

In the modeling context we usually assume that we have data that
includes observations y, measurement times t and possibly additional
regression variables x. There may also be individual covariates c and in
pharmacological applications a dose regimen u. However, for clarity in
the notation that follows, we will omit the design variables t, x and u,
and the covariates c.

Here, we find ourselves in the classical framework of incomplete data
models. Indeed, only y = (yij) is observed in the joint model p(y,ψ; θ).
Modeling means estimation of population and individual parameters,
model diagnostics and model selection.

Throughout this section we are going to use the pharmacokinetics
(PK) of warfarin (Holford, 1986) to illustrate various tasks that can be
undertaken when modeling, and statistical methods to perform them.
Observed longitudinal data (yij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) are the PK
data introduced in the Example 4.11 and shown in Figure 4.26. We will
consider a one-compartment PK model for oral administration, assuming
first-order absorption and linear elimination processes (see Appendix C
for a short introduction to PK modeling):

C(t, φ) =
Dka

V ka− Cl

(
e−(Cl/V ) t − e−ka t

)
. (7.1)

Here, the PK parameters are φ = (ka, V, Cl). We then assume a normal
distribution for the observed concentration, with a constant error model:

yij |ψi ∼ N (C(tij , φi), a
2), (7.2)

where ψi = (φi, a). The PK parameters (kai, Vi, Cli) are log-normally
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distributed. Furthermore, a linear relationship between log-weight and
log-volume is assumed. The reference weight in the population is set as
wpop = 70kg. We therefore have

log(kai) ∼ N (log(kapop), ω2
ka)

log(Vi) ∼ N (log(Vpop) + βV log(wi/70), ω2
V ) (7.3)

log(Cli) ∼ N (log(Clpop), ω2
Cl).

We will use this model, which we call M0, to illustrate the estimation
methods presented in Section 7.2 and model evaluation methods in Sec-
tion 7.3. We will see in Section 7.3.4 how to improve this model, thus
providing an introduction to the model building process. How to load the
data and implement models using Monolix is detailed in Appendix D.

Even though this chapter is dedicated to modeling, other tasks such
as visualization and simulation deserve a mention. Indeed, first of all,
before deciding to model data, it is essential to look at it, graphically.
This is especially the case for longitudinal data when we want to see
how an outcome varies with time or as a function of another variable.
We may also want to visualize how individual covariates are distributed,
detect if there are relationships between variables, compare data from
different groups, etc. It may also be useful to be able to visualize the
model itself by looking at how the structural model changes when we
vary one or several parameters. This is important for truly understanding
the structural model, i.e., what is behind the given mathematical equa-
tions, in particular when dealing with things such as complex dynamical
systems defined by differential equations. Although essential, these data
and model visualization tasks do not require any specific methods worth
presenting here. Therefore, we will not consider them here, but tools for
data and model exploration such as Datxplore and Mlxplore are
presented briefly in Appendix D.

Simulation is another important task, useful for example for simulat-
ing clinical trials. The process of clinical trial simulation (CTS) is known
to be very helpful for improving the efficiency of the drug development
process by allowing optimization of trial designs. It also makes possi-
ble the use of virtual patients to analyze drug effectiveness and safety
(Holford et al., 2010). The simulation techniques we use for the mod-
els that interest us here do not involve any specific difficulties and are
strongly linked to the hierarchical structure of the probabilistic models
we use, as described in Chapter 3. They are used by Simulx – both an R
and MATLAB function – that uses Mlxtran for implementing models.
Examples of the use of Simulx are provided in Appendix D.
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7.2 Estimation

7.2.1 Maximum likelihood estimation of population pa-
rameters

Maximum likelihood estimation of the vector of population parameters θ
consists of maximizing with respect to θ the observed likelihood function
defined by

Ly(θ)
def
= p(y; θ) =

∫
p(y,ψ; θ) dψ. (7.4)

Suppose that there exists a parameter vector θ∗ such that observations
have been generated by the model parametrized by θ∗, i.e., y ∼ py(· ; θ∗).
Then, under very general conditions, maximum likelihood (ML) estima-
tion possesses several attractive limit properties as the number of indi-
viduals N increases (Lehmann and Casella, 1998):

– consistency: the sequence of ML estimates converges in probability to
the true parameter value θ∗.

– asymptotic normality: as the sample size increases, the distribution
of the ML estimate tends to the normal distribution with mean θ∗

and covariance matrix equal to the inverse of the Fisher information
matrix (see Section 7.2.2).

– efficiency: it achieves the Cramer-Rao lower bound when N tends to
infinity. This means that no consistent estimator has lower asymptotic
mean squared error than the ML estimator.

The models of interest to us and for which we want to calculate
the ML estimate are ones that combine a model for the observations
(see Chapter 4) with a model for the individual parameters (see Chap-
ter 5). One of the main goals in the population approach is to estimate
the distribution of the individual parameters p(ψi; θ). In particular, if
the parameter vector ψi is normal, ψi ∼ N (ψpop,Ω), we would like to
estimate the population parameter vector ψpop (which simultaneously
represents the mean, median and mode of the distribution of ψi) and
the variance-covariance matrix Ω.
Remark: If the distribution of ψi is the transformation of a normal
one (e.g., log-normal, logit-normal), i.e., if there exists a function h such
h(ψi) ∼ N (h(ψpop),Ω), then it is important to note that:

• the ML estimate ψ̂pop of the reference parameter ψpop is usually nei-
ther the mean nor the mode of the estimated population distribution.
It is in fact the median (see Appendix B, Proposition 1).
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• the ML estimate of h(ψpop) is h(ψ̂pop). Thus, the estimated distri-
bution of h(ψi) is the normal distribution with mean h(ψ̂pop).

After formally defining the ML estimate θ̂ as the value that maxi-
mizes the integral defined in (7.4), we need to be able to calculate it. This
task requires an algorithm to help us to maximize

∫
p(y,ψ; θ) dψ with

respect to θ. The stochastic approximation expectation-maximization
(SAEM) algorithm as implemented in Monolix has appealing practi-
cal and theoretical properties. It has been shown to be extremely effi-
cient for a wide variety of complex models: categorical data, count data,
time-to-event data, mixture models, hidden Markov models, stochastic
differential equation-based models and censored data. Furthermore, con-
vergence of SAEM has been rigorously proved (Allassonnière et al., 2010;
Delyon et al., 1999; Kuhn and Lavielle, 2005).

The SAEM algorithm and its implementation are described in Sec-
tion 9.2. It is not necessary to completely master all parts of the algo-
rithm in order to use it. However, in practical situations, it is important
to keep in mind some of its key properties.

• SAEM is an iterative algorithm:

– Initial estimates must be provided by the user. Even though SAEM
is relatively insensitive to initial parameter values, it is always prefer-
able to provide as good as possible initial values to minimize the
number of iterations required and also increase the probability of
converging to the global maximum of the likelihood.

– SAEM as implemented in Monolix has two phases. The goal of
the first is to get to a neighborhood of the solution in only a few
iterations. A simulated annealing version of SAEM accelerates this
process when the initial value is far from the actual solution. The
second phase consists of convergence to the located maximum with
behavior that becomes increasingly deterministic, like a gradient
algorithm.

• SAEM is a stochastic algorithm:

– We cannot claim that SAEM always converges (i.e., with probability
1) to the global maximum of the likelihood. We can only say that
it converges under quite general hypotheses to a maximum – global
or perhaps local – of the likelihood. A large number of simulation
studies have shown that SAEM converges with high probability to
a “good” solution – it is hoped the global maximum – after a small
number of iterations.
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– The trajectory of the outputs of SAEM depends on the sequence of
random numbers used by the algorithm. This sequence is entirely
determined by the “seed.” In this way, two runs of SAEM using the
same seed will produce exactly the same results. If different seeds
are used, the trajectories will be different but convergence occurs to
the same solution under quite general hypotheses.

Let us now use SAEM to calculate the ML estimate in our example.
The vector of population parameters is

θ = (kapop, Vpop, Clpop, βV , ωka, ωV , ωCl, a).

Running SAEM requires several choices to be made (initial estimates,
number of iterations, number of Markov chains, simulated annealing,
etc. See Section 9.2 for more details). Here, when we run SAEM using
as initial value θ0 = (1, 7, 0.2, 0, 1, 1, 1, 1) and the default settings pro-
posed in Monolix, it converges easily and quickly to the ML estimate.
Figure 7.1 displays the sequences of estimates (θk) computed after each
SAEM iteration.

50 100 150 200

0.6

0.8

1

kapop

50 100 150 200

7

7.5

8

Vpop

50 100 150 200

0.12

0.14

0.16

0.18

0.2

Clpop

50 100 150 200

0

0.5

1

βV

50 100 150 200

0.6

0.8

1

iteration

ωka

50 100 150 200

0.2

0.4

0.6

0.8

1

iteration

ωV

50 100 150 200

0.2

0.4

0.6

0.8

1

iteration

ωCl

50 100 150 200

1

1.05

1.1

iteration

a

FIGURE 7.1: Convergence of SAEM. The vertical dotted line indicates
where the algorithm switches from the first phase to the second.

The estimated values of the components of θ are:
ka_pop 0.615
V_pop 7.75
beta_V 0.859
Cl_pop 0.135
omega_ka 0.704
omega_V 0.136
omega_Cl 0.283
a 1.06

Remark: In this example, SAEM converges to the same solution even
when provided with poor initial values for kapop, Vpop, Clpop such as



168 Mixed Effects Models

(1, 1, 1) or even (100, 100, 100). However, this appealing practical prop-
erty of the algorithm should not stop modelers from trying to choose
good initial values!

In general, we see that parameter estimation can actually be seen
as estimating the reference values of the parameters and the standard
deviations of the random effects. In addition to these summary values,
Section 5.2 showed that it is useful to graphically represent each entire
distribution for visualization’s sake. Indeed, the interpretation of certain
parameters is not always simple. Of course, we know what a normal
distribution represents and in particular its mean, median and mode,
which are in fact identical. However, these three measures of central
tendency can be different for asymmetric distributions such as the log-
normal one. Furthermore, interpreting dispersion terms such as ωka, ωV
and ωCl is not at all obvious when the parameter distributions are not
normal. Figure 7.2 shows the probability distribution function (pdf) of
the three PK parameters here. We see in particular that the distribution
of kai clearly appears to be asymmetric. Our three measures of central
tendency are quite different here, the mode, median and mean taking,
respectively, the values 0.372, 0.615 and 0.788.
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FIGURE 7.2: Estimated population distributions of the individual parame-
ters of the model.

Remark: The coefficient of variation (CV) is the ratio of the standard
deviation to the mean. For a parameter whose distribution is log-normal
with parameters (µ, ω), we can show that CV =

√
eω2 − 1. If ω2 is fairly

small, we can approximate the CV by ω. In our example, the CVs for
ka, V and Cl are, respectively, 80%, 14% and 29%. We see that the
approximation of CV by ω is quite good for V and Cl but not so much
so for ka. Do not forget however that this approximation is only valid
in the case of log-normal distributions. It does not carry over to any
other distributions such as logit-normal or probit-normal ones. Only by
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looking at plots of their pdfs or by calculating some quantiles of interest
can we begin to get an idea of dispersion in their parameters.

7.2.2 Estimation of the Fisher information matrix

The variance of the maximum likelihood estimate (MLE) θ̂, and thus
confidence intervals, can be derived from the observed Fisher information
matrix (FIM), itself derived from the observed likelihood (i.e., the pdf
of observations y):

Iy(θ̂)
def
= − ∂2

∂θ2
log(Ly(θ̂)).

As can be seen in Appendix B.2, the variance-covariance matrix of θ̂ can
then be estimated by the inverse of the observed FIM. Standard errors
(s.e.) for each component of θ̂ are the standard deviations, i.e., the square
root of the diagonal elements of the variance-covariance matrix.

A stochastic approximation algorithm using a Markov chain Monte
Carlo (MCMC) algorithm is implemented in Monolix for estimating the
FIM (see Section 9.4 for more details). This method is extremely general
and can be used for many data and model types (continuous, categorical,
time-to-event, mixtures, etc.). In the case of continuous data, it is also
possible to use a method based on model linearization. This method is
generally much faster than stochastic approximation and also gives good
estimates of the FIM.

In the case of our example, results for the two methods are quite sim-
ilar, so only those obtained with model linearization will be presented
here. Monolix displays for each estimated parameter its estimated rel-
ative standard error (r.s.e.), i.e., the estimated standard error divided
by the value of the estimated parameter.

warfarinPK_M0

parameter s.e. (lin) r.s.e.(%) p-value
ka_pop 0.615 0.14 23
V_pop 7.750 0.25 3
beta_V 0.859 0.16 18 3.1e-008
Cl_pop 0.135 0.0073 5
omega_ka 0.704 0.18 25
omega_V 0.136 0.028 21
omega_Cl 0.283 0.041 14
a 1.060 0.056 5

We can use the estimated standard error ŝ.e.(β̂V ) to perform a Wald
test of whether βV = 0. In fact, under this hypothesis, the distribution
of the Wald statistic β̂V /ŝ.e.(β̂V ) can be approximated by a normal
distribution with mean 0 and variance 1. The p-value of the Wald test
displayed in the table is the value of P

(
|N (0, 1)| > |β̂V |/ŝ.e.(β̂V )

)
.
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The FIM can also be used for detecting overparametrization of the
structural model. This is because if the model is poorly identifiable,
certain estimators will be relatively correlated and the FIM will be poorly
conditioned and difficult to invert. Suppose, for example, that we want
to fit a 3-compartment PK model (see Appendix C) to the same warfarin
data. The distribution process is now characterized by five parameters
(three volumes and two inter-compartmental clearances). The output is
shown in the table.

parameter s.e. (lin) r.s.e.(%)
ka_pop 0.603 0.14 24
Cl_pop 0.134 0.011 8
V1_pop 7.6 1.9 25
Q2_pop 13.4 7.6e+005 5.65e+006
V2_pop 0.0115 3.6 3.09e+004
Q3_pop 152 1.8e+007 1.18e+007
V3_pop 0.036 3.4 9.36e+003

______________________________________________
correlation matrix of the estimates(linearization)

Eigenvalues (min, max, max/min): 0.0039 2.2 5.5e+002

The parameters ka and Cl which characterize the absorption and
eliminations processes and the volume V 1 of the central compartment
are still correctly estimated in this example but the large standard errors
for the remaining parameters mean that the data does not allow us to
estimate them well. We can also see that the correlation matrix of the
estimates of the fixed effects is poorly conditioned due to strong depen-
dencies between the parameters. We thus have an available empirical
criterion for detecting a lack of identifiability in a model.

It is easy to build a confidence interval with level 1 − α for the pa-
rameter ψpop starting from the s.e. obtained for that parameter:

CI1−α(ψpop) = [ψ̂pop + qα/2ŝ.e.(ψ̂pop) , ψ̂pop + q1−α/2ŝ.e.(ψ̂pop)],

where qα is the quantile of order α for a standard normal distribution.
When transformed normal distributions are used, it may sometimes

be better to construct confidence intervals for parameters of the Gaussian
model, then deduce those of the original parameter. Consider for example
an individual parameter ψi such that h(ψi) ∼ N (h(ψpop), ω2) where h
is a monotonic transformation, and let µpop = h(ψpop). We will see
in Section 9.2 that it is this parametrization that is used in Monolix
for estimating the model’s parameters and their s.e. We can therefore
construct a new confidence interval of level 1− α for µpop:

CI1−α(µpop) = [µpop,α/2 , µpop,1−α/2],

where µpop,α/2 = µ̂pop + qα/2ŝ.e.(µ̂pop) and µpop,1−α/2 = µ̂pop +
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q1−α/2ŝ.e.(µ̂pop). We can then deduce a confidence interval for ψpop:

C̃I1−α(ψpop) = [h−1(µpop,α/2) , h−1(µpop,1−α/2)].

This helps us obtain asymmetric intervals and also to satisfy constraints
such as when ψpop > 0 and we use a log-transform, or when 0 < ψpop < 1
and we use a logit-transform.

In our running example, the s.e. for log(kapop), log(Vpop) and
log(Clpop) are, respectively, 0.2184, 0.0320 and 0.0538. The two tables
show for each parameter the 90% confidence intervals obtained. These
intervals are quite similar for Vpop and Clpop but a little different for
kapop.

CI90%(ψpop)

kapop 0.3942 0.8362
Vpop 7.3467 8.1629
Clpop 0.1229 0.1467

C̃I90%(ψpop)

kapop 0.4296 0.8811
Vpop 7.3573 8.1738
Clpop 0.1234 0.1473

Other parametrizations can be derived from the original one of ka,
V , βV , Cl. Suppose for instance that we want to estimate the half-
life t1/2 = log(2)V/Cl instead of the clearance Cl. Using the estimated
values for Vpop and Clpop, we find that the estimated population half-
life is t̂1/2pop = 39.88h. Parameters ka and βV are not affected by this
transformation as there exists in effect a bijection between (V,Cl) and
(V, t1/2).

The variance-covariance matrix of the estimates of the new vector of
fixed effects (Vpop, t1/2pop) is Γ̃ = J tΓJ (see Appendix B.2), where J is
the Jacobian matrix for this transformation, i.e.,

J =

(
1 log(2)/Clpop

0 − log(2)Vpop/Cl
2
pop

)
=

(
1 5.1421
0 −295.82

)
,

and Γ the variance of the estimates of (Vpop, Clpop) in the original
parametrization:

Γ = 10−4

(
615.34 −1.2876
−1.2876 0.5260

)
.

We therefore obtain

Γ̃ =

(
0.0615 0.3545
0.3545 6.6220

)
.

The variance and therefore the s.e. remain unchanged for Vpop, while the
s.e. of ˆt1/2pop is 2.57h.

As a final note, we remark that the Fisher information is also widely
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used in optimal experimental design (Fedorov and Leonov, 2013). Min-
imizing the variance of the estimator corresponds to maximizing the
information. Consequently, estimators and designs can be evaluated by
looking at certain summary statistics of the variance-covariance matrix
such as the determinant and trace.

7.2.3 Bootstrapping

The bootstrap is a technique useful for estimating the distribution
of statistics such as the empirical mean and variance without using
asymptotic theory and with very few assumptions on the data distri-
bution (Efron and Tibshirani, 1994). Suppose, for example, that we are
looking to estimate the distribution of the empirical mean x̄ of a se-
quence of independent and identically distributed (i.i.d.) random vari-
ables x = (x1, x2, . . . , xn) with mean µ. x̄ is thus a random variable
whose distribution and, in particular, variance depends on the distri-
bution of the xi. Bootstrapping consists of resampling the data with
replacement to obtain x(1) = (x

(1)
1 , x

(1)
2 , . . . , x

(1)
n ) and computing the

empirical mean x̄(1) of x(1). The same process is repeated M times and
the M empirical means x̄(1), x̄(2), . . . , x̄(M) are then used to create an
empirical estimate of the distribution of x̄.

In the mixed effects model context, bootstrap methods have been
proposed for estimating the standard errors of the population parameter
estimates (Das and Krishen, 1999; Thai et al., 2014). Here we describe
only the two most relevant methods: the case bootstrap and parametric
bootstrap.

The case bootstrap consists of resampling with replacement from the
entire dataset associated with each individual (covariates, design and
observations); the original data is used to create M bootstrap resamples
y(1), . . . , y(M). We then estimate the model’s parameters with these,
following the same method used for the original data, leading to M
vectors of estimated parameters θ̂(1), θ̂(2), . . . , θ̂(M): for m = 1, 2, . . .M ,

θ̂(m) = arg max
θ

p(y(m); θ).

The empirical distribution of the θ̂(m) can then be used to estimate the
distribution of θ̂.

The parametric bootstrap on the other hand consists of using the
original design (u, t) and covariates c of the N subjects for the M boot-
strap samples. For each of these samples, the estimated model for the
individual parameters is used for drawing N vectors of individual pa-
rameters, and the estimated model for the observations for drawing N
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vectors of observations; i.e., for m = 1, 2, . . . ,M and i = 1, 2, . . . , N ,

ψ
(m)
i ∼ p( · ; ci, θ̂)

y
(m)
i ∼ p( · |ψ(m)

i ; ui, ti).

As for the case bootstrap, population parameters are estimated using
each bootstrap sample.

One of the most common reasons given to justify the use of the boot-
strap is that it makes few hypotheses on the statistical model. This justi-
fication is debatable in the mixed effects context because it is precisely a
parametric model being used to fit the observed data, one which involves
strong hypotheses on both the distributions of the individual parameters
and the observations. There is therefore no good reason why these as-
sumptions used to compute population parameter estimates should not
also be used to estimate the distribution of these estimates.

The parametric bootstrap is by definition based entirely on the use
of a parametric model; it is clearly most useful when using parametric
models with fixed designs. The parametric bootstrap helps answer the
legitimate question of every modeler: “If I use this model, with what
precision can I hope to estimate the model’s parameters using the given
data, and given the design used to generate them?”

From a statistical point of view, the question is to know whether
asymptotic theory – which allows us in particular to approximate the
distribution of estimators by a normal distribution with variance equal
to the inverse of the FIM – is usable with finite sample sizes. It should be
kept in mind that although bootstrapping is asymptotically consistent,
it does not provide general finite-sample guarantees. Even though only
the asymptotic properties of these estimators are theoretically known,
their nonasymptotic properties can be investigated by simulation in the
mixed effects model context (Thai et al., 2014).

Table 7.1 gives a comparison of the s.e. obtained using the FIM with
those obtained using the bootstrap for the warfarin data. Here, M =
1000 bootstrap samples were used for each method.

We see that the case bootstrap gives quite different results from the
other methods for certain parameters such as parameter a from the resid-
ual error model. This can partly be explained by the fact that the design
is unbalanced (the number of observations per individual varies from 6
to 17). Consequently, the bootstrap samples involve different numbers
of observations and are difficult to compare.

We can also see that the FIM gives estimates of the s.e. close to those
obtained using parametric bootstrap and is therefore entirely suitable for
investigating uncertainty in estimators associated with a given design.
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TABLE 7.1: Standard errors of parameter estimates obtained using three
different methods.

ka V βV Cl ωka ωV ωCl a
seFIM 0.13 0.25 0.16 0.0072 0.17 0.028 0.040 0.056
secase 0.24 0.31 0.17 0.0077 0.23 0.032 0.041 0.166
separam 0.14 0.26 0.16 0.0084 0.19 0.034 0.039 0.060

seFIM: Fisher info. matrix; secase: case bootstrap; separam: parametric bootstrap.

This can be seen more clearly in Figure 7.3 which shows the empirical
distributions of the estimators (θ̂(m)) obtained by parametric bootstrap.
Here, the estimators have been centered using the “true” value θ̂ used for
the simulations and standardized by the s.e. estimated using the FIM.
We see that for most parameters, this empirical distribution is quite
close to the asymptotic one, i.e., the standard normal distribution.

Note that these useful statistical properties of the FIM have also
been noted when working with PK (Thai et al., 2014), categorical data
(Savic et al., 2011) and count data (Savic and Lavielle, 2009) models.
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FIGURE 7.3: Empirical distribution of the standardized estimates (θ̂(m) −
θ̂)/ŝ.e.(θ̂). Dots are the medians of the distributions; extremities of the thick
segments are the order 25% and 75% quantiles; extremities of the thinner lines
are the order 2.5% and 97.5% quantiles. Dotted lines are the 2.5%, 25%, 50%,
75% and 97.5% quantiles of the standard normal distribution.

7.2.4 Bayesian estimation of population parameters

The Bayesian approach considers θ as a random vector with a prior
distribution pθ (Congdon, 2006; Gelman et al., 2003; Robert, 2007). We
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can then define the posterior distribution of θ:

p(θ|y) =
p(θ)p(y|θ)

p(y)

=
p(θ)

∫
p(y,ψ|θ) dψ
p(y)

.

We can estimate this conditional distribution and derive statistics
(posterior mean, standard deviation, quantiles, etc.) and the so-called
maximum a posteriori (MAP) estimate of θ:

θ̂MAP = arg max
θ

p(θ|y)

= arg max
θ

{LLy(θ) + log(p(θ))} .

The MAP estimate maximizes a penalized version of the observed like-
lihood. In other words, MAP estimation is the same as penalized max-
imum likelihood estimation. Suppose for instance that θ is a scalar pa-
rameter and the prior is a normal distribution with mean θ0 and variance
γ2. Then, the MAP estimate is the solution of the following minimization
problem:

θ̂MAP = arg min
θ

{
−2LLy(θ) +

1

γ2
(θ − θ0)2

}
.

This is a trade-off between the MLE which minimizes the deviance,
−2LLy(θ), and θ0 which minimizes (θ − θ0)2. The weight given to the
prior directly depends on the variance of the prior distribution: the
smaller γ2 is, the closer to θ0 the MAP is. In the limiting case, γ2 = 0;
this means that θ is fixed at θ0 and no longer needs to be estimated.

Both the Bayesian and frequentist approaches have their supporters
and detractors. But rather than being dogmatic and following the same
rule-book every time, we need to be pragmatic and ask the right method-
ological questions when confronted with a new problem. We have to re-
member that Bayesian methods have been extremely successful in recent
times, in particular for numerical calculations. For instance, (Bayesian)
MCMC methods allow us to estimate almost any conditional distribu-
tion from any hierarchical model, whereas frequentist approaches such
as maximum likelihood estimation can be much more difficult to imple-
ment.

All things considered, the problem comes down to knowing whether
the data contains sufficient information to answer a given question, and
whether some other information may be available to help answer it.
This is the essence of the art of modeling: find the right compromise
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between the confidence we have in the data and our prior knowledge of
the problem. Each problem is different and requires a specific approach.
For instance, if all the patients in a clinical trial have essentially the same
weight, it is pointless to estimate a relationship between weight and the
model’s PK parameters using the trial data. A modeler would be better
served trying to use prior information based on physiological knowledge
rather than just some statistical criterion.

Generally speaking, if prior information is available it should be used,
on the condition of course that it is relevant. Systematically using priors
for parameters is not always meaningful. Can we reasonable suppose that
we have access to such information? For continuous data for example,
what does putting a prior on the residual error model’s parameters mean
in reality? A reasoned statistical approach consists of including prior
information only for certain parameters (those for which we have real
prior information) and having confidence in the data for the others.

Monolix allows this hybrid approach which reconciles the Bayesian
and frequentist approaches. A given parameter can be

• a fixed constant if we have absolute confidence in its value or the
data does not allow it to be estimated, essentially due to lack of
identifiability.

• estimated by maximum likelihood, either because we have great con-
fidence in the data or no information on the parameter.

• estimated by introducing a prior and calculating the MAP estimate
or estimating the posterior distribution.

We put aside dealing with the fixed components of θ in the following.
Here are some possible scenarios:

1. Combined maximum likelihood and maximum a posteriori estimation:
split θ into (θE , θM ) where θE are the components of θ to be estimated
with MLE and θM those with a prior distribution whose posterior dis-
tribution is to be maximized. Then, the following (θ̂E , θ̂M ) maximizes
the penalized likelihood of (θE , θM ):

(θ̂E , θ̂M ) = arg max
θE ,θM

log(p(y, θM ; θE))

= arg max
θE ,θM

{LLy(θE , θM ) + log(p(θM ))} ,

where LLy(θE , θM )
def
= log (p(y|θM ; θE)) .

2. Combined maximum likelihood and posterior distribution estimation:
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split θ into (θE , θR) where θE are the components of θ to be estimated
with MLE and θR those with a prior distribution whose posterior
distribution is to be estimated. The following strategy can be used for
estimating θE and θR:

a. Compute the maximum likelihood of θE :

θ̂E = arg max
θE

log(p(y; θE))

= arg max
θE

∫
p(y, θR; θE)dθR.

b. Estimate the conditional distribution p(θR|y; θ̂E).

It is then straightforward to extend this approach to more complex sit-
uations where some components of θ are estimated with MLE, others
using MAP estimation and others still by estimating their conditional
distributions.

Let us return to our running example, in which the parameter ka is
the hardest to estimate by maximum likelihood. This is due to a lack
of information in the data as seen in Figure 4.26: 19 of the 32 patients
have no measured data in the first 24 hours after taking the drug. These
subjects therefore give little information on the absorption process for
the drug and thus kapop. Now suppose that we know that the value of
kapop is close to 1. We can then introduce a log-normal prior for kapop:

log(kapop) ∼ N (log(1), γ2).

No other prior is used for the other model parameters; they will therefore
be estimated by maximum likelihood.

Monolix allows us to compute the MAP estimate of kapop for var-
ious values of γ. As expected, the mode of the posterior distribution
converges to the maximum likelihood estimate of kapop when γ increases.

γ 0 0.02 0.03 0.2 0.3 +∞

k̂aMAP
pop 1 0.991 0.963 0.809 0.623 0.615

Using the same prior distributions, we can now estimate the posterior
distributions of kapop. Figure 7.4 shows that the posterior distribution
converges to the prior distribution when the standard deviation γ de-
creases.
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FIGURE 7.4: Prior distributions (left) and posterior distributions (right)
of kapop for different values of γ. Solid line: γ = 0.02, dotted line: γ = 0.03,
dashed line: γ = 0.2, dash-dot line: γ = 0.3.

7.2.5 Estimation of the individual parameters

Once θ has been estimated, the conditional distribution p(ψi|yi; θ̂) of the
vector of individual parameters ψi can be estimated for each individual i
using the Metropolis-Hastings (MH) algorithm described in Section 9.3.
For each i, this algorithm generates a sequence (ψ

(k)
i , 1 ≤ k ≤ K) which

converges in distribution to the conditional distribution p(ψi|yi; θ̂) and
can be used for estimating any summary statistic of it (mean, standard
deviation, quantiles, etc.).

The MH algorithm therefore allows us to define an initial estimator
of the individual parameter ψi that approximates the conditional mean
E(ψi|yi; θ̂):

ψ̂mean
i =

1

K

K∑
k=1

ψ
(k)
i .

We could also define as estimator of ψi the mode of the conditional
distribution:

ψ̂mode
i = arg max

ψi

p(ψi|yi; θ̂).

The choice of using the conditional mean ψ̂mean
i or conditional mode

ψ̂mode
i is arbitrary. By default, Monolix uses the conditional mode for

computing predictions, taking the philosophy that the “most likely” val-
ues of the individual parameters are the most suited for computing the
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“most likely” predictions. Figure 7.5 shows the individual concentrations
predicted by the model for three individuals whose individual parameters
have been estimated by their conditional modes.
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FIGURE 7.5: Observed and predicted concentrations for 3 individuals using
the estimated conditional modes of the individual PK parameters.

Remark: In this example, the use of conditional means estimated by
Monolix gives predictions close to those obtained using conditional
modes.

This approach, consisting of estimating the population parameter
vector θ using the data (e.g., ML estimator) then using conditional dis-
tributions for each individual parameter, can be seen as an empirical
Bayes approach (Casella, 1985; Gelman et al., 2003). In effect, we sup-
pose that for each observation vector yi we have a parametric distribu-
tion indexed by some parameter ψi. In the Bayesian context, we give ψi
a prior distribution pψi which leads us to be able to define a posterior
distribution pψi|yi . In the population approach, the prior pψi is a para-
metric distribution indexed by a vector of hyper-parameters θ which we
estimate using a maximum likelihood approach on the data. We will see
in Section 7.3 that outputs generated from the conditional distributions
p(ψi|yi; θ̂) should be used, rather than conditional means or modes, to
construct model diagnostic tools.
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7.3 Model evaluation

7.3.1 Introduction

Defining the expression “model evaluation” is a harder task than it may
appear at first glance (Comets and Brendel, 2010). Intuitively, it would
seem to suggest evaluating the performance of a model based on the ob-
served data, the same data that was used to build the model. This may or
may not be reasonable, but what do we mean then by the “performance”
of a model?

Do we mean its ability to characterize and explain the phenomena
being studied, in which case the goal is to use the model to understand
the phenomena? Or do we mean the model’s predictive performance
when the model is used to predict the phenomena’s behavior, either in
the future or under new experimental conditions?

What it comes down to is this: do we want to use the model to
understand or to predict? This is the key question to ask before even
starting to think about what tools to use and tasks to execute.

Here, we will be for the most part focused on the ability of a model
to explain the phenomena and data. Therefore, the first goal will be
to check whether the data are in agreement with the model, and vice
versa. In this process, model diagnostics can be used to eliminate model
candidates that do not seem capable of reproducing the observed data
(Comets and Brendel, 2010; Karlsson and Savic, 2007). As is the usual
case in statistics, it is not because a model has not been rejected that
it is necessarily the “true” one. All that we can say is that the experi-
mental data does not allow us to reject it. It is merely one of perhaps
many models that cannot be rejected. Indeed, we can usually find sev-
eral models that get past this first diagnostic step and are therefore not
rejected.

What to do, then, when several possible models are retained? Well,
we can try to select the “best” one (or best ones if no leader distinguishes
itself from the rest). This means developing a model selection process
which allows us to compare models. But with what criteria?

In a purely explanatory context, Occam’s razor is a useful parsimony
principle which states that among competing hypotheses, the one with
the fewest assumptions should be selected. In the modeling context, this
means that among valid competing models, the most simple one should
be selected.

Model diagnostic tools are for the most part graphical, i.e., visual; we
“see” when something is not right between a chosen model and the data
it is hypothesized to describe. Model selection tools, on the other hand,
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are analytical: we calculate the value of some criterion that allows us
to compare models with each other. However, it is absolutely critical to
keep in mind the limits of such tools. They are not decision-making tools.
It is not a p-value or some information criterion that will automatically
allow a decision as to what model to choose. It is always the modeler
who must have the last word! This person uses the model diagnostics
and selection tools in order to guide his choice, but in the end, it is he
who must make the final decision.

Here, we will not look at model selection techniques based on the
various models’ predictive performances. One such approach consists of
splitting the data into three sets: a learning set for fitting the model, a
validation set for choosing between models and a test set to assess the
quality of the predictions made by the chosen model (Hastie et al., 2011).
Instead, we will only consider internal evaluation, where the same data
set is used for building the model and validating it.

Throughout this chapter, we will illustrate the techniques we intro-
duce with Monolix on the warfarin PK example. This does not mean a
complete presentation of all diagnostic plots available in Monolix along
with all their options, but more of a run through some of them in order
to illustrate a typical model diagnostics workflow.

7.3.2 Model diagnostics

7.3.2.1 Model diagnostics and statistical tests

Suppose first that a model has been defined by a modeler and its param-
eters either chosen or estimated. What we call the “model” is therefore
a joint probability distribution along with some parameter values. Let
us note M0 the model we wish to evaluate. We place ourselves in the
framework of statistical testing and would like to perform the following
hypothesis test (Comets and Brendel, 2010):

H0 : “M =M0” vs H1 : “M 6=M0”.

“Passing” the test does not mean that we acceptH0 but rather that we do
not reject it. We will use the same point of view for model diagnostics
whereby we eliminate model candidates that do not seem capable of
reproducing the observed data, i.e., models for which we conclude that
M 6=M0.
Remarks: Running a statistical test only makes sense when we have
doubts on the hypothesis of retaining a model. If it is clear, for example,
from the beginning that the structural model is completely misspecified
(e.g., we use a linear function of time even though curvature is clearly
visible in the data), any basic goodness-of-fit plot (individual fits, ob-
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servations vs predictions, residuals, etc.) will detect this misspecification
without doubt and without the need to evaluate the probability of mak-
ing a mistake.

To put statistical tests into practice, we usually construct a test
statistic T (y) which is a function of the observations for which we are
able to calculate a distribution under the null hypothesis H0. For a given
significance level α, we then define a rejection region Rα such that:

PH0(T (y) ∈ Rα) = α.

Thus, α is the probability of incorrectly rejecting the null hypothesis H0.
The difficulty in creating and using such tests comes mainly from two
areas:

• We need to be capable of calculating the distribution of the test
statistic T (y) under H0 in order to carefully track the significance
level, i.e., ensure that the probability of incorrectly rejecting H0 is
indeed α.

• Being able to control the type I error α is of no interest if the test
has low power, i.e., the probability of correctly rejecting H0 is low.
Rejecting H0 means that the model is found to be misspecified. The
procedure needs to be able to detect different types of misspecifica-
tion.

In the current context, the first point is clearly a problem. Due to the
complexity of the models in which we are interested, it is impossible to
analytically calculate the distribution of a function of the observations,
even for something as simple as the empirical mean y =

∑
i,j yij/

∑
i ni.

Using limit theorems to approximate such distributions is also essentially
hopeless. Perhaps the most powerful, general and precise solution we
have available to us is Monte Carlo simulation:

• Generate independent replicates y(1),y(2), . . . ,y(L) of the original
data y under modelM0 using the same design and covariates as in
the original data.

• Calculate the L statistics T (y(1)), T (y(2)), . . . , T (y(L)).

• Estimate the distribution of T (y) underM0 with the empirical dis-
tribution of the T (y(`)).

The estimation error essentially depends on the number L of simulated
data sets. We must therefore choose L large enough so that this error is
negligible. This solves part of the problem. But it remains hard to define
a rejection region Rα if the test statistic is multidimensional. We can
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of course calculate relevant prediction intervals for each component of
T (y) individually, but this does not really help us define a real multidi-
mensional rejection region.

Consequently, diagnostic methods are essentially visual: we compare
the observed statistic T (y) with the expected distribution underM0 by
graphically displaying (for example) 90% or 95% prediction intervals for
each component of T (y).

The second point mentioned is also problematic because we need
to decide what M 6= M0 means, i.e., H0 being false. Does it mean
that the structural model is misspecified? Or the distribution of the
random effects, the residual error model, the covariate model? There
are so many ways in which a model can be misspecified that we cannot
realistically expect to be able to create one unique statistic sufficiently
powerful to detect all of them at once. We therefore prefer to construct
several different test statistics, i.e., several graphical diagnostics tools,
each good at dealing with one particular type of misspecification. It is
then the combination of all these tools that will make up our test; we
can fairly reasonably hope that a misspecified model will not succeed in
passing through this filter.

7.3.2.2 Some diagnostic plots based on observed data

Let us now look at several types of diagnostic plots based on the data,
and apply them to our warfarin PK example.

Individual fits: In the continuous data model yij = f(tij ;ψi) + aεij ,
estimation of the population parameters ψpop and individual parameters
ψi allows us to compute for each individual:

• f(t; ψ̂pop), the predicted profile given by the estimated population
model.

• f(t; ψ̂i), the predicted profile given by the estimated individual model
where ψ̂i is an estimate of ψi (see Section 7.2.5). We use the condi-
tional mode in this example.

Figure 7.6 shows for several individuals these two curves for the pre-
dicted concentration. There is evidence of inter-individual variability in
the kinetics, and clearly these plots do not allow us to reject the pro-
posed PK model since the fits seem acceptable. The same types of fits
are obtained for the rest of the 32 subjects (not shown here).
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FIGURE 7.6: Individual fits for three patients obtained with the estimated
individual parameters (solid line) and estimated population parameters (dot-
ted line).

Observations vs predictions: The population and individual models also
allow us to calculate predictions f(tij ; ψ̂pop) and f(tij ; ψ̂i) for each indi-
vidual at the observation times tij .

Figure 7.7 shows observations vs predictions and reveals no obvious
misspecification. However, looking attentively at the right-hand plot,
which compares observations with the individual predictions, we notice
that some nonzero predictions correspond to concentrations of zero. We
therefore suspect that there is a lag-time, i.e., a delay between adminis-
tration and absorption of the drug, which would explain these concen-
trations. We also wonder whether the choice of a constant error model
is correct because the amplitude of the residual errors seems to increase
along with the predicted concentration.
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FIGURE 7.7: Observations versus predictions using the population model
(left) and individual models (right).
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We now need to see whether these suspicions concerning the struc-
tural and residual error models can be confirmed in other diagnostic
plots.

Residuals: Several types of residuals can be defined.

1. Individual weighted residuals (IWRESij) are estimates of the stan-
dardized residual (εij) based on individual predictions:

IWRESij =
yij − f(tij ; ψ̂i)

g(tij ; ψ̂i)
.

If the residual errors are assumed to be correlated, the individual
weighted residuals can be decorrelated by multiplying each individual
vector IWRESi = (IWRESij , 1 ≤ j ≤ ni) by R̂−1/2, where R̂i is the
estimated correlation matrix of the vector of residuals (εij , 1 ≤ j ≤
ni).

2. Population weighted residuals (PWRESij) are defined as the nor-
malized difference between the observations and their mean. Let
yi = (yij , 1 ≤ j ≤ ni) be the vector of observations for subject i.
The mean of yi is the vector E (yi) = (E (f(tij ;ψi) , 1 ≤ j ≤ ni). Let
Vi be the ni × ni variance-covariance matrix of yi. The ith vector of
population weighted residuals PWRESi = (PWRESij , 1 ≤ j ≤ ni)
is therefore defined as

PWRESi = V
−1/2
i (yi − E (yi)).

E (yi) and Vi are unknown in practice but can be estimated by Monte
Carlo simulation.

3. Normalized prediction distribution errors (NPDEij) are a non-
parametric version of PWRESij based on a rank statistic (Comets
et al., 2008). For any (i, j), let Fij = FPWRESij (PWRESij) where
FPWRESij is the cumulative distribution function (cdf) of PWRESij .
The distribution of Fij is by definition the uniform distribution on
[0, 1]. The distribution of Φ−1(Fij) is therefore the standard nor-
mal distribution.1 NPDEs are defined as an empirical estimation of
Φ−1(Fij) where the Fij are obtained through Monte Carlo simula-
tion: a large number of replicates y(1),y(2), . . . ,y(K) of the original
data yobs are drawn under modelM0 and Fij estimated by

F̂ij =
1

K

K∑
k=1

1I
y

(k)
ij ≤yobsij

.

1Φ is the cdf of this standard normal distribution.
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The NPDEs are then defined as NPDEij = Φ−1(F̂ij).

Under H0, i.e., under model M0, these three sequences should be-
have as independent standardized normal random variables. We see in
Figure 7.8 that both the IWRES and NPDEs suggest that the model is
misspecified. In particular we see that the amplitudes of the residuals
are particularly large around 5-10 h, i.e., when the concentration is at
its largest. This tends to confirm that a proportional component needs
to be added to the error model.
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FIGURE 7.8: Individual weighted residuals (left) and normalized prediction
distribution errors (right).

The distributions of these residuals can be summarized by comput-
ing empirical quantiles for successive time intervals. Figure 7.9 shows
the order 10%, 50% and 90% quantiles of the IWRES and NPDE. The
90% prediction intervals given by the model for these quantiles are also
displayed. These plots are more informative than the original residual
plots; we can now reasonably conclude that the behavior of the three
quantiles is not what is expected under M0. In particular, a propor-
tional component in the residual error model appears not to have been
taken into account.
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FIGURE 7.9: Individual weighted residuals (left) and normalized prediction
distribution errors (right). The empirical quantiles of order 10%, 50% and 90%
are displayed (solid lines) with their respective 90% prediction intervals.

Visual predictive checks: A visual predictive check (VPC) is a diagnos-
tic tool well-suited to continuous data. It allows us to summarize in
the same graphic the structural and statistical models by computing
several quantiles of the empirical distribution of the data after having
regrouped them into bins over successive intervals. Then, prediction in-
tervals for these quantiles under M0 are estimated using Monte Carlo.
The procedure for constructing basic VPCs is detailed in Section 9.7. It
is of interest to note that several authors have proposed modifications
in order to take into account large variability in dosage or covariates
(Bergstrand et al., 2011; Post et al., 2008).

In our example, the structural model seems to be correct except
slightly after t = 0 where the model overestimates the concentration.
This is another sign that there may be a lag-time. The statistical model
also exhibits some incoherencies when the concentration decreases after
60 hours. In particular, the three quantiles obtained using the observa-
tions appear much closer together than the model M0 would suggest.
This adds weight to the suggestion that a proportional component should
be added to the error model.
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FIGURE 7.10: Visual predictive check. 90% prediction intervals and ob-
served quantiles of order 10%, 50% and 90%.

7.3.2.3 Diagnostic plots based on the individual parameters

Diagnostic plots constructed using only the observations are useful for
looking at the distribution py of the observations, but do not help with
testing hypotheses made on the nonobserved individual parameters con-
cerning their distributions, covariate models, etc. One possible solution
is to estimate the individual parameters (using, for example, the con-
ditional mode) and then use these estimates to create new diagnostic
tools. This strategy is only useful when the individual parameters have
been estimated well.

If instead the data does not contain enough information to estimate
certain individual parameters well, individual estimates are all shrunk
towards the same population value, which is the mode of the population
distribution of the parameter if we are using the conditional mode. For a
parameter ψi which is a function of a random effect ηi, we can quantify
this phenomena by defining the so-called η-shrinkage as

η-shrinkage = 1− V̂ar (η̂i)

Var (ηi)
,

where V̂ar (η̂i) is the empirical variance of the η̂i’s and η̂i an estimate
of ηi. This shrinkage phenomenon is simple to understand because the
conditional distribution pηi|yi of ηi is defined by the product pyi|ηipηi .
Saying that the observations yi provide little information about ηi means
that the conditional distribution of yi has reduced importance in the
construction of pηi|yi . The mode and the mean of pηi|yi will therefore be
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close to 0, which is both the mode and mean of pηi . This results is a
high level of shrinkage (close to 1) whenever Var (η̂i)� Var (ηi).

Estimates of the ψi are therefore biased because they do not correctly
reflect the marginal distribution pψi (in particular, their variance is much
reduced). A particularly effective solution is to simulate the individual
parameters ψi with the conditional distribution pψi|yi rather than taking
the mode. The resulting estimator is unbiased under H0 in the following
sense:

p(ψi) =

∫
p(ψi|yi)p(yi)d yi

= Eyi (p(ψi|yi)) . (7.5)

This relationship is a fundamental one when considering inverse prob-
lems, incomplete data models, mixed effects models, etc. So what does
it imply exactly? Well, if we randomly draw a vector yi of observations
for an individual in a population and then generate a vector ψi using the
conditional distribution pψi|yi , the distribution of ψi is the population
distribution pψi . In other words, even if each ψi is simulated using its
own conditional distribution, the fact of pooling them allows us to look
at them as if they were a sample from pψi , i.e., the marginal distribution
pψi is a mixture of conditional distributions pψi|yi .

The procedure is therefore as follows: we generate several values from
each conditional distribution pψi|yi using the MH algorithm described in
Section 9.3, and use them in addition to the observations in order to
build various diagnostic plots.

The distributions of the individual parameters: Hypotheses we make
about the distributions of the individual parameters can be tested by
visually comparing the pdf of the pre-selected distribution of each pa-
rameter with the empirical distribution of that parameter simulated with
the conditional distribution pψi|yi for each individual.

Figure 7.11 shows for each model parameter ψ the pdf pψ(·; θ̂) ob-
tained from the estimated population parameters and the empirical dis-
tribution (presented as a histogram) of the individual parameters (ψi)
where each ψi has been simulated with its own conditional distribution
pψi|yi . These graphics, which use the simulated individual parameter val-
ues, can be used as a diagnostic tool for testing the distributions of the
individual parameters. Looking at the three of them, we cannot reject
the hypothesis that the individual parameters come from the log-normal
distributions defined in the model. Furthermore, we can show that un-
der H0, each η-shrinkage computed using the simulated parameters is a
random variable with mean 0 and variance of approximately 1/N . Here,
the values of the η-shrinkages are not significantly different from 0.
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FIGURE 7.11: Estimated population distributions of the individual param-
eters of the model (solid line) and the empirical distributions of the individual
parameters simulated with their conditional distributions (histograms).

The empirical distributions of the conditional modes of the individ-
ual parameters are displayed Figure 7.12. These plots are of very little
interest as diagnostic plots. Indeed, the large η-shrinkage for ka does not
mean that the model is misspecified, but that the data does not allow
us to correctly recover the individual absorption rate constants.
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FIGURE 7.12: Estimated population distributions of the individual param-
eters of the model (solid line) and the empirical distributions of the individ-
ual parameters estimated as the mode of the conditional distributions (his-
tograms).

The covariate model: The model assumes that the only relationship be-
tween the individual parameters and the covariates is a linear one be-
tween the log-weight and log-volume. We can then display the individual
parameters simulated with the conditional distributions as a function of
the various covariates in order to see whether this hypothesis is valid.
Figure 7.13 clearly shows that the log-volume increases with weight. We
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also see that the log-clearance seems to increase with weight. It is diffi-
cult to confirm absolutely categorically from these plots that the covari-
ate model is misspecified. We can merely say that the statistical model
“maybe” needs to take into account the fact that both predicted volume
and clearance increase with weight and that this new model deserves to
be compared with the current one.
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FIGURE 7.13: Relationships between the individual parameters and the
covariates: transformed weight log(wi/70) on the left and sex on the right.
Each individual parameter has been drawn from its individual conditional
distribution.

We also remark that V seems to have different distributions depend-
ing on gender. The weight being strongly related to gender, it is logical
that this is the case, but it does not imply that gender brings extra in-
formation that can help explain variability in V and should therefore be
included in the covariate model. Another plot that is useful for evaluat-
ing the covariate model is the one that shows the random effects, rather
than the individual parameters, as a function of the covariates. In effect,
under H0 the distribution of the random effects does not depend on the
covariates; they are i.i.d. normal variables with mean 0.

Figure 7.14 shows that the relationship between weight and volume
has been well integrated into the model because the random effects (ηV,i)
are no longer related to weight. They have no relationship with gender
either; there is therefore no reason to reject the covariate model for V
based on these plots. On the other hand, we see that there is a relation-
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ship between weight and ηCl,i; a new covariate model for Cl should be
investigated.
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FIGURE 7.14: Relationships between the random effects and covariates:
transformed weight log(wi/70) on the left and sex on the right. Each random
effect has been drawn from its individual conditional distribution.

The model for the random effects: This model assumes that for a given
individual, the random effects associated with each individual parameter
are independent and normally distributed. Figure 7.15 shows the em-
pirical distributions of the standardized simulated random effects (the
variances are normalized to 1) as box plots. The limits of the boxes
are the first and third quartiles of these empirical distributions. When
compared with the first and third quartiles of a standard normal distri-
bution, there is no reason for rejecting the hypothesis that the random
effects are normally distributed.

Figure 7.16 plots each pair of simulated random effects against each
other. These plots show no correlation between random effects; there is
therefore no reason for rejecting the hypothesis of a diagonal variance-
covariance matrix.
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plot are respectively the 50%, 25% and 75% quantiles of the standard normal
distribution.
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In summary, this ensemble of diagnostic plots suggests to us that
model M0 can probably be improved. What is useful is that it not
only suggests that the model can be improved, but also provides us
with information on how to do so. In particular, a PK model which
includes a lag-time, combined residual error model and statistical model
for Cl which incorporates weight as a covariate, should be tested. Model
selection tools can then be used to compare the different models.
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7.3.3 Model selection

7.3.3.1 Statistical tools for model selection

Statistical tools for model selection include information criteria such as
the Akaike information criterion (AIC) and Bayesian information crite-
rion (BIC), and hypothesis tests such as the Wald test and likelihood
ratio test (LRT).

AIC and BIC, both implemented in Monolix, are defined by

AIC = −2LLy(θ) + 2P (7.6)
BIC = −2LLy(θ) + log(N)P, (7.7)

where P is the total number of parameters to be estimated and N the
number of subjects. Models being compared using AIC or BIC need not
be nested, unlike when using the Wald test or LRT.
Remarks:

• Surprisingly, the formula for calculating the BIC differs from software
to software because the effective sample size is not clearly defined in
the context of mixed effects models. The question is whether we should
use the number of subjects N or the total number of observations ntot

in the penalty term. The penalty using ntot is implemented in the R
package nlme and SPSS procedure MIXED, while N is used in saemix,
Monolix and SAS proc NLMIXED.

An appropriate decomposition of the complete log-likelihood combined
with the Laplace approximation can be used to derive the asymptotic
BIC approximation. This leads to an optimal BIC penalty based on
two terms proportional to logN and log ntot that adapts to the mixed
effects structure of a model (Delattre et al., 2014).

• The AIC and BIC methods are justified based on asymptotic criteria
(Burnham and Anderson, 2002; Schwarz, 1978), i.e., when the num-
ber of individuals increases and the model dimension stays fixed. In
the alternative, nonasymptotic approach, the model size can increase
freely. The form of the penalty can differ from one model to the next in
this framework. It can be shown for example that for certain Gaussian
models, the penalty term has the form c1P+c2P log(N/P ) (Birgé and
Massart, 2001). The problem then becomes to calibrate coefficients c1
and c2 in order to obtain an optimal penalty, which is not necessar-
ily a simple task, making it harder to use this approach in real-world
applications.

• A conditional AIC (cAIC) has been proposed by Vaida and Blanchard
(2005) for mixed effects models. This criterion has been used in several
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mixed model cases (Donohue et al., 2011; Lian, 2012; Liang et al.,
2008) and its theoretical properties investigated (Greven and Kneib,
2010).

When comparing nested models M0 and M1 with dimensions P0

and P1 (P1 > P0), the LRT uses the test statistic

LRT = 2(LLy(θ̂1)− LLy(θ̂0)),

where θ̂0 and θ̂1 are the ML estimates of θ underM0 andM1. Depend-
ing on the hypotheses, the limit distribution of the LRT is either a χ2

distribution or a mixture of χ2 distributions and Dirac δ distributions
(Stram and Lee, 1994). For example:

- Testing whether some fixed effects are null and assuming the same
covariance structure under both hypotheses for the random effects
implies that

LRT −→
N→∞

χ2(P1 − P0).

- Testing whether some correlations in the covariance matrix Ω are
null and assuming the same covariate model under both hypotheses
implies that

LRT −→
N→∞

χ2(P1 − P0).

- Testing whether the variance of one of the random effects is zero and
assuming the same covariate model under both hypotheses implies
that

LRT −→
N→∞

1

2
χ2(1) +

1

2
δ0.

We have seen in Section 7.2.2 that the standard errors of the esti-
mated parameters can be derived from the FIM. We can therefore use,
for example, the Wald test to test whether a fixed effect β is null. The
test statistic is β̂/s.e.(β̂); its distribution can be approximated by an
N (0, 1) when N is fairly large.

In order to better control the test’s type I error (i.e., the probability
of incorrectly concluding that β 6= 0) for small sample sizes, the distri-
bution of the Wald statistic can be better approximated by a Student’s t
distribution or an F distribution (Bertrand et al., 2012). The issue here
is to be able to derive appropriate degrees of freedom when the data
is unbalanced (i.e., the number of observations are not the same for all
individuals). Methods such as Satterthwaite’s correction and others can
be used, but the choice of method seems to have little impact in the
longitudinal data case (Verbeke and Molenberghs, 2000).
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7.3.3.2 Estimation of the log-likelihood

Performing likelihood ratio tests and computing information criteria for
a given model requires computation of the log-likelihood

LLy(θ̂) = log(Ly(θ̂))
def
= log(p(y; θ̂)),

where θ̂ is the vector of population parameter estimates for the model
being considered.

The log-likelihood cannot be computed in closed form for nonlinear
mixed effects models. It can however be estimated in a general framework
for all kinds of data and models using the importance sampling Monte
Carlo method presented in Section 9.5. This method has the advantage of
providing an unbiased estimate of the log-likelihood – even for nonlinear
models – whose variance can be controlled by the Monte Carlo size.

In the case of continuous data, approximation of the model by a
Gaussian linear one as in Section 7.2.2 for estimating the FIM also al-
lows us to approximate the log-likelihood. The advantage of this method
is that it provides a good and quick approximation of the likelihood, gen-
erally sufficient for discriminating between fairly different models. It can
therefore be used during the first steps of model construction. Selection
of the final model should instead use the unbiased estimator obtained
by Monte Carlo.

The log-likelihoods (and therefore AIC and BIC) obtained with each
method are quite similar for our PK example and for model M0 de-
scribed in Section 7.1. The standard errors of the estimates obtained by
importance sampling Monte Carlo are displayed in parentheses. By de-
fault, Monolix uses Student’s t-distributions with 5 degrees of freedom
as sampling distributions for the importance sampling method described
in Section 9.5.

warfarinPK_M0

Log-likelihood Estimation by linearization

-2 x log-likelihood: 877.97
Akaike Information Criteria (AIC): 893.97
Bayesian Information Criteria (BIC): 905.69
______________________________________________________________

Log-likelihood Estimation by important sampling
Sampling distribution for the random effects: t with 5 d.f

-2 x log-likelihood: 879.07 (0.078)
Akaike Information Criteria (AIC): 895.07 (0.078)
Bayesian Information Criteria (BIC): 906.80 (0.078)
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7.3.3.3 Decision support vs decision making

This set of tools for model selection forms a decision support system
to help modelers with their decision making process for model building.
This does not mean that the system makes the decision to choose one
model over another. In the end, the decision is always made by the mod-
eler. For example, statistical tests and information criteria help modelers
decide whether the difference between two models is statistically signif-
icant. Suppose that we want to test whether a fixed model parameter β
is null:

H0 : “β = 0” vs H1 : “β 6= 0”.

We construct a statistical test T for which the distribution under H0

allows us to calculate a p-value, i.e., the probability that T is at least as
big as the value observed under H0. A small p-value leads us to reject H0

with high confidence. It is usual to use the arbitrary cutoff of 5% to make
this decision; we frequently read statements such as “a decrease in the
objective function of at least 3.84 was required to identify a significant
covariate.” In the same way we can select models based on their BIC
values under H0 and H1 by providing an arbitrary decision rule. It is
sometimes suggested to choose H1 if the difference BICH1

− BICH0
is

inferior to a certain arbitrary cutoff.
These approaches seem to simplify a modeler’s life because they pro-

vide decision rules that can be applied systematically, and thus justify
decisions. But a rule, whatever it is, should never stop us asking why
we are applying it and whether it is applicable in the current situation.
Remember that even a very small difference will be statistically signifi-
cant if the sample size is large enough. The question is thus not to know
whether a difference is statistically significant, but whether it is physi-
cally or biologically significant. We must therefore look carefully at the
size of an effect and its real impact, for both understanding the model
and the effect’s impact on the model’s predictive capacities.

7.3.4 Model building

We have now seen some graphical and diagnostic tools available for mod-
elers to qualitatively evaluate a given model, and quantitative criteria
for comparing potential models. These must now all be used effectively
to build a model. Defining an optimal strategy for model building is far
from easy because a model is the assembled product of numerous compo-
nents that need to been evaluated and perhaps improved: the structural
model, residual error model, covariate model, covariance model, etc. How
to proceed so as to obtain the best possible combination of these compo-
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nents? Unfortunately there is no general answer to this question; it will
depend on the context, the data, the modeler’s previous experience, etc.

The strategy to take will mainly depend on the time we can dedicate
to building the model and the time required for running it. For relatively
simple models for which parameter estimation is fast, it is possible to
fit many models and compare them. This can also be done if we have
powerful computing facilities available (e.g., a cluster) allowing large
numbers of simultaneous runs.

However, if we are working on a standard laptop or desktop computer,
model building is a sequential process in which a new model is tested at
each step. If the model is complex and requires significant computation
time (e.g., when involving systems of ODEs), we are constrained to limit
the number of models we can test in a reasonable time period. In this
context, it also becomes important to carefully choose the tasks to run
at each step.

• It is unnecessary to calculate the FIM and log-likelihood in the initial
runs when we are only looking to check whether the chosen structural
model fits the data reasonably well. We can limit ourselves to estimat-
ing the population parameters with only the first phase of SAEM and
output a few basic goodness-of-fit plots (individual fits, observations
vs predictions) using the individual parameters obtained during the
final iterations of SAEM.

• The FIM and log-likelihood obtained by model linearization will gen-
erally be able to identify the main features of the model. More precise
– and time-consuming – estimation procedures such as stochastic ap-
proximation and importance sampling will have very limited impact
in terms of decisions for these most obvious features. A p-value of ap-
proximately 0.001 or differences in BIC of around 30 do not require
more precise calculations when making decisions.

• Precise results are required for the final runs where it becomes more
important to rigorously defend decisions made to choose the final
model and provide precise estimates and diagnostic plots.

Let us illustrate this model building process by trying to improve
model M0 taking into account the diagnostic plots shown in Sec-
tions 7.3.2.2 and 7.3.2.3. First, consider a model M1 defined like M0

but for which the PK model (7.1) now includes a lag-time:

C(t, φ) =

{
Dka

V ka−Cl
(
e−Cl/V (t−Tlag) − e−ka (t−Tlag)) if t ≥ Tlag

0, otherwise.

There is now an additional individual PK parameter Tlagi > 0 that
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can vary in the population. Suppose model M1 assumes a log-normal
distribution for Tlagi. We can now estimate the population parameters
for M1 and compute information criteria using a linearization of the
model:

warfarinPK_M1

parameter s.e. (lin) r.s.e.(%)
Tlag_pop 0.838 0.2 24
omega_Tlag 0.603 0.18 30

-2 x log-likelihood: 715.03
Akaike Information Criteria (AIC): 735.03
Bayesian Information Criteria (BIC): 749.69

Improvements in the approximate AIC and BIC are extremely significant
(< -150). We retainM1 overM0 without hesitation. We can then define
a new modelM2 starting withM1 but assuming a combined error model
of the form y = f + (a+ bf)ε.

warfarinPK_M2

parameter s.e. (lin) r.s.e.(%)
a 0.327 0.048 15
b 0.0782 0.0082 10

-2 x log-likelihood: 657.56
Akaike Information Criteria (AIC): 679.56
Bayesian Information Criteria (BIC): 695.68

The estimated values of a and b show that it is relevant to include
these two components in the error model. Furthermore, the information
criteria (still obtained by linearization of the model) indicates a clear
preference forM2 overM1.

Lastly, the diagnostic plot for the covariate model shown in Fig-
ure 7.13 suggests a possible relationship between weight and clearance.
We therefore define a new modelM3 based onM2 but now supposing
the following model for Cli:

log(Cli) ∼ N (log(Clpop) + βCl log(wi/70), ω2
Cl).

The following results are obtained with this new model:
warfarinPK_M3

parameter s.e. (lin) r.s.e.(%) p-value
Cl_pop 0.134 0.0065 5
beta_Cl 0.607 0.26 42 0.018

-2 x log-likelihood: 652.24
Akaike Information Criteria (AIC): 676.24
Bayesian Information Criteria (BIC): 693.83

The Wald test for testing βCl = 0 gives a p-value of about 0.018
and the difference in the information criteria for M2 and M3 is now
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quite small. It is therefore time to use more precise estimates if we really
want to properly compare these models. Both log-likelihoods can now
be computed using Monte Carlo importance sampling:

Log-likelihood Estimation by important sampling
Sampling distribution for the random effects: t with 5 d.f

warfarinPK_M2 warfarinPK_M3

-2 x log-likelihood: 660.48 (0.11) 655.26 (0.096)
Akaike Information Criteria (AIC): 682.48 (0.11) 679.26 (0.096)
Bayesian Information Criteria (BIC): 698.60 (0.11) 696.84 (0.096)

The LRT statistic is 2(LLy(θ̂3) − LLy(θ̂2)) = 5.22 and the associated
p-value is 0.022. We see therefore that all these statistical criteria (AIC,
BIC, LRT, Wald) chooseM3 overM2. This model building process has
therefore led to a new modelM3 which we can consider to be the “best”
among those examined with respect to the statistical criteria. However,
the final decision is up to the modeler, including the final decision as to
whether the final model should include the weight for partly explaining
variability in the clearance.

As a final note, the modeler may very well come to the conclusion
that there are no reasons left for rejecting modelM3 after taking a look
at the diagnostic plots shown in Figure 7.17.
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FIGURE 7.17: Diagnostic plots obtained with modelM3; (a) observations
vs predictions, (b) NPDEs, (c) VPC.
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Examples

8.1 Body weight curves in a toxicity study

8.1.1 Introduction

Genetically modified (GM) organisms are living species whose genome
has been altered, often by the addition of a gene, for specific reasons such
as conferring protection against pests like corn rootworm or resistance
to herbicides such as glyphosate. For example, Monsanto created the
transgenic corn MON 863 by inserting DNA sequences that encode a
modified Bacillus thuringiensis Cry3Bb1 protein that is selectively toxic
to Coleoptera (beetles) such as corn rootworm larvae.

Global regulatory authorities require that food and animal feed de-
rived from GM plants be as safe as food produced from conventionally
bred plants. More precisely, the European Food Safety Authority (EFSA,
2008) recommends that “the safety assessment of GM plants and de-
rived food and feed follows a comparative approach, i.e., the food and
feed are compared with their non-GM counterparts in order to identify
intended and unintended (unexpected) differences which subsequently
are assessed with respect to their potential impact on the environment,
safety for humans and animals, and nutritional quality.”

Safety assessment usually means running a subchronic toxicity study
on rats. For 90 days, groups of animals are put on different diets (GM
or non-GM) and doses (e.g., 11% and 33% of the diet are from GM
sources in the corn example). Each rat is weighted each week and a
large number of measurements (blood and urine characteristics, organ
weight, etc.) are taken at the end of the trial. These results are then
subjected to statistical analyses in order to compare data from the test
and control groups.

In the case of GM corn MON 863, Monsanto performed one such
90-day rat feeding study. The results of this study were first analyzed
by Hammond et al. (2006). Let us first consider the evaluation of weekly
body weight data. We note first that Hammond et al. did not account for
the temporal structure of the data, instead performing a week-by-week

201
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analysis. This approach wasted potentially useful temporal information
and led to complex multiple comparison problems due to the complex
dependency structure of the data.

Séralini et al. (2007) reanalyzed the data by fitting a three-parameter
Gompertz curve to the weight data of each treatment group:

f0(t) = w∞ exp(− exp(−α (t− τ))), (8.1)

where w∞ is the asymptotic weight. The fitting of a Gompertz curve to
the weight data thus brings together measurements conducted each week
into a single analysis rather than analyzing each week separately. Fitting
a parametric curve to the weight data was an interesting idea, but their
subsequent statistical analysis was erroneous because they did not take
into account inter-rat variability in the statistical model. Instead they
simply compared the average growth curves of each group considering
the residual errors (between observed and mean weights) as independent
and identically distributed (i.i.d.) random variables. This assumption is
obviously incorrect since the sequence of residuals for a given animal are
highly correlated (a rat being above the mean weight at week j is likely
also to be above the mean weight at weeks j−1 and j+ 1). Ignoring the
variability in rat weights within each group greatly inflated the probabil-
ity of finding statistically significant differences, and led Séralini et al. to
incorrectly infer that the observed differences (' 3%) were statistically
significant (p-value < 0.01).

A detailed analysis of these results was performed by several insti-
tutes and authorities (EFSA, 2007). One of the main conclusions was
that mixed models would be more suitable to analyze the weight data
of this study because they are better able to take into account between-
rat variability. The use of mixed effects models and other appropriate
models for longitudinal data was also emphasized by the French Agency
for Food, Environmental and Occupational Health and Safety (ANSES,
2011). A relevant approach is therefore to choose parametric growth
models for each rat’s weight curve, then consider the model parameters
to be random variables.

8.1.2 Using mixed effects models

In the study, for each sex, two groups were fed with GM corn, one with
11% and the other with 33% of MON 863 in the overall diet, and two
groups with the closest control line were fed non-GM corn in the same
proportions. There were 20 rats per group, for a total of 160 animals.

The goal of the study is to look for evidence of a potential effect due
to the GM diet. If we consider that this effect can be different for males
and females, we should be careful to analyze these groups (each of 80
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individuals) separately. An alternative approach is to use the same model
for all 160 rats while considering gender to be a categorical covariate.
In this way we gain statistical power due to the increase in number
of individuals, but risk not correctly identifying possible GM effects if
these effects are quite different for males and females. A preliminary
study of the power is therefore necessary to work out what we can hope
to realistically detect in either case.

A similar problem arises if we aim to detect different GM effects in the
two groups fed 11% and 33% GM corn. Overall then, various scenarios
are possible, from a global analysis of the 160 rats to four independent
analyses by gender and diet on each group of 40 rats.

Looking at the graphs of Figure 8.1, we see clearly a gender effect
but no obvious dose effect. Therefore, we decide to analyze separately
the groups of 80 males and 80 females, forgetting the 11% and 33% dose
differences. We will only present results obtained with the 80 males in
the following. The goal of the statistical analysis is therefore to compare
the 40 body weight curves from the control group (non-GM) with the
40 from the test group (GM).
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FIGURE 8.1: The 160 growth curves divided up into gender and dose (pro-
portion of corn in the diet).

Let us start by reanalyzing the growth data of the 80 male rats us-
ing the Gompertz model (8.1) treated as a mixed effects model. The
structural model can be immediately implemented using Mlxtran for
Monolix.
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gompertz_model.txt

INPUT:
parameter={winf, alpha, tau}

EQUATION:
f0=winf*exp(-exp(-alpha*(t-tau)))

OUTPUT:
output=f0

Here, the vector of individual parameters of the structural model is
φi = (w∞,i, αi, τi). A log-normal distribution is used for αi and normal
ones for w∞,i and τi. The only covariate is diet (1 if GM corn, 0 oth-
erwise). Let w∞(0), α(0) and τ (0) be the population parameters in the
control group (used as reference group). We assume that there exists βw,
βα and βτ such that the population parameters in the test group are

w∞
(1) = w∞

(0) + βw

α(1) = α(0)eβα

τ (1) = τ (0) + βτ .

We propose initially a constant error model. The population parameters
can then be estimated using SAEM, implemented in Monolix:

parameter s.e. (lin) r.s.e.(%) p-value
winf 536 8.7 2
beta_winf -7.52 12 164 0.54
alpha 0.22 0.0048 2
beta_alpha -0.0316 0.031 99 0.31
tau 0.129 0.078 60
beta_tau -0.0676 0.11 163 0.54

omega_winf 54.4 4.4 8
omega_alpha 0.122 0.012 10
omega_tau 0.474 0.04 8

a 6.47 0.16 2

Here, none of the β values are significantly different from 0 statisti-
cally speaking (Wald test). By comparing the values of population pa-
rameters by group, we can also conclude that the differences are not
biologically significant (asymptotic weight differs by only 1.3%).

parameter s.e. (lin) r.s.e.(%)
winf_(gmo=0*) 536 8.7 2
winf_(gmo=1 ) 529 8.7 2
alpha_(gmo=0*) 0.22 0.0048 2
alpha_(gmo=1 ) 0.214 0.0047 2
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tau_(gmo=0*) 0.129 0.078 60
tau_(gmo=1 ) 0.0618 0.078 126

Before using these results for inference however, it is important to
evaluate the quality of the model to ensure that it is itself capable of
detecting possible differences in weight due to diet. Individual fits for
the first four rats are given in Figure 8.2 and show that the structural
model predicts well the observed rat weights.
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FIGURE 8.2: Individual fits obtained with the Gompertz model.

We also have to assure ourselves that the statistical model used to
characterize the inter-individual variability is reasonable. The joint dis-
tributions of the random effects drawn from the conditional distribu-
tions, shown in Figure 8.3, lead us to believe that there is probably a
linear correlation between the random effects ηw,i and ητ,i.
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FIGURE 8.3: Joint distributions of the random effects.

The visual predictive checks (VPCs) displayed in Figure 8.4(a) con-
firm that the statistical model is misspecified. We therefore consider a
new model that still uses the Gompertz structural model (8.1) but now
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assumes a linear correlation between ηw,i and ητ,i. Looking at the result-
ing VPCs in Figure 8.4(b), we find no reason to reject the new model.
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FIGURE 8.4: VPCs obtained with the Gompertz model. (a) Assuming that
the individual parameters are independent; (b) assuming that ηw,i and ητ,i are
correlated. The empirical quantiles of order 10%, 50% and 90% are displayed
(solid lines) with their respective 90% prediction intervals

Except for the correlation between ηw,i and ητ,i, the estimates of
model parameters differ little from the original model:

parameter s.e. (lin) r.s.e.(%) p-value
winf 537 8.6 2
beta_winf -7.91 12 153 0.51
alpha 0.22 0.0047 2
beta_alpha -0.0295 0.03 103 0.33
tau 0.121 0.077 63
beta_tau -0.0643 0.11 169 0.55

omega_winf 53.5 4.3 8
omega_alpha 0.117 0.012 10
omega_tau 0.469 0.04 8
corr(winf,tau) 0.878 0.031 4

a 6.51 0.16 2

We can add to the results of the three Wald tests above by performing
a global test:

H0 : “βw = βα = βτ = 0” vs H1 : “βw 6= 0, βα 6= 0, βτ 6= 0”.

The deviances computed under H0 and H1 are, respectively, 7996 and
7995. The likelihood ratio test (LRT, p-value = 0.76), Bayesian infor-
mation criterion (BIC, 8031 vs 8043) and Akaike information criterion
(AIC, 8012 vs 8017) therefore all agree with the Wald tests, selecting
H0.

In conclusion, based on this data and our subsequent analyses, there
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is no reason to suspect a GM effect on rat weight. As a final remark
however, we are not claiming that there is no health risk linked to GM
corn MON 863, only that the data and analyses do not allow us to reject
the hypothesis that there is no GM effect on weight.

8.1.3 Different parametrizations of the same structural
model

We have seen that model choice is intimately linked to the usage of it
that we have in mind. It is therefore not necessary to construct the “best”
model for studying potential GM effects.

If we do want to characterize as well as possible the observed data, we
could try to propose a model other than Gompertz (8.1) (traditionally
used for modeling tumor and population growth). Instead, we could use
an asymptotic regression model (Pinheiro and Bates, 2009) of the form:

f1(t) = w0e
−k t + w∞(1− e−k t), (8.2)

where w0 is the weight at birth, w∞ the asymptotic weight and k the
growth rate constant. As usual, this model parametrization is not the
only one possible. We should try to choose a parametrization that both
allows interpretation of model parameters and satisfies reasonable sta-
tistical criteria.

Indeed, the parametrization in (8.2) involves an asymptotic weight
that is not included in the time interval being studied. An alternative
parametrization might therefore involve the weights w0, w7 and w14 at
times t = 0, t = 7 and t = 14:

f2(t) = w0 +
(w7 − w0)2

2w7 − w14 − w0

(
1−

(
w7 − w0

w14 − w7

)−t/7)
. (8.3)

A quick look at the data displayed in Figure 8.1 shows that the weights
at times t7 and t14 are strongly correlated. Therefore, we use for this
new model Gaussian distributions for the three individual parameters
w0,i, w7,i and w14,i, supposing moreover that w7,i and w14,i are corre-
lated. Results obtained with this new model show that the differences
in population weights between the GM and non-GM groups at 7 and 14
weeks are less than 10g and not statistically significant.

parameter s.e. (s.a.) r.s.e.(%) p-value
w0 175 1.6 1
w7 428 5.3 1
beta_w7 -9.25 7.5 81 0.21
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w14 513 7.7 1
beta_w14 -9.9 11 110 0.36

omega_w0 12 1.3 11
omega_w7 33.3 2.6 8
omega_w14 48.4 3.9 8
corr(w7,w14) 0.95 0.011 1

a 5.96 0.14 2

The VPC displayed in Figure 8.5(a) shows that there is an extremely
good fit between the model and the data. Furthermore, the BIC is much
better for this model than the Gompertz one (7880 vs 8043). Neverthe-
less, a closer look at the correlation matrix of the estimators shows that
ŵ7,pop and ŵ14,pop are strongly correlated, as well as ω̂w7

and ω̂w14
:

Correlation matrix of the estimates (Stochastic Approximation):

w0 1
w7 -0.02 1
w14 0.01 0.95 1

Eigenvalues (min, max, max/min): 0.054 1.9 36

omega_w0 1
omega_w7 -0 1
omega_w14 -0 0.89 1
a -0.08 -0 -0 1

Eigenvalues (min, max, max/min): 0.11 1.9 18

We could then suggest a new parametrization of the same model in
which the estimates are much less correlated:

f3(t) = w0 +
w14 − w0

1− r2

(
1− rt/7

)
, (8.4)

where 0 < r < 1 indicates the growth rate. The following results have
been obtained using a logit-normal distribution for the individual pa-
rameter ri:

parameter s.e. (s.a.) r.s.e.(%) p-value
w0 176 1.5 1
r 0.337 0.011 3
beta_r 0.0475 0.067 142 0.48
w14 513 7.6 1
beta_w14 -9.83 11 109 0.36

omega_w0 11.8 1.2 10
omega_r 0.28 0.027 10
omega_w14 47.8 3.8 8

a 6.01 0.14 2
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It is not necessary with this model to introduce correlation between
random effects to get a nice VPC, as can been seen in Figure 8.5(b).
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FIGURE 8.5: VPCs obtained with the asymptotic regression model and
different parametrizations. (a) Parametrization (w0, w7, w14) assuming that
w7,i and w14,i are correlated; (b) parametrization (w0, r, w14) assuming that
parameters are independent.

We see clearly that the estimates of model parameters have little
correlation:

correlation matrix of the estimates(Stochastic Approximation)

w0 1
r 0.16 1
w14 0.01 0.02 1

Eigenvalues (min, max, max/min): 0.84 1.2 1.4

omega_w0 1
omega_r 0.01 1
omega_w14 -0 0.01 1
a -0.1 -0.06 -0 1

Eigenvalues (min, max, max/min): 0.89 1.1 1.3

In conclusion, we prefer this model because it describes the observed
data well, uses easily interpretable parameters, has independent individ-
ual parameters and ensures good statistical properties for the estimators
of the model’s population parameters.

8.1.4 Power analysis and equivalence testing

As emphasized by ANSES (2011), difference tests should be accompanied
by a power analysis so as to evaluate the size of an effect we can hope
to find for a given protocol. We see immediately the advantage of using
a parametrization with easily interpretable parameters since the power
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analysis may directly weigh on one of these. For example, we might look
at rat weights at 14 weeks and test the following hypothesis:

H0 : “βw14 = 0” vs H1 : “βw14 6= 0”.

We might take a classical approach and consider only the data at time
t14, i.e., 39 observations in each group (there is one missing data point
at time t14 in both groups). In this case, we can construct a t-test and
calculate its power (see Figure 8.6) as the type I and II error probabilities
are easily calculated.

It gets more complicated when we want to work with our nonlinear
mixed effects model as it is now impossible to calculate these probabil-
ities, either for the LRT or Wald test. We can however estimate them
using Monte Carlo: for several values of βw14

between −50 and 50, we
can draw several replicates of the data using our model under H1 with
the original design. Then, for each replicate, the population parameters
can be estimated and the LRT and Wald tests performed. For each value
of βw14 , the estimated power of a given test is the proportion of tests
which are statistically significant.

Each power displayed in Figure 8.6 was obtained using 100 replicates.
We can see that in this example, the Wald test and LRT have very similar
powers. Furthermore, these tests’ powers are systematically close to the
power of the basic t-test. Thus, our modeling provides no advantage in
terms of power in this particular example. If little data is available at t14,
a test performed after modeling will now be much more powerful than
a t-test on the t14 data because all individuals are used to construct the
model, not just those with data at t14. More generally, if we wish to
construct a test on an unobserved parameter (weight at 21 weeks, for
example), only modeling will allow us to create such a test.
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FIGURE 8.6: Power of the test βw14 = 0 vs βw14 6= 0. Solid line: t-test, dots:
LRT, crosses: Wald test.

Tests for making comparisons that aim to see whether a difference
is statistically significant are of limited interest if we do not also look
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at the size of the difference, i.e., the magnitude of the GM effect on rat
weight. It is highly probable that any change in diet will affect weight.
Even if this effect is tiny, it will be statistically significant if we have the
resources to run the study on a large number of rats. We may therefore
end up rejecting the null hypothesis out of hand without much risk of
being “wrong.” This avoids the true question: is the effect biologically
significant and furthermore, does it signal GM toxicity? This question
deserves to be asked in terms of equivalence: can we, given the data,
reject the hypothesis that the effect’s size is greater than a certain value?
Let us again take the weight data at 14 weeks as an example, and look
to test:

H0 : “|βw14 | > δ” vs H1 : “|βw14 | < δ”,

where δ is an arbitrary equivalence value given in grams, like w14 is. We
will conclude that there is equivalence if H0 is rejected.

Following Dubois et al. (2011), the null hypothesis H0 can be divided
into two one-sided hypotheses: H0,−δ : “βw14

< −δ” and H0,δ : “βw14
>

δ”. These are then tested separately with one-sided tests. Then, the
global null hypothesis H0 is rejected with type I error α if both one-
sided tests are rejected with type I error α. The p-value of the test
is the maximum of the p-values of the one-sided tests. An alternative
way to run this equivalence test is to compute the (1 − 2α) confidence
interval (CI) for β̂w14

. H0 is then rejected if the equivalence interval
(−δ, δ) contains this confidence interval.

With the last model we looked at, we get the following 90% CI for
β̂w14

: CI90% = [−27.9g, 8.3g]. This means that if we define equivalence
as a weight difference at 14 weeks of less than 30g, we do have equiva-
lence here. If instead we restrict equivalence to mean difference less than
20g, we can no longer conclude that there is equivalence, based on this
criterion.

The choice of the size of the equivalence interval is a delicate one, but
not itself a statistical problem. It is up to toxicologists to decide what a
meaningful inter-group variability is. More generally speaking, it is not
statistics themselves that can decide whether or not GM products are
safe for human health; they are merely tools for helping make decisions.
Their role is to correctly evaluate uncertainties and the risk of making an
error when concluding as to the presence or absence of negative effects
resulting from GM products.
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8.2 Joint PKPD modeling of warfarin data
Warfarin pharmacokinetic (PK) and pharmacodynamic (PD) data was
introduced in Example 4.11 and shown in Figure 4.26. The pharmacoki-
netics of warfarin were used in Chapter 7 to illustrate various tasks and
methods in the modeling context. We will now consider joint population
modeling of warfarin PK and PD data.

The model proposed in Example 4.11 provided excellent individual
fits (Figure 4.27) but was of limited interest because it did not invoke a
relationship between dose and effect. PKPD modeling on the other hand
aims to define the relationships between time, drug concentration, drug
effect and clinically observable outcomes.

We have already constructed a PK model for warfarin data in Sec-
tion 7.3.4:

• The structural PK model is a one-compartment model with a lag-time
followed by a first-order absorption process and linear elimination. For
a single dose administration at time t = 0, a mathematical represen-
tation of this structural model is, for t > Tlag,

C(t, φ(1)) =
Dka

V ka− Cl

(
e−

Cl
V (t−Tlag) − e−ka (t−Tlag)

)
,

where C(t, φ(1)) is the plasmatic concentration of warfarin at time t.
Here, φ(1) = (Tlag, ka, V, Cl) is the vector of PK parameters; Tlag is
the delay between administration and absorption, ka the absorption
rate constant, V the volume of distribution and Cl the clearance.

• The statistical model assumes a combined residual error model y =
f + (a + bf)ε, log-normal distributions for the PK parameters and
linear relationships between log-volume and log-weight and between
log-clearance and log-weight.

We will therefore use this PK model as a component of the joint PKPD
model. Let y(1)

ij and y(2)
ij be, respectively, the measured plasmatic concen-

tration and measured prothrombin complex activity (PCA) for patient
i at times t(1)

ij and t
(2)
ij . Denoting φ(2)

i the vector of individual PD pa-
rameters for patient i and assuming a constant error model for the PD
data, the joint PKPD model has the form:

y
(1)
ij = C(t

(1)
ij , φ

(1)
i ) +

(
a1 + b1C(t

(1)
ij ;φ

(1)
i )
)
ε

(1)
ij

y
(2)
ij = R(t

(2)
ij , φ

(2)
i ) + a2ε

(2)
ij ,
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where R(t, φ
(2)
i ) is the predicted PCA given by the PD model for patient

i at time t, and where (ε
(1)
ij ) and (ε

(2)
ij ) are independent sequences of

N (0, 1) random variables.

8.2.1 Simultaneous PKPD modeling

In simultaneous modeling, both PK and PD modeling are done at the
same time. As the PK model has already been selected, PK modeling
reduces to estimating the population PK parameters, whereas PD mod-
eling consists of both selecting a model for the observed PD data and
estimating its parameters. Let us now take a look at some basic PD
models for warfarin data.

8.2.1.1 Immediate response model

The relationship between dose and effect can be separated into two com-
ponents: the dose-concentration relationship (PK) and concentration-
effect relationship (PD). In other words, drug effect is directly deter-
mined by the plasmatic concentration defined in the PK model.

From a biological point of view, warfarin is known to reduce synthesis
of prothrombin complex by inhibiting vitamin K epoxide reductase and
vitamin K reductase (Holford, 1986). A maximal inhibition (Imax) model
for characterizing this drug effect has the form:

E(t) = 1− Imax C(t)

IC50 + C(t)
, (8.5)

where IC50 is the concentration producing 50% inhibition and Imax the
maximal drug-induced effect. An immediate response model assumes
that for a given time, the response R is proportional to the drug effect
E:

R1(t) = S0E(t),

where S0 is the baseline PCA before warfarin is taken. This joint PKPD
structural model can be implemented with Mlxtran for Monolix as
follows:
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Immediate response model

INPUT:
parameter = {Tlag, ka, V, Cl, S0, Imax, IC50}

EQUATION:
C = pkmodel(Tlag, ka, V, Cl)
R = S0*(1-Imax*C/(C+IC50))

OUTPUT:
output = {C, R}

We then use a logit-normal distribution for Imax and log-normal dis-
tributions for S0 and IC50. Figure 8.7 shows four individual fits obtained
with this model. For each of these four patients, the maximum effect pre-
dicted by the model is reached when the concentration is maximal, but
the maximum effect is observed approximately 50 hours after the peak
concentration (minimum of the observed PCA). An immediate response
model is therefore not appropriate for this data since it ignores the lag-
time that exists between the plasmatic drug concentration and the time
course of the pharmacodynamic response.
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FIGURE 8.7: Individual fits for PD data of four patients obtained with an
immediate response model.

When analyzing PKPD data, an important plot used to visualize
data is a scatter plot with the PK concentration on the x-axis and the
PD data on the y-axis. One such plot, produced here by Datxplore
(see Appendix D.3) and shown in Figure 8.8, highlights a hysteresis1

phenomenon which refers to the delay of the bioresponse time-course
with respect to the exposure time-course.

1Hysteresis refers to systems and organisms that have memory. In such cases,
consequences of an input are experienced with a certain lag-time, i.e., delay.
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FIGURE 8.8: Warfarin PD data vs PK data for the 32 patients in the study.

These hysteresis loops mean that the observed effect is indirectly
affected by the concentration. To properly model this relationship, we
would be better served to use effect compartment or indirect PKPD
models, which we will now describe.

8.2.1.2 Effect compartment models

For some drugs, a delay may occur between the value of the plasmatic
concentration and the effect it has on the observed effect, because the
effect site is not the central compartment and hence time is required for
drug delivery to it. The idea of effect compartments has been introduced
to help explain this time delay (Holford and Sheiner, 1981). We suppose
that the virtual concentration Ce of this virtual compartment is the
solution to the following ODE:

.
Ce(t) = ke0(C(t)− Ce(t)). (8.6)

The drug effect is then determined by the concentration in the effect
compartment instead of the central compartment:

Ee(t) = 1− Imax Ce(t)

IC50 + Ce(t)
.

The response R is now proportional to Ee:

R2(t) = S0Ee(t).

The Mlxtran script for this new structural model is slightly modified
from the previous one. The pkmodel function is now used for comput-
ing the concentration in the central and effect compartments.
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Effect compartment model

INPUT:
parameter = {Tlag, ka, V, Cl, ke0, S0, Imax, IC50}

EQUATION:
{C, Ce} = pkmodel(Tlag, ka, V, Cl, ke0)
R = S0*(1-Imax*Ce/(Ce+IC50))

OUTPUT:
output = {C, R}

Using the same statistical model as for the immediate response model
and a log-normal distribution for the rate constant ke0i, Figure 8.9 shows
the four individual fits obtained with the new overall model.
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FIGURE 8.9: Individual fits for the PD data of four patients obtained with
an effect compartment model.

While these individual fits appear better than the previous ones and
indeed acceptable, more informative diagnostic plots such as individual
weighted residuals and VPCs displayed in Figure 8.10 show that the
delay is still not properly described with the effect compartment model.
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FIGURE 8.10: Diagnostic plots for the PD model when an effect compart-
ment is used. Left: individual weighted residuals (IWRES), right: visual pre-
dictive check.

8.2.1.3 Indirect response model

The pharmacology of warfarin cannot be simply broken down into a
dose-concentration relationship and a concentration-effect relationship
because the clinically observable response, anticoagulation, is not the
same as the drug effect, inhibition of vitamin K synthesis. A physiological
effect relationship is therefore required to describe the link between the
drug effect and prothrombin complex activity (Holford, 1986).

Before a patient receives the drug, the concentration of prothrombin
complex is determined by a balance between synthesis and degradation:

.
R3(t) = kin− koutR3(t).

At steady-state, the concentration of PCA is therefore S0 = kin/kout.
The arrival of warfarin then inhibits the production process (Holford,
1986; Sharma and Jusko, 1998):

.
R3(t) = kinE(t)− koutR3(t),

where E(t) is the drug effect defined in (8.5).
This new model is implemented in Mlxtran using an ODE and

defining the initial condition R3(t) for t ≤ 0 (the dose is administered
to each patient at t = 0).
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Indirect response model

INPUT:
parameter = {Tlag, ka, V, Cl, Imax, IC50, kin, kout}

EQUATION:
C = pkmodel(Tlag, ka, V, Cl)
E = 1-Imax*C/(C+IC50)
R_0 = kin/kout
ddt_R = kin*E - kout*R

OUTPUT:
output = {C, R}

The diagnostic plots shown in Figure 8.11 show that this model de-
scribes well the observed data.

0 50 100 150

−2

−1

0

1

2

3

time (h)

IW
R
E
S

0 50 100 150

10

20

30

40

50

60

70

80

90

100

110

time (h)

P
C
A

(%
)

emp. prctile

P.I 90%

P.I 50%

P.I 10%

FIGURE 8.11: Diagnostic plots for the PD indirect response model. Left:
individual weighted residuals, right: visual predictive check.

The estimated value of Imaxpop is 0.999 for this model. We can there-
fore consider that inhibition is maximal and set Imax = 1 in (8.5). Fol-
lowing Sharma and Jusko (1998), we can also try to improve the drug
effect model by introducing a Hill coefficient, i.e., replacing E(t) with
Eh(t), defined by

Eh(t) = 1− Imax Ch(t)

IC50h + Ch(t)
,

where h > 0 is assumed to be fixed across the population. All the pa-
rameters are well estimated with this PKPD model:

parameter s.e. (lin) r.s.e.(%) p-value
Tlag 0.869 0.19 21
ka 1.61 0.46 29
V 8.06 0.23 3
beta_V 0.844 0.14 17 3.5e-09
Cl 0.134 0.0063 5
beta_Cl 0.616 0.25 41 0.014
Imax 0.943 0.018 2



Examples 219

IC50 1.3 0.13 10
kin 5 0.19 4
kout 0.0522 0.0019 4
h 1.47 0.078 5

omega_Tlag 0.553 0.16 29
omega_ka 0.753 0.24 32
omega_V 0.14 0.022 16
omega_Cl 0.26 0.034 13
omega_Imax 0.411 0.22 54
omega_IC50 0.443 0.064 15
omega_kin 0.0451 0.019 41
omega_kout 0.0305 0.02 66
omega_h 0 - -

a_1 0.34 0.047 14
b_1 0.0758 0.0081 11
a_2 3.73 0.22 6

We conclude from these results that h is significantly different from
1. Furthermore, the BIC is better when h is estimated (BIC=2161) than
when it is fixed at 1 (BIC=2177). On the other hand, the VPCs and
other diagnostic plots obtained with h = 1.47 and h = 1 are almost
indistinguishable. We can therefore consider this model as our “final”
one. The population distributions of the PKPD parameters are shown
in Figure 8.12.

These probability distributions and the joint PKPD model can now,
for instance, be used for simulating virtual patients in a virtual trial in
order to find the optimal dose regimen, i.e., the one that optimizes ther-
apeutic effect (efficacy) while minimizing undesirable side-effects such as
bleeding (safety).
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indirect response model with a Hill coefficient.
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8.2.2 Sequential PKPD modeling

In the sequential approach, a PK model is developed and parameters
estimated in the first step. For a given PD model, different strategies are
then possible for the second step, i.e., for estimating the population PD
parameters:

1. Population PK parameters are set to their estimated values but in-
dividual PK parameters are not assumed to be known and sam-
pled from their conditional distributions at each SAEM iteration.
In Monolix, this simply means changing the status of the popula-
tion PK parameter values so that they are no longer used as initial
estimates for SAEM but considered fixed.

2. Individual PK parameters are set to their estimated values and used
as constants in the model. In this case, additional columns with the
individual PK parameters need to be added in the dataset and de-
fined as regression variables in Monolix. The PK data is then ig-
nored. Lastly, we have to modify the status of the PK parameters in
the structural model and define R as the only output.

Sequential PKPD modeling

INPUT:
parameter = {Imax, IC50, kin, kout, h}
regressor = {Tlag, ka, V, Cl}

EQUATION:
C = pkmodel(Tlag, ka, V, Cl)
R_0 = kin/kout
ddt_R = kin*(1-Imax*C^h/(C^h+IC50^h)) - kout*R

OUTPUT:
output = {R}

Estimation results for the population PD parameters for the simul-
taneous and two sequential approaches are summarized in Table 8.1. We
see that there is very little difference between the simultaneous method
and the sequential one which uses the estimated population PK parame-
ters. This means that the PD data provides practically no information for
population PK parameter estimation. However, there are several slight
differences with the sequential method which uses the estimated individ-
ual parameters. We conclude therefore that the PD data does provide a
small amount of information when estimating the individual PK param-
eters.
Remark: The sequential approach is justified when the joint model
is a complex one with many parameters to estimate and simultaneous
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TABLE 8.1: Estimation of the population PD parameters and their standard
errors.

Simultaneous Sequential (1) Sequential (2)
Imax 0.943 (0.018) 0.943 (0.017) 0.918 (0.015)
IC50 1.30 (0.13) 1.33 (0.13) 1.22 (0.12)
kin 5.00 (0.19) 4.97 (0.18) 5.21 (0.18)
kout 0.052 (0.002) 0.052 (0.002) 0.054 (0.002)
h 1.47 (0.078) 1.51 (0.064) 1.56 (0.088)

Left: simultaneous approach; center: sequential approach using estimated population
PK parameters; right: sequential approach using estimated individual PK parameters.

estimation of the whole set of parameters has a large computational cost.
One possible strategy is to use a sequential approach to construct the
PD model, then a simultaneous one for the final run, using the results
of the sequential approach as initial estimates.

The sequential approach is not necessary in the case of the warfarin
example as no particular problems come up with SAEM’s parameter
estimation.

8.2.3 Joint modeling of continuous PK and categorical
PD data

International Normalized Ratio (INR) values are commonly used in clin-
ical practice to target optimal warfarin therapy. Low INR values (<2)
are associated with high blood clot risk and high ones (>3) with high
risk of bleeding, so the targeted value of INR, corresponding to optimal
therapy, is between 2 and 3.

Prothrombin complex activity is inversely proportional to the INR.
We can therefore associate the three ordered categories for the INR to
three ordered categories for PCA: Low PCA values if PCA is less than
33% (corresponding to INR>3), medium if PCA is between 33% and
50% (2 ≤INR≤ 3) and high if PCA is more than 50% (INR<2).

Instead of modeling the original continuous PD data, we can model
the probabilities of each of these categories, which have direct clinical
interpretations. The model is still a joint PKPD model since this proba-
bility distribution is expected to depend on exposure, i.e., the plasmatic
concentration predicted by the PK model. We introduce an effect com-
partment to mimic the effect delay.

Let us first recode the three PCA levels as 1 (Low), 2 (Medium) and
3 (High). Let y(2)

ij be the PCA level for patient i at time t(2)
ij . We can

then used the proportional odds model proposed by Savic et al. (2011)
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for modeling this categorical data:

logit
(
P
(
y

(2)
ij ≤ 1|ψi

))
= αi + βi Ce(t

(2)
ij , φ

(1)
i )

logit
(
P
(
y

(2)
ij ≤ 2|ψi

))
= αi + γi + βi Ce(t

(2)
ij , φ

(1)
i )

logit
(
P
(
y

(2)
ij ≤ 3|ψi

))
= 1,

where Ce(t, φ(1)
i ) is the predicted concentration of warfarin in the effect

compartment at time t for patient i with PK parameters φ(1)
i . This

model defines a probability distribution for yij if γi ≥ 0. If βi > 0, the
probability of low PCA at time t(2)

ij (y(2)
ij = 1) increases along with the

predicted concentration Ce(t(2)
ij , φ

(1)
i ).

The distribution of the categorical data is defined in a DEFINITION
block of Mlxtran. As in the previous examples, the predicted concen-
tration is defined in the Mlxtran script and the residual error model
in the Monolix GUI.

Continuous and categorical data model

INPUT:
parameter = {Tlag, ka, V, Cl, ke0, alpha, beta, gamma}

EQUATION:
{C,Ce}= pkmodel(Tlag,ka,V,Cl,ke0)

DEFINITION:
Level = {type=categorical, categories={1,2,3},

logit(P(Level<=1)) = alpha + beta*Ce,
logit(P(Level<=2)) = alpha + beta*Ce + gamma}

OUTPUT:
output = {C, Level}

We use in this example a very simple statistical model for the indi-
vidual PD parameters: a normal distribution for αi, no inter-individual
variability for β and γ, and γ constrained to take nonnegative values.

The visual predictive checks shown in Figure 8.13 compare the em-
pirical proportions of the PCA categories as functions of time with their
associated prediction intervals given by the model. We can conclude from
these plots that the proposed model provides a fairly good prediction of
the probability of having a low, medium and high PCA level.
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FIGURE 8.13: Visual predictive checks for categorical data. Solid line: ob-
served proportions of low, medium and high PCA level as a function of time;
shaded area: 90% prediction intervals given by the model for these proportions.

8.3 Gene expression in single cells
The population approach may also be relevant for building predictive
computational models of intracellular processes. For example, consider as
a case study the experiments performed in Uhlendorf et al. (2012) look-
ing at the high-osmolarity glycerol (HOG) pathway in budding yeast.
Yeast cells are exposed to osmotic shocks, i.e., sudden changes in the so-
lute concentration of their surroundings. Signal transduction pathways,
most notably the HOG pathway, provide information to the cell about
the osmolarity of its environment and activate responses to deal with
these stress conditions. In particular, a large set of genes is turned on
and corresponding stress-responsive proteins are produced. This protein
production process can be quantified by replacing one target protein, for
example STL1, by a fluorescent protein such as yECitrine. This can be
done by genetically modifying the yeast genome.

Thanks to time-lapse microscopy and cell tracking algorithms, sin-
gle cell responses can be measured over time (Uhlendorf et al., 2012).
Significant inter-cell variability is often observed.

We are now going to take a closer look at the data and models pre-
sented in Uhlendorf et al. (2012) and Gonzalez et al. (2013). The ob-
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served data yij is the measured fluorescence of yECitrine in cell i at time
tij . The measure is taken every 6 minutes for each cell, so tij = tj = 6j.
Preprocessing of the data consists of removing cells considered outliers
and correcting for tracking errors. Furthermore, only forty cells that were
successfully tracked for more than 90 minutes are retained by the study’s
authors. Figure 8.14 shows the osmotic shocks applied to them and their
observed fluorescent responses. Periods of 5 to 8 minutes of exposure
to the hyperosmotic environment (valve on) alternated with periods of
normal osmotic conditions (valve off ).
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FIGURE 8.14: Experimental data. Top: fluorescent response of 40 yeast cells
to repeated osmotic shocks; bottom: osmotic shocks applied to the system.

The related Hog1-induced gene expression model is given by a reac-
tion network described in Zechner et al. (2012) and adapted in Gonzalez
et al. (2013). We will now work with the mathematical representation of
this model proposed by Gonzalez et al.. Let x1, x2 and x4 be the propor-
tions of promoters that are in the off state, in the on state or bound to
chromatin remodeling factors. Let x3, x5 and x6 be the concentrations of
remodeling factors, messenger RNA and fluorescent yECitrine proteins.
Then, the system can be described by the following set of reaction rate
equations:

.
x1(t) = c2x2(t)− c1u(t− τ)x1(t)
.
x2(t) = c1u(t− τ)x1(t)− c2x2(t) + c4x4(t)− c3x2(t)x3(t)
.
x3(t) = c4x4(t)− c3x2(t)x3(t)
.
x4(t) = c3x2(t)x3(t)− c4x4(t)
.
x5(t) = c5x4(t)− c8x5(t)
.
x6(t) = c6x5(t)− c7x6(t),

(8.7)

where u(t− τ) is the delayed gene activation rate caused by an osmotic
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shock. The initial conditions at t = t0 are x1(t0) = 1, x2(t0) = x4(t0) =
x5(t0) = x6(t0) = 0 and x3(t0) = x3,0.

We see in Figure 8.15 that the promoter activation rate u(t) is directly
related to the valve status v(t) (on or off) displayed in Figure 8.14. For
modeling, we need first to take into account the lag between change in
valve status and change of osmolarity h(t) of the cell environment. We
assume that the medium needs one minute to change from normal to
hyperosmotic when the valve is turned on and four minutes to return to
normal when turned off. Then, the extracted nuclear Hog1 function s(t)
for a given salt concentration is a solution to the following ODE:

.
s(t) = κh(t)− γ s(t). (8.8)

Lastly, the corresponding time-varying gene activation intensity u(t) is
obtained by transforming the Hog1 abundance using a Hill function:

u(t) =
(s(t) + s0)nH

KnH
d + (s(t) + s0)nH

. (8.9)

Parameters κ, γ, nH , Kd and s0 are assumed known, taking the esti-
mated values obtained in Zechner et al. (2012).
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FIGURE 8.15: Input functions. Solid line: temporal evolution of the status
of the microfluidic valve v(t), 0: normal media (off), 1: hyperosmotic media
(on); dashed line: osmolarity h(t) of the cell environment; dotted line: nuclear
Hog1 enrichment s(t); dash-dot line: gene activation rate u(t).

Here, the structural model combines the model for the activation in-
tensity described by equations (8.8) and (8.9) and the dynamical system
in (8.7). This model can easily be implemented using Mlxtran:
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reactionRate_mlxt.txt

[LONGITUDINAL]
input={c1,c2,c3,c4,c5,c6,c7,c8,x30,tau}

PK:
depot(target=h,Tlag=tau)

EQUATION:
kappa = 0.7
gamma = 0.3
nH = 6.13
Kd = 0.1418
s0 = 0.0158

ddt_h = 0
ddt_s = kappa*h - gamma*s
sh = (s+s0)^nH
u = sh/(Kd^nH+sh)

x1_0 = 1
x3_0 = x30
ddt_x1 = c2*x2 - c1*u*x1
ddt_x2 = c1*u*x1 - c2*x2 + c4*x4 - c3*x2*x3
ddt_x3 = c4*x4 - c3*x2*x3
ddt_x4 = c3*x2*x3 - c4*x4
ddt_x5 = c5*x4 - c8*x5
ddt_x6 = c6*x5 - c7*x6

The function h can then be defined by introducing inputs of value 1
at times (tonk , 1 ≤ k ≤ K) with a rate of 1, and inputs with value -1 at
times (toffk , 1 ≤ k ≤ K) with rate 0.25. Here, toffk − tonk is the duration
of the kth shock.

We could then use Mlxplore to visualize, for example, the signals
shown in Figure 8.15. Source terms are considered as “infusions” with
positive and negative amounts in the Mlxplore script:

reactionRate1_mlxplore.txt

<MODEL>
file = ’reactionRate_mlxt.txt’

<DESIGN>
[ADMINISTRATION]
adm = {time={3,11,28,36}, amount={1,-1,1,-1},

rate={1,0.25,1,0.25}}

<OUTPUT>
list = {h,s,u}
grid = 0:0.1:50

We could also use the experimental design for exploring properties of
the structural model, i.e., by representing graphically one or several of
the components of the system (8.7). Figure 8.16 displays predicted flu-



Examples 227

orescence x6 using the parameter estimates obtained by Gonzalez et al.
(2013).

reactionRate2_mlxplore.txt

<MODEL>
file=’reactionRate_mlxt.txt’

<DESIGN>
[ADMINISTRATION]
adm1={time={35,65,95,125,155,185,215,245,280,341,

371,401,449,479,533,563,649,683},
amount= 1, rate=1}

adm2={time={43,73,103,133,163,193,223,253,285,349,
379,409,454,486,541,570,657,691},

amount=-1, rate=0.25}

[TREATMENT]
trt={adm1,adm2}

;-------------------------------
<PARAMETER>
c1=73
c2=2500
c3=0.000019
c4=0.037
c5=1.3
c6=860
c7=0.0048
c8=0.1
x30=140
tau=14

<OUTPUT>
list={x6}
grid=0:1:800
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FIGURE 8.16: Predicted fluorescence defined as x6 in model (8.7) using
the given experimental design and c1 = 73, c2 = 2500, c3 = 1.9 10−5, c4 =
3.7 10−2, c5 = 1.3, c6 = 860, c7 = 4.8 10−3, c8 = 0.1, x3,0 = 140 and τ = 14.

We can then use Monolix to estimate the model parameters us-
ing the data given in Figure 8.14. Here, source terms are included
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as part of the data. We therefore need columns with the “amounts”
(+1,−1,+1,−1, . . .) and rates (1, 0.25, 1, 0.25, . . .).
id time amt rate y
1 0 . . 4.2749
1 6 . . 2.1614
1 12 . . 0
1 18 . . 1.8142
1 24 . . 5.6618
1 30 . . 2.3194
1 35 1 1 .
1 36 . . 6.9808
1 42 . . 6.2517
1 43 -1 0.25 .
1 48 . . 2.9795
1 54 . . 7.6437
1 60 . . 20.149
1 65 1 1 .
1 66 . . 41.159
1 72 . . 65.205
1 73 -1 0.25 .
1 78 . . 74.724
1 84 . . 103.92
1 90 . . 161.35

We also need to define a preliminary statistical model M1 for the
data. Let us assume a combined error model for the observations: y =
x6 + (a+ bx6)ε, where x6 is the predicted fluorescence defined in model
(8.7). The individual parameters of the model are the reaction rates
c1 through c8, delay τ and initial condition x3,0. We use log-normal
distributions for these ten parameters, considering for this first model
that they are mutually independent.

All population parameters forM1 and their respective standard er-
rors can then be estimated by Monolix:

parameter s.e. (s.a.) r.s.e.(%)
c1 70.2 7.5 11
c2 2.48e+03 2e+02 8
c3 1.45e-05 1.3e-06 9
c4 0.0365 0.002 6
c5 1.12 0.08 7
c6 756 79 10
c7 0.00325 0.00047 14
c8 0.087 0.0092 11
x30 141 11 7
tau 8.15 1.4 18

omega_c1 0.629 0.09 14
omega_c2 0.482 0.056 12
omega_c3 0.548 0.085 16
omega_c4 0.324 0.033 10
omega_c5 0.429 0.059 14
omega_c6 0.645 0.077 12
omega_c7 0.893 0.11 12
omega_c8 0.654 0.077 12
omega_x30 0.46 0.052 11
omega_tau 0.832 0.13 15

a 8.98 0.72 8
b 0.0694 0.0013 2
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The correlation matrix of the estimators is almost diagonal. There
is therefore no reason, based on these results, to suspect over-
parametrization of the structural model.

c1 1
c2 0.03 1
c3 -0.03 0.01 1
c4 -0.04 -0.02 0 1
c5 -0.02 0.02 0.03 0.01 1
c6 -0.01 -0.01 -0.04 0.02 -0.03 1
c7 -0.01 -0.01 0 0 -0.01 0.01 1
c8 0.02 0 0.01 -0.02 0.03 -0.01 -0.02 1
x30 -0.03 -0 -0.01 0.02 -0.02 0.01 0.01 -0.01 1
tau 0.02 -0.02 0.01 0.01 -0 -0.01 0.01 0.01 -0.02 1

Eigenvalues (min, max, max/min): 0.93 1.1 1.2

Furthermore, Figure 8.17 shows individual fits obtained with the
MAP estimate for four cells under modelM1. We can see that the struc-
tural model is capable of capturing quite different kinetics for different
cells with different individual parameters.
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FIGURE 8.17: Individual fits obtained for four cells with modelM1 assum-
ing a diagonal variance-covariance matrix for the random effects. The dots are
the observed fluorescence and the solid lines the predicted fluorescence.

However, kinetics simulated with this model may be quite differ-
ent from those observed. The VPC obtained with model M1 (see Fig-
ure 8.18, left) shows unrealistic prediction intervals for the 10%, 50% and
90% quantiles. As the parametrization of the structural model is unlikely
to be at fault, it is very likely the statistical model that is misspecified. In
effect, the only constraints on its parameters are positivity ones because
they are considered independent. It is nevertheless extremely probable
that certain combinations of values are not realistic, producing entirely
different kinetics to those observed. Let us instead define a joint dis-
tribution for these parameters, essentially meaning that we introduce
the possibility of linear correlation between random effects. This means
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defining a new statistical modelM2 in which we assume a full variance-
covariance matrix for the random effects (i.e., none of the correlations
between random effects are set to 0). After again performing parameter
estimation with Monolix, we see in Figure 8.18 (right) that the VPC
obtained with modelM2 are significantly better than with modelM1;
indeed, they are quite acceptable.
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FIGURE 8.18: Visual predictive checks obtained with modelM1 (left) and
M2 (right).
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Algorithms

9.1 Introduction
In this chapter we are going to present a number of algorithms for various
tasks such as maximum likelihood estimation of population parameters
θ, estimation of the Fisher information matrix, sampling the conditional
distribution of the individual parameters (ψi) and estimation of the ob-
served log-likelihood LLy(θ). We will also present a very efficient method
for automatic data binning.

The chapter can be approached in different ways. If the goal is only
to get a general impression of the methods and how they work without
necessarily understanding all the technical details, readers can take a
brief look at each method. This does not mean we recommend using
them like a “black box,” but rather that this will give the reader access
to criteria that help evaluate the quality of the results, and avoid using
them unwisely.

If instead the reader has the goal of implementing these methods, a
certain number of technical details are provided. For example, in Sec-
tion 9.6 we give explicit calculations of the log-likelihood and its first and
second derivatives. These can be ignored by anyone who is not aiming
to implement the methods.

Neither is it our aim to give an exhaustive list of all possible methods
for all possible models. We restrict ourselves to the Gaussian model for
individual parameters presented in Section 5.3.3, making the hypothesis
that there exists a monotone transform h : Rd → Rd such that

h(ψi) = µ(β, ci) + ηi, (9.1)

where ηi∼i.i.d.N (0, 1) and ci is a vector of individual covariates. In par-
ticular we are going to focus on the linear covariate model described in
Section 5.3.2. The model proposed in (5.15) supposes that there exists
a matrix Ci and vector β such that

h(ψi) = Ci β + ηi.

231
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The most theoretical aspects of the algorithms will not be presented
here. Nevertheless, these aspects and in particular convergence results
(for EM, SAEM, MCMC, etc.) can be found in some of the works cited
in the text.

9.1.1 Notation

We assume that the set of population parameters θ takes its values in
Θ, an open subset of Rm.

Let f : Θ→ R be a twice differentiable function of θ. For ζ ∈ Θ, we will
denote:

– ∂θjf = ∂f/∂θj the partial derivative of f with respect to θj and
∂θf(ζ) = (∂θjf(ζ), 1 ≤ j ≤ m) the gradient of f at ζ (i.e., the vector
of partial derivatives of f evaluated at ζ).

– ∂2
θjθk

f = ∂2f/∂θj∂θ
t
k the second-order partial derivatives of f with

respect to θj and θk, and ∂2
θf(ζ) = (∂2

θjθtk
f(ζ), 1 ≤ j, k ≤ m) the

Hessian of f at ζ (i.e., the square matrix of second-order partial
derivatives of f evaluated at ζ).

The symbol ' means approximately equal to and is used when dealing
with numbers (for example, x ' 3). The symbol ≈ means approximately
distributed as and is used for dealing with distributions of random vari-
ables (for example, ε ≈ N (0, 1)).

9.1.2 Different representations of the same model

Describing a model requires variables such as observations (yi), individ-
ual parameters (ψi), covariates (ci) and population parameters θ. Tasks
to be performed (estimation, simulation, likelihood calculation, etc.) in-
volve these variables. Algorithms used to perform these tasks can use
different parametrizations, i.e., different mathematical representations
of the same model. We will see that depending on the task, some math-
ematical representations are more suitable than others.

It is important to thoroughly understand how the various methods
presented here can be implemented. In effect, all these methods (SAEM,
MCMC, importance sampling, etc.) are based on the use of the joint
probability distribution of all variables of the model. It is therefore crit-
ical to be able to correctly write out this distribution and all the condi-
tional and marginal distributions that result from it. With this in mind,
let us look at some possible mathematical representations.
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• ψ-representation: There exists for modelers the natural parametriza-
tion involving a vector of individual parameters ψi which have a
physical or biological meaning (rate, volume, bioavailability, etc.).
The joint distribution of yi and ψi is then associated with this rep-
resentation:

p(yi, ψi; θ, ci) = p(yi|ψi)p(ψi; θ, ci). (9.2)

It is therefore this representation that modelers will typically use to
represent their model.

Example 9.1 Consider the following model for the observations:

yij = Ai e
−ki tij + aiεij , (9.3)

where εij ∼i.i.d.N (0, 1). This model defines the conditional distribution
of yi = (yij , 1 ≤ j ≤ ni) given ψi = (Ai, ki, ai):

yij |ψi ∼ N
(
Ai e

−ki tij , a2i

)
.

If there are no covariates in the model and if we use, respectively, logit-
normal, log-normal and normal distributions for Ai, ki and ai, then
the following statistical model p(ψi;β,Ω) is assumed for the individual
parameters:  logit(Ai)

log(ki)
ai

 ∼ N (β, Ω) ,

where β = (logit(Apop), log(kpop), apop). The model can therefore be
decomposed as

p(yi, ψi;β,Ω) = p(yi|ψi)p(ψi;β,Ω).

• z-representation: If there exists a transformation h such that zi =
h(ψi) is a Gaussian vector, it is equivalent to use the representation
which involves the transformed parameters (log-rate, log-volume,
logit-bioavailability, etc.) and now represent the joint distribution
of yi and zi:

p(yi, zi; θ, ci) = p(yi|zi)p(zi; θ, ci),

where zi ∼ N (µ(β, ci),Ω) and θ = (β,Ω). We will see that this
representation turns out to be well adapted to the various tasks that
interest us. For this reason, many of the algorithms we present will
use this representation.
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Example 9.2 By defining zA,i = logit(Ai), zk,i = log(ki) and za,i = ai,
we can rewrite (9.3) as

yij =
e−(ezk,i)tij

1 + e−zA,i
+ za,iεij . (9.4)

Now, (9.4) defines the conditional distribution of yi given zi =
(zA,i, zk,i, za,i). Here, zi is normally distributed:

zi ∼ N (β, Ω) .

The model can be decomposed as p(yi, zi;β,Ω) = p(yi|zi)p(zi;β,Ω).

• η-representation: There is yet another mathematical representation
to represent the individual parameter model which uses the vector
of random effects ηi introduced in (9.1). This representation leads to
the joint distribution of yi and ηi:

p(yi, ηi; θ, ci) = p(yi|ηi;β, ci)p(ηi; Ω).

We can see that using the η-representation, the fixed effects β now
appear in the conditional distribution of the observations. This will
have a strong impact on tasks such as estimation of population pa-
rameters since a sufficient statistic for estimating β derived from this
representation will be a function of the observations (yi), as opposed
to the other representations where the sufficient statistic is a function
of the individual parameters (ψi) (or equivalently, (zi)). It will there-
fore sometimes be useful to use the z-representation for algorithmic
reasons.

Certain tasks such as estimation require the use of regular statistical
models. Furthermore, we will see in Section 9.1.3 that only the η-
representation can be used in certain situations.

Example 9.3

By supposing now that

zA,i = logit(Apop) + ηA,i

zk,i = log(kpop) + ηk,i

za,i = apop + ηa,i,

we can rewrite (9.4) as

yij =
Apope

−(kpop e
ηk,i) tij

Apop + (1−Apop)e−ηA,i
+ (apop + ηa,i)εij . (9.5)
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Equation (9.5) defines the conditional distribution p(yi | ηi;β) where
(ηA,i, ηk,i, ηa,i) is normally distributed: Here, ηi ∼ N (0,Ω). Our model
can thus be decomposed as

p(yi, ηi;β,Ω) = p(yi|ηi;β)p(ηi; Ω).

9.1.3 Using nondegenerate statistical models

We will say that the probability distribution of the Gaussian vector
zi is degenerate if the variance-covariance matrix of zi is not positive-
definite. This can happen, for example, if one of the components of zi
is nonrandom and constant, or when certain components are linearly
related.

A mathematical representation of a model using nondegenerate dis-
tributions will turn out to be particularly necessary for being able to
define sufficient statistics for estimating its parameters. Let us look at
several examples.

1. Consider the following model for continuous data with a constant
error model, using the z-representation:

yij ∼ N (f(tij , zi), a
2
i )

zi ∼ N (µ(β, ci),Ω)

ai ∼ pa( · ; θa).

Here, the standard deviation of the residual error is a random variable
and θ = (β,Ω, θa). Assuming that zi and ai are independent and Ω is
positive-definite, the joint model of yi, zi and ai can be decomposed
into a product of three regular models:

p(yi, zi, ai; θ) = p(yi|zi, ai)p(zi;β,Ω)p(ai; θa).

Example 9.4 Let us go back to Example 9.2 introduced in Section 9.1.2.
Let zi = (zA,i, zk,i) and assume that ai is independent of zi. We can then
decompose the joint distribution of (yi, zi, ai) into a product of three
regular models:

• The conditional distribution of yi given (zi, ai), still defined by
(9.4).

• Let β = (logitApop, log kpop) and Ω be the variance-covariance ma-
trix of zi. Then, zi ∼ N (β, Ω).

• Let ω2
a be the variance of ai. Then, θa = (apop, ω

2
a) and ai ∼

N (apop, ω
2
a).
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2. Assume instead that the variance of the residual error is the same for
the whole population:

yij ∼ N (f(tij , zi), a
2).

The vector of population parameters is now θ = (β,Ω, a) and the
joint model of yi and zi can be decomposed as

p(yi, zi; θ) = p(yi|zi; a)p(zi;β,Ω).

Example 9.5 If ai = a is no longer random, the conditional distribution
p(yi|zi; a) is now defined by the model

yij =
e−(ezk,i)tij

1 + e−zA,i
+ aεij .

The distribution of zi = (zA,i, zk,i) remains unchanged.

3. Suppose that some components of zi have no inter-individual vari-
ability. More precisely, let zi = (z

(1)
i , z

(0)
i ) and β = (β1, β0) such that

z
(1)
i ∼ N (µ1(β1, ci),Ω1)

z
(0)
i = µ0(β0, ci),

where Ω1 is positive definite. Here, θ = (β1, β0,Ω1, a) and

p(yi, zi; θ, ci) = p(yi|z(1)
i ;β0, a, ci)p(z

(1)
i ;β1,Ω1, ci).

Example 9.6 Assume that Ai = A is fixed. Then, the conditional
distribution p(yi|zk,i;A, a) is now defined by the model:

yij = Ae−e
zk,i tij + aεij ,

where zk,i = log(ki) is normally distributed with mean log(kpop) and
variance ω2

k. The joint model can then be decomposed as

p(yi, zk,i;A, kpop, ω
2
k, a) = p(yi|zk,i;A, a)p(zk,i; kpop, ω

2
k).
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4. Assume instead that zi = (z1,i, z2,i), where

z1,i = β1 + ηi

z2,i = β2 +Bηi,

and ηi ∼ N (0,Ω). Here, θ = (β1, β2,Ω, B, a). We can no longer use the
z-representation for this model since the variance-covariance matrix
of zi is not positive-definite. In this example, the most useful model
is the joint distribution of yi and ηi. We should therefore use the
following η-representation:

p(yi, ηi; θ) = p(yi|ηi;β1, β2, B, a)p(ηi; Ω).

Example 9.7 Assume that

zA,i = logit(Apop) + ηi

zk,i = log(kpop) + bηi,

where ηi ∼ N (0, ω2). It is not possible here to construct a sufficient
statistic that is a function of zA,i and zk,i for estimating (Apop, kpop, b).
We will therefore use the following η-representation:

p(yi, ηi;Apop, kpop, b, a, ω) = p(yi|ηi;Apop, kpop, b, a)p(ηi;ω),

where the conditional distribution p(yi|ηi;Apop, kpop, b, a) is defined by
the model

yij =
Apope

−(kpope
ηi) tij

Apop + (1−Apop)e−ηi
+ aεij .

9.2 The SAEM algorithm for estimating population
parameters

9.2.1 Introduction

The SAEM (stochastic approximation of EM) algorithm is a stochastic
algorithm for computing the maximum likelihood (ML) estimate in the
general setting of incomplete data models. SAEM has been shown to
be a very powerful tool in the population context (see, for example,
Chan et al., 2011; Delattre et al., 2012; Makowski and Lavielle, 2006),
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known to accurately estimate population parameters as well as have
good theoretical properties. In fact, it converges to the ML estimate
under quite general hypotheses (Allassonnière et al., 2010; Delyon et al.,
1999; Kuhn and Lavielle, 2004).

The SAEM algorithm was originally implemented in the Monolix
software. It has subsequently been implemented in NONMEM, the R
package saemix and the MATLAB statistics toolbox as the function
nlmefitsa.

In this section, we will consider a model that includes observations
y = (yi, 1 ≤ i ≤ N), unobserved individual parameters ψ = (ψi, 1 ≤ i ≤
N) and a vector of parameters θ. By definition, the maximum likelihood
estimator of θ maximizes

Ly(θ) = p(y; θ) =

∫
p(y,ψ; θ) dψ =

∫
p(y, z; θ) dz.

We can then use interchangeably the ψ-representation or z-representation
for defining the objective function to maximize; however, the use of nor-
mal distributions simplifies the calculations. We will therefore use the
z-representation here.

We are going to give a general description of the algorithm high-
lighting the connection with the EM algorithm, and present by way of
a simple example how to implement SAEM and use it in practice. Also,
we will look at some extensions of the original algorithm that allow us to
improve its convergence properties. For instance, it is possible to stabi-
lize its convergence by using several Markov chains per individual. Also,
a simulated annealing variant allows us to improve the chances of con-
verging to the global maximum of the likelihood rather than to a local
one. Lastly, a version using parameter expansion can accelerate SAEM’s
convergence.

9.2.2 The EM algorithm

We first remark that if the individual parameters z could be observed,
estimation would not be held up by any particular problem because an
estimator could be found by directly maximizing the joint distribution
p(y, z; θ). However, since they are not observed, the EM algorithm re-
places z by its conditional expectation (Dempster et al., 1977). Then,
given some initial value θ0, iteration k updates θ

EM

k−1 to θ
EM

k with the
following two steps:

• E-step: Evaluate the quantity

Q
EM

k (θ) = E
(

log p(y, z; θ)|y; θ
EM

k−1

)
. (9.6)
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• M-step: Update the estimation of θ:

θ
EM

k = arg max
θ

Q
EM

k (θ).

It can be proved that each EM iteration increases the likelihood of the
observations and that the EM sequence (θ

EM

k ) converges to a stationary
point of the observed likelihood under mild regularity conditions (Wu,
1983).

Unfortunately, in the framework of nonlinear mixed effects models,
there is no explicit expression for the E-step since the relationship be-
tween observations y and individual parameters z is nonlinear. How-
ever, even though this expectation cannot be computed in closed-form,
it can be approximated by simulation. For instance, the Monte Carlo EM
(MCEM) algorithm replaces the E-step by a Monte Carlo approxima-
tion based on a large number of independent simulations of the nonob-
served individual parameters z (Wei and Tanner, 1990). Alternatively,
the SAEM algorithm replaces the E-step by a stochastic approximation
based on a single simulation of z (Delyon et al., 1999).

9.2.3 The SAEM algorithm

SAEM is an iterative algorithm which requires an initial guess θ0. Then,
iteration k of SAEM consists of three steps:

• Simulation step: For i = 1, 2, . . . , N , draw z
(k)
i from the conditional

distribution p(zi|yi; θk−1).

• Stochastic approximation: Update Qk−1(θ) according to

Qk(θ) = Qk−1(θ) + γk

(
log p(y, z(k); θ)−Qk−1(θ)

)
,

where (γk) is a decreasing sequence of positive numbers such that
γ1 = 1.

• Maximization step: Update θk−1 according to

θk = arg max
θ

Qk(θ).

Remarks:

1. Convergence of SAEM requires that
∑∞
k=1 γk =∞ and

∑∞
k=1 γ

2
k <∞

(Delyon et al., 1999). This condition is satisfied if, for instance, (γk)
decreases as 1/k.
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2. Setting γk = 1 for all k means that there is no memory in the stochas-
tic approximation:

Qk(θ) = log p(y, z(k); θ).

This algorithm, also known as Stochastic EM (SEM, see Celeux
and Diebolt, 1985 for an application to mixtures), thus consists
of successively simulating z(k) with the conditional distribution
p(z(k)|y; θk−1), then computing θk by maximizing the joint distri-
bution p(y, z(k); θ).

3. When the number N of subjects is small, convergence of SAEM can
be improved by running L Markov chains for each individual instead
of one. The simulation step at iteration k therefore involves draw-
ing L sequences z(k,1)

i , . . . , z
(k,L)
i for each individual i and combining

stochastic approximation and Monte Carlo in the approximation step:

Qk(θ) = Qk−1(θ) + γk

(
1

L

L∑
`=1

log p(y, z(k,`); θ)−Qk−1(θ)

)
. (9.7)

Note that by default, Monolix selects L so that N × L ≥ 50.

4. When γk = 1 and L � 1 for all k, Qk(θ) defined in (9.7) is a Monte
Carlo approximation of the expectation Q

EM

k (θ) defined in (9.6). This
algorithm is known as MCEM (Wei and Tanner, 1990). Convergence
of MCEM requires that L increases at each iteration (?), which can
be computationally expensive in practice.

Implementation of SAEM is simplified when the complete model
p(y, z; θ) belongs to a regular (curved) exponential family:

p(y, z; θ) = exp
{
−ζ(θ) + S̃(y, z) ·ϕ(θ)

}
,

where S̃(y, z) is a sufficient statistic1 of the complete model which takes
its values in an open subset S of Rm. Then, there exists a function θ̃
such that for any s ∈ S,

θ̃(s) = arg max
θ

{−ζ(θ) + s ·ϕ(θ)} . (9.8)

The approximation step in SAEM simplifies to a general Robbins-Monro-
type scheme for approximating this conditional expectation:

1That is, whose value contains all the information needed to compute any estimate
of θ.
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• Stochastic approximation: Update sk according to

sk = sk−1 + γk(S̃(y, z(k))− sk−1).

Then, SAEM uses (9.8) for the M-step: θk = θ̃(sk). Note that the EM
E-step simplifies to computing s

EM

k = E
(
S̃(y, z)|y; θ

EM

k−1

)
and θ

EM

k =

θ̃(s
EM

k ).
Precise results for the convergence of SAEM were obtained by De-

lyon et al. (1999) in the case where p(y, z; θ) belongs to a regular curved
exponential family. This first version of SAEM and these initial theoret-
ical results assume that the individual parameters are simulated exactly
under the conditional distribution at each iteration. Unfortunately, for
most nonlinear models and non-Gaussian models, the unobserved data
cannot be simulated exactly under this conditional distribution. A well-
known alternative consists in using the Metropolis-Hastings (MH) algo-
rithm: introduce a transition probability which has as unique invariant
distribution the conditional distribution we want to simulate.

In other words, the procedure consists of replacing SAEM’s simula-
tion step at iteration k by m iterations of the MH algorithm described in
Section 9.3. When the individual parameters zi are assumed to take their
values in a compact set, it has been shown by Kuhn and Lavielle (2004)
that SAEM still converges under general conditions when coupled with
a Markov chain Monte Carlo (MCMC) procedure. Extensions of this re-
sult to distributions defined on noncompact sets have been obtained by
Allassonnière et al. (2010).

Remark: Convergence of the Markov chains (z
(k)
i ) is not necessary

at each SAEM iteration. It suffices to run a few MH iterations with
various transition kernels before resetting θk−1. In Monolix, by default
the three transition kernels described in Section 9.3 are used twice each,
successively, in each SAEM iteration.

9.2.4 Implementing SAEM

Implementation of SAEM can be difficult to describe when looking at
complex statistical models such as mixture models, hidden Markov mod-
els or models with inter-occasion variability. We are therefore going to
limit ourselves to looking at some basic models in order to illustrate how
SAEM can be implemented in practice.
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9.2.4.1 SAEM for general hierarchical models

Consider first a very general model for any type (continuous, categorical,
survival, etc.) of data:

yi|zi ∼ p(yi|zi)
zi ∼ N (β,Ω),

where zi = (zi,1, zi,2, . . . , zi,d)
t is a d-vector of (transformed) individual

parameters, β a d-vector of fixed effects and Ω a d×d variance-covariance
matrix assumed to be positive-definite. Then, a sufficient statistic for the
complete model p(y, z; θ) is S̃(z) = (S̃1(z), S̃2(z)), where

S̃1(z) =

N∑
i=1

zi

S̃2(z) =

N∑
i=1

ziz
t
i .

At iteration k of SAEM, we have the following:

• Simulation step: For i = 1, 2, . . . , N , draw z
(k)
i fromm iterations of

the MH algorithm described in Section 9.3 with p(zi|yi;µk−1,Ωk−1)
as the limiting distribution.

• Stochastic approximation: Update sk = (sk,1, sk,2) according to

sk,1 = sk−1,1 + γk

(
N∑
i=1

z
(k)
i − sk−1,1

)

sk,2 = sk−1,2 + γk

(
N∑
i=1

z
(k)
i (z

(k)
i )t − sk−1,2

)
.

• Maximization step: Update (µk−1,Ωk−1) according to

µk =
sk,1
N

Ωk =
sk,2
N
− µkµtk.

What is remarkable is that it suffices to be able to calculate p(yi|zi) (i.e.,
p(yi|ψi)) for all zi and yi in order to be able to run SAEM. In effect,
this calculation allows the simulation step to be run using MH since the
acceptance probabilities can be calculated.
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9.2.4.2 SAEM for continuous data models

Consider now a continuous data model in which the residual error vari-
ance is constant:

yij = f(tij , zi) + aεij

zi ∼ N (β,Ω).
(9.9)

If we suppose that the variance-covariance matrix Ω is positive-definite,
then noting θ = (β,Ω, a), a natural decomposition of the model is

p(y, z; θ) = p(y|z; a)p(z;β,Ω).

The previous statistic S̃(z) = (S̃1(z), S̃2(z)) is not sufficient for estimat-
ing a. In fact, we need an additional component which is a function of
both y and z:

S̃3(y, z) =

N∑
i=1

ni∑
j=1

(yij − f(tij , zi))
2.

Then,

sk,3 = sk−1,3 + γk(S̃3(y, z)− sk−1,3)

a2
k =

sk,3∑N
i=1 ni

.

9.2.4.3 Choosing SAEM parameters

The choice of step-size (γk) is extremely important for ensuring conver-
gence of SAEM. The sequence (γk) used in Monolix decreases like k−α.
We recommend using α = 0 (that is, γk = 1) during the first K1 itera-
tions in order to converge quickly to a neighborhood of a maximum of the
likelihood, and α = 1 during the next K2 iterations. Indeed, the initial
guess θ0 may be far from the maximum likelihood value we are seeking,
and the first iterations with γk = 1 allow SAEM to converge quickly
to a neighborhood of this value. Following this, smaller step-sizes ensure
the almost sure convergence of the algorithm to the maximum likelihood
estimator.

Example 9.8 Consider a simple model for continuous data:

yij ∼ N (Ai e
−ki tij , a2)

log(Ai) ∼ N (log(Apop), ω2
A)

log(ki) ∼ N (log(kpop), ω2
k),

where Apop = 6, kpop = 0.25, ωA = 1, ωk = 0.3 and a = 0.2. Using
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simulated data with N = 40 subjects and (tij) = (2, 4, 12, 20) for all i, let
us look at the effect of different settings for (γk) and L when estimating the
population parameters of the model with SAEM. We use the same initial
guess θ0 = (1, 0.5, 3, 1, 1) for the different runs shown below.

1. For all k, γk = 1, the sequence (θk) converges very quickly (fewer than
20 iterations in this example) to a neighborhood of the “solution” (Fig-
ure 9.1). The sequence (θk) does not converge to a fixed limit; it is a
homogeneous Markov Chain that converges in distribution.
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FIGURE 9.1: Sequence of SAEM estimates (θk) obtained with γk = 1.

2. For all k, γk = 1/k, the sequence (θk) converges almost surely (i.e., with
probability 1) to the maximum likelihood estimate of θ, but very slowly;
more than 500 iterations are required here (Figure 9.2).
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FIGURE 9.2: Sequence of SAEM estimates (θk) obtained with γk = 1/k.

3. We can instead combine these two strategies, first using γk = 1 for
k = 1, . . . ,K1 to quickly converge to a neighborhood of the solution,
then γk = 1/(k −K1) for k > K1 to ensure almost sure convergence of
the sequence (θk) to the maximum likelihood estimate of θ (Figure 9.3).
Here, K1 = 50.
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FIGURE 9.3: Sequence of SAEM estimates (θk) obtained with γk = 1 for
k = 1, . . . , 50 and γk = 1/(k − 50) for k > 50.

4. Using the same sequence (γk), we can reduce the simulation variance by
simulating L = 40 chains per individual. In this case, SAEM behaves
like EM (Figure 9.4).
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FIGURE 9.4: Sequence of SAEM estimates (θk) obtained with L = 40
chains, γk = 1 for k = 1, . . . , 50 and γk = 1/(k − 50) for k > 50 .

9.2.5 A simple example to understand why SAEM con-
verges in practice

Convergence of SAEMmeans that the sequence (θk) tends to move closer
to the ML estimator θ̂ when k increases. This type of convergence is
difficult to precisely quantify in general. Practically speaking, we can
“look” at the behavior of the sequence (θk) from iteration to iteration and
verify that it tends towards an acceptable solution. From a theoretical
point of view, under fairly general hypotheses, it can be shown that
θk → θ̂ with probability 1 when k →∞, but this is an asymptotic result
which does not allow us to characterize the behavior of (θk) for all k.
In consequence, we are going to present here an extremely simple model
that will allow us to explicitly characterize SAEM’s behavior and thus
understand clearly why, in this example, it converges both theoretically
and in practice.
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Consider, thus, a very simple Gaussian model with only one obser-
vation per individual:

yi|ψi ∼ N (ψi, σ
2), 1 ≤ i ≤ N

ψi ∼ N (θ, ω2).

We will also assume that both ω2 and σ2 are known. Here, the maximum
likelihood estimate θ̂ of θ is easy to compute since yi ∼i.i.d. N (θ, ω2+σ2).
We find that

θ̂ =
1

N

N∑
i=1

yi = ȳ.

We now propose to use SAEM for computing θ̂. The simulation step is
straightforward since the conditional distribution of ψi is normal:

ψi|yi; θ ∼ N (αθ + (1− α)yi, γ
2),

where

α =
σ2

σ2 + ω2

γ2 =

(
1

σ2
+

1

ω2

)−1

.

The maximization step is also straightforward. Indeed, a sufficient statis-
tic for estimating θ is

S(ψ) =

N∑
i=1

ψi.

Then,

θ̃(S(ψ)) = arg max
θ

p(y1, . . . , yN , ψ1, . . . , ψN ; θ)

= arg max
θ

p(ψ1, . . . , ψN ; θ)

=
S(ψ)

N
.

Let us now look at the behavior of SAEM when γk = 1. The algorithm is
very simple in this case since it consists of alternately drawing the ψ(k)

i

and computing their empirical mean:

• Simulation step: For i = 1, 2, . . . , N , let ψ(k)
i ∼ N (αθk−1 + (1 −

α)yi, γ
2).

• Maximization step: θk = S(ψ(k))/N =
∑N
i=1 ψ

(k)
i /N .
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Figure 9.5 illustrates one such SAEM iteration. N = 5 data have
been simulated with θ = 6, ω = 0.3 and σ = 0.3, and the algo-
rithm has been initialized with θ0 = 2. In Figure 9.5(b) we see that
the conditional distributions are all different, but since for each i,
p(ψ

(1)
i |yi; θ0) ∝ p(ψ

(1)
i ; θ0)p(yi|ψ(1)

i ), they combine simultaneously the
incorrect prior and the correct information provided by the data. The
result of this is that the five conditional distributions are centered around
five different values between θ0 and yi. Then, the maximization step con-
sists of pooling these simulated (ψ

(1)
i ) by assuming that all of them are

drawn from the same distribution p(ψ
(1)
i ; θ). The new estimate θ1 based

on (ψ
(1)
i ) is therefore somewhere “in between” θ0 and θ̂ = ȳ.
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FIGURE 9.5: SAEM in practice. (a) the observations (circles), the empir-
ical mean ȳ (dashed line) and the initialization p(ψi; θ0) (solid curve), (b)
the initialization p(ψi; θ0), the conditional distributions p(ψi|yi; θ0) (dotted
curves) and the simulated individual parameters (ψ

(1)
i ) (asterisks), (c) the

(ψ
(1)
i ) pooled and the updated distribution p(ψi, θ1).

It is possible with this example to precisely determine the behavior
of the sequence (θk). It is easy to show that

θk − θ̂ = α(θk−1 − θ̂) + ek, (9.10)

where ek ∼ N (0, γ2/N) is independent of θk−1. Thus,

θk − θ̂ ∼ N
(
αk(θ0 − θ̂),

γ2(1− α2k)

N(1− α2)

)
.

We see therefore that the difference θk−θ̂ tends to decrease exponentially
in the first iterations with a speed that is faster when α is smaller, i.e.,
when σ2 is small or ω2 large. We also remark that after a few iterations,
the sequence (θk) behaves as a stationary autoregressive process of order
1 (AR(1)); this means that we can approximate the distribution of θk by
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a normal one with mean θ̂ and variance γ2/(N(1 − α2)). This variance
is small when N is large and/or σ2 is small.

Figure 9.6(a) illustrates this behavior: ten runs of the algorithm have
been performed with the same simulated dataset and different initial
values. The runs converge in a few iterations to a neighborhood of θ̂ (in
this example, the ML estimate of θ is θ̂ = 5.86) and from then on perform
a random walk with constant variance around θ̂ following (9.10).
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FIGURE 9.6: Each plot displays ten sequences (θk) obtained with different
initial values and using different settings: (a) L = 1 and γk = 1 for k ≥ 1, (b)
L = 1 and γk = 1/k for k ≥ 1, (c) L = 1, γk = 1 for k ≤ 20 and γk = 1/(k−20)
for k ≥ 21, (d) L = 10, γk = 1 for k ≤ 20 and γk = 1/(k − 20) for k ≥ 21.

Now, let us see what happens instead when γk decreases as 1/k. At
iteration k, the simulation step remains the same but the maximization
step becomes

θk = θk−1 +
1

k

(
1

N

N∑
i=1

ψ
(k)
i − θk−1

)

=
1

Nk

k∑
j=1

N∑
i=1

ψ
(j)
i .

We no longer update θk using only the simulations from interation k,
but combine all simulations performed in earlier iterations. This type of
update leads to convergence of the sequence (θk). Again it is possible to
study precisely the behavior of (θk). We find that

θk − θ̂ =
k − a
k

(θk−1 − θ̂) +
ek
k
, (9.11)

where ek ∼ N (0, γ2/N). It can be shown that the sequence (θk) de-
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fined in (9.11) converges almost surely to θ̂. Figure 9.6(b) illustrates this
version of SAEM, again using the same dataset.

We see in Figure 9.6(c) that by combining the two strategies, the
sequence (θk) is a Markov chain that converges to a random walk around
θ̂ during the first K1 = 20 iterations, then converges almost surely to θ̂
during the next K2 = 40 iterations.

If we now use L simulations per subject as suggested in (9.7), the
sequence (θk) is still characterized by (9.10) for k = 1, . . . ,K1 and by
(9.11) for k = K1+1, . . . ,K1+K2, but now ek ∼ N (0, γ2/(N L)). We see
in Figure 9.6(d) that both types of convergence (in distribution during
the first stage, almost sure during the second stage) are not accelerated
when L = 10, but the variance in the simulations is reduced by a factor
of 10.

9.2.6 A simulated annealing version of SAEM

Convergence of SAEM can strongly depend on the initial guess when the
likelihood L has several local maxima. Simulated annealing is a prob-
abilistic method proposed by Kirkpatrick (1984) for finding the global
maximum of an objective function that may possess several local max-
ima. A simulated annealing version of SAEM may therefore improve
convergence of the algorithm toward the global maximum of L. To ex-
plain, let us first rewrite the joint pdf of (y, z) as follows:

p(y, z; θ) = C(θ) exp {−U(y, z; θ)} ,

where C(θ) is a normalizing constant that depends only on θ. Then, for
any “temperature” T ≥ 0, we consider the complete model

pT (y, z; θ) = CT (θ) exp

{
− 1

T
U(y, z; θ)

}
,

where CT (θ) is still a normalizing constant. We then introduce a decreas-
ing temperature sequence (Tk, 1 ≤ k ≤ K) and use the SAEM algorithm
on the complete model pTk(y, z; θ) at iteration k (the usual version of
SAEM uses Tk = 1 at each iteration). The sequence (Tk) is chosen to
have large positive values during the first iterations, then decrease with
an exponential rate to 1, i.e., Tk = max(1, τ Tk−1) where 0 < τ < 1.

Consider for example the following model for continuous data defined
in (9.9) with θ = (β,Ω, a2). We can easily show that for T > 0,
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pT (y, z; θ) = CT (θ) exp

− 1

2Ta2

N∑
i=1

ni∑
j=1

(yij − f(tij ; zi))
2

− 1

2T

N∑
i=1

(zi − β)tΩ−1(zi − β)

}
,

where CT (θ) is a normalizing constant that depends only on a, Ω and
T . We see that pT (y, z; θ) is defined as a transformation of the original
distribution p(y, z; θ) obtained by replacing the residual error variance
a2 by Ta2 and the variance-covariance matrix Ω for the random effects
by TΩ. In other words, a model with a “large temperature” is a model
with large variances.

The algorithm therefore consists of choosing large initial variances Ω0

and a2
0 (that include the initial temperature T0 implicitly) and setting

a2
k = max(τ a2

k−1, â(y, z(k))) and Ωk = max(τ Ωk−1, Ω̂(z(k))) during the
first iterations. Here, 0 ≤ τ ≤ 1. These large values of the variance make
the conditional distributions pT (zi|yi; θ) less concentrated around their
modes and thus allow the sequence (θk) to “escape” from local maxima
of the likelihood during the first iterations of SAEM and converge to
a neighborhood of the global maximum. After these initial iterations,
the usual SAEM algorithm is used to estimate the variances at each
iteration.
Remark: We can use two different coefficients τ1 and τ2 for Ω and a2 in
Monolix. It is possible for example to choose τ1 < 1 and τ2 > 1, with
large initial inter-subject variances Ω0 and small initial residual variance
a2

0. In this case, SAEM tries to obtain the best possible fit during the first
iterations allowing for a large inter-subject variability. During the next
iterations, this variability is reduced and the residual variance increases
until reaching the best possible trade-off between the two criteria.

Example 9.9 Consider a simple one-compartment model for oral admin-
istration:

f(t; ka, V, ke) =
Dka

V (ka− ke)

(
e−ke t − e−ka t

)
. (9.12)

Let us simulate PK data from 80 patients using the following population
PK parameters:

kapop = 1, Vpop = 8, kepop = 0.25.

We can see that the following parametrization gives the same prediction as
in (9.12):

k̃a = ke, Ṽ = V (ke/ka), k̃e = ka.



Algorithms 251

We can then expect a (global) maximum of the likelihood around
(kapop, Vpop, kepop) = (1, 8, 0.25) and a (local) maximum around
(kapop, Vpop, kepop) = (0.25, 2, 1).

Figure 9.7 displays two SAEM runs without simulated annealing, with
kapop,0 = kepop,0 = 1 and with different initial values of Vpop. We see
that when Vpop,0 = 10 (solid line), SAEM converges to a solution which
is the global maximum of the likelihood (log-likelihood = -366.8). When
Vpop,0 = 2 (dotted line), SAEM converges to the other solution, a local
maximum (log-likelihood = -408.4).
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FIGURE 9.7: Two SAEM runs without simulated annealing with two
different initial values of Vpop.

Figure 9.8 displays three SAEM runs with simulated annealing. The
same initial values kapop,0 = 1, Vpop,0 = 2 and kepop,0 = 1 are used for each
run.
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FIGURE 9.8: Three SAEM runs with simulated annealing and the same
initial values. Solid line: Ω0 = diag(1, 1, 1) and τ = 0.95; dashed line: Ω0 =
diag(1, 1, 1) and τ = 0.9; dotted line: Ω0 = diag(0.5, 0.5, 0.5) and τ = 0.95.

We see with this example that different temperature schemes give differ-
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ent results. When the initial variances of the random effects are large enough
(Ω0 = diag(1, 1, 1)) and the temperature decreases slowly (τ = 0.95), SAEM
manages to “escape” the local maximum and successfully converge to the
global maximum (solid line). On the other hand, if the initial variances
(i.e., the initial temperature) are not large enough (dotted line) and/or the
temperature decreases too quickly (dashed line), SAEM is no longer able
to escape this local minimum.
The above example shows that there is no magic method leading to

SAEM converging with probability 1 to the maximum of the likelihood
in a given number of iterations independent of the initial parameter
values. Certain settings will work well in some cases but not in others.
Monolix uses by default τ1 = τ2 = 0.98 and initial variances set to 1
(corresponding to a level of variability of around 100% for log-normal
distributions). Even though these settings generally give good results,
it may be wise in some complex modeling situations to use a different
strategy and to try different initial values.

9.2.7 A parameter expansion version of SAEM

A parameter expansion method PX-EM has been proposed by Liu et al.
(1998) to speed up EM. The idea is to introduce an expanded complete-
data model with a larger set of parameters in the E-step and a reduction
function to return to the original model in the M-step.

Lavielle and Meza (2007) have shown that it is possible to adapt
the PX-EM algorithm to SAEM in order to improve its convergence.
Indeed, PX-SAEM substantially improves convergence speed (in terms
of number of iterations) towards the maximum likelihood estimate. Fur-
thermore, PX-SAEM helps to avoid local maxima of the likelihood.

The resulting PX-SAEM algorithm is a parameter expansion version
of SAEM. The original complete-data model parameterized by θ is ex-
panded to a larger model parameterized by ζ = (θ, α) where α is a kind of
working parameter. There also exists a reduction function R : ζ → R(ζ)
which preserves the original observed-data model, and a value α0 of α
that preserves the original complete-data model (see Liu et al., 1998, for
more details).

This expanded version is used only during the first iterations of the
algorithm when γk = 1. Each iteration of PX-SAEM is broken up into
three steps: simulation, stochastic approximation using the expanded
model, and PX-Maximization. Thus, at iteration k:

• PX–Simulation: For i = 1, 2, . . . , N , draw z
(k)
i from the conditional

distribution p(zi|yi; ζk−1), where ζk−1 = (θk−1, α0).

• PX–Stochastic approximation: ComputeQk(ζ) = log p(y, z(k); ζ).
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• PX–Maximization: Compute the ζ̂k that maximizes Qk(ζ) and
apply the reduction function to obtain θk = R(ζ̂k) and ζk = (θk, α0).

A quite general expansion for mixed effects models consists of replacing
zi in the observations model with Γαzi + µα, where Γα is a d × d di-
agonal matrix and µα a d× 1 vector. Then, α is a 2d-vector formed by
µα and the main diagonal (γ1, . . . , γd) of Γα while α0 is the 2d-vector
(0, 0, . . . , 0, 1, 1, . . . , 1).

Consider for example the following model for continuous data:

yij = f(tij , zi) + aεij (9.13a)
zi ∼ N (β,Ω), (9.13b)

where β is a d-vector and Ω a d×d variance-covariance matrix. Expansion
consists of replacing (9.13a) with

yij = f(tij ,Γαzi + µα) + aεij .

Let pα,yi be the pdf of yi under this expanded model. Then, for any i
and any vector y of length n− i,

pα,yi(y;β,Ω, a, α) =

∫
pyi|zi(y|Γαz + µα; a)pzi(z;β,Ω)dz

=

∫
pyi|zi(y|u; a)pzi(Γ

−1
α (u− µα);β,Ω)

du

γ1, . . . , γd

=

∫
pyi|zi(y|u; a)pΓαzi+µα(u;β,Ω)du

=

∫
pyi|zi(y|u; a)pzi(u; Γαβ + µα,ΓαΩΓα)du

= pyi(y; Γαβ + µα,ΓαΩΓα, a).

We conclude therefore that the reduction function is

R(β,Ω, a, α) = (Γαβ + µα,ΓαΩΓα, a).

Then, at iteration k, the PX-Simulation step consists of drawing z(k)
i

from the conditional distribution p(zi|yi;βk−1,Ωk−1, ak−1) using the
original model (9.13), and the PX-Maximization step of computing
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αk = arg min
α

N∑
i=1

ni∑
j=1

(yij − f(tij ,Γαz
(k)
i + µα))2

ak =
1∑N
i=1 ni

N∑
i=1

ni∑
j=1

(yij − f(tij , Dαkz
(k)
i + µα))2

βk = Γαk

(
1

N

N∑
i=1

z
(k)
i

)
+ µαk

Ωk = Γαk

(
1

N

N∑
i=1

(z
(k)
i − βk)(z

(k)
i − βk)t

)
Γαk .

Example 9.10 We are going to use the same example as in Section 9.2.6
with initial values kapop,0 = 1, Vpop,0 = 2.5 and kpop,0 = 1. We can see
in Figure 9.9 that around 70 SAEM iterations are required for convergence
to a neighborhood of the ML estimate. On the other hand, the PX-SAEM
version converges in fewer than 10 iterations.
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FIGURE 9.9: Convergence of SAEM and PX-SAEM. Dotted line: SAEM;
solid line: PX-SAEM.

Remarks:

1. One of the advantages of this method is that it requires no tuning pa-
rameters; the transformation parameters α self-adjust automatically
at each iteration.

2. PX-SAEM typically converges in a small number of iterations to a
maximum of the likelihood, five or ten being usually sufficient. We can
then use the basic SAEM algorithm in order to avoid the unnecessary
optimization step for calculating α.
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3. Just as for the simulated annealing version of SAEM, it should not be
expected that PX-SAEM always provides a miraculous performance
that leads to quick convergence to the global maximum of the likeli-
hood. As for most optimization methods, this one has its limits and
will not always provide results as spectacular as those shown here and
in Lavielle and Meza (2007). In particular, it loses any advantage it
has if good initial parameter guesses are given.

9.3 The Metropolis-Hastings algorithm for simulat-
ing the individual parameters

We consider a joint model for the observations and individual parameters
for individual i:

p(yi, ψi) = p(yi|ψi)p(ψi),

where p(yi|ψi) is the conditional distribution of the observations of in-
dividual i (see Chapter 4) and p(ψi) the distribution of their individual
parameters (see Chapter 5).
Remark: This distribution depends on a vector of population param-
eters θ and possibly covariates ci, regression variables xi and inputs ui.
We suppose that all of these components of the model are given, so it is
not necessary to explicitly write them each time.

Our goal is to generate values for the individual parameters from the
conditional distribution

p(ψi|yi) =
p(yi, ψi)

p(yi)
.

This distribution cannot usually be computed in closed-form when the
model is not a linear Gaussian one.

Markov chain Monte Carlo (MCMC) methods are a class of algo-
rithms for sampling from probability distributions for which direct sam-
pling is difficult (Gilks et al., 1996; Robert and Casella, 2004). They
consist of constructing a Markov chain that has the desired distribu-
tion as its stationary distribution. The states of the chain after a large
number of steps are then used as a sample from the desired distribution.

The Metropolis-Hastings (MH) algorithm can draw samples from any
probability distribution p that can be computed up to a constant (Robert
and Casella, 2004). More precisely, the MH algorithm allows us to draw a
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sequence (ψ
(`)
i , ` = 1, 2, . . .) which converges in distribution to the target

distribution pψi|yi .
We will consider a very general model for the individual parameters

that involves random effects:

ψi = M(β, ci, ηi), (9.14)

where β is a vector of fixed effects, ci a vector of (observed) individual co-
variates and ηi a vector of random effects whose probability distribution
is denoted pηi .

The MH algorithm is used to simulate a sequence of random effects
(η

(`)
i , ` = 1, 2, . . .) with the target distribution being the conditional dis-

tribution pηi|yi of the random effects ηi. We can then obtain the sequence
(ψ

(`)
i , ` = 1, 2, . . .) using (9.14). The MH algorithm is iterative and re-

quires an initial value η(0)
i . Then, at iteration `, we:

1. Draw a new value η̃(`)
i with some proposal distribution q`(· ; η(`−1)

i ).

2. Compute ψ̃(`)
i = M(β, ci, η̃

(`)
i ).

3. Accept this new value; that is, let η(`)
i = η̃

(`)
i , with probability

max(1, α(η̃
(`)
i ; η

(`−1)
i )), where

α(η̃
(`)
i ; η

(`−1)
i ) =

q`(η
(`−1)
i ; η̃

(`)
i )pηi|yi(η̃

(`)
i |yi)

q`(η̃
(`)
i ; η

(`−1)
i )pηi|yi(η

(`−1)
i |yi)

=
q`(η

(`−1)
i ; η̃

(`)
i )pηi(η̃

(`)
i )pyi|ψi(yi|ψ̃

(`)
i )

q`(η̃
(`)
i ; η

(`−1)
i )pηi(η

(`−1)
i )pyi|ψi(yi|ψ

(`−1)
i )

.

Remark: In order to run this algorithm, we need to be able to calculate
the transition density q`(η̃i; ηi), the random effects density p(ηi) (which
poses no problem if ηi is a Gaussian vector, for example) and, in partic-
ular, the conditional distribution p(yi|ψi). This is why this calculation
is explicitly performed in the various examples provided in Chapter 4.

We denote q` the proposal distribution used at iteration ` of the
algorithm because different proposals can be used at different iterations.
Several proposal distributions are used in Monolix:

1. q(1) = pηi is the marginal distribution of ηi, that is, the normal
distribution N (0,Ω). The acceptance probability for this kernel is

α(η̃
(`)
i ; η

(`−1)
i ) =

pyi|ψi(yi|ψ̃
(`)
i )

pyi|ψi(yi|ψ
(`−1)
i )

.
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2. q(2,m), for m = 1, 2, . . . , d, is the unidimensional Gaussian random
walk for component m of ηi:

η̃
(`)
i,m = η

(`−1)
i,m + ξ

(`)
i,m,

where ξ(`)
i,m ∼ N (0, υ

(`)
m ). The variance υ(`)

m of this random walk is
calibrated in order to reach an optimal acceptance rate α∗ (Monolix
uses α∗ = 0.3 as default). Here, the transition kernel is symmetrical
and

α(η̃
(`)
i ; η

(`−1)
i ) =

pηi(η̃
(`)
i )pyi|ψi(yi|ψ̃

(`)
i )

pηi(η
(`−1)
i )pyi|ψi(yi|ψ

(`−1)
i )

.

3. q(3,M), for M ⊂ {1, 2, . . . , d}, is the multidimensional Gaussian ran-
dom walk for the vector ηM = (ηm,m ∈M):

η̃
(`)
i,M = η

(`−1)
i + ξ

(`)
i,M ,

where ξ(`)
i,M = (ξ

(`)
i,m,m ∈ M) is a Gaussian vector with diagonal

variance-covariance matrix Υ
(`)
M . Here as well, Υ

(`)
M is adjusted in

order to reach the optimal acceptation rate α∗. Different subsets M
are randomly chosen at each iteration.

The MH algorithm then consists of successively using these different
proposals for i = 1, 2, . . . , N . The variances (υm, m = 1, 2, . . . , d) for
proposal q(2,m) are updated at iteration ` as follows:

υ(`)
m = υ(`)

m (1 + δ(α(`−1)
m − α∗)),

where 0 < δ < 1 is a constant and α(`)
m the empirical acceptance rate at

iteration `:

α(`)
m =

1

N

N∑
i=1

1I
η

(`)
i =η̃

(`)
i
.

An overly small (resp. large) variance for the random walk leads to an
overly large (resp. small) acceptance probability. The strategy proposed
here therefore allows us to adaptively correct the variance for a given
acceptance probability α∗. A small value of a allows us to smooth out
the sequence (υ

(`)
m ). Monolix uses a = 0.4 as default value. We can use

the same strategy for updating the diagonal variance-covariance matrices
ΥM , M ⊂ {1, 2, , . . . , d} for the kernel q(3,M).

The simulated sequence (ψ
(`)
i , ` = 1, 2, . . .) can then be used for em-

pirically estimating the conditional distribution pψi|yi and the condi-
tional mean E (F (ψi)|yi) of any function F such that E

(
F 2(ψi)|yi

)
<
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+∞. The accuracy of the estimation obviously depends on the length K
of the sequence (ψ

(`)
i ) used for the estimation, since the variance of the

estimator merely decreases as 1/K.
The stopping rule implemented in Monolix for deciding that conver-

gence is satisfactory is based on the estimates of the conditional means
E(ψi|yi; θ̂) and conditional standard deviations sd(ψi|yi; θ̂) updated at
each iteration of the MH algorithm and averaged over the N individu-
als. The algorithm stops when these sequences remain in an interval of
a given amplitude for a certain number of iterations. This procedure is
illustrated in Figure 9.10 where intervals have an amplitude of 2% and
the required number of iterations is 100.
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FIGURE 9.10: Estimation of the conditional means and conditional
standard deviations of three individual parameters; stopping rule for the
Metropolis-Hastings algorithm.

Estimation is also improved if the sequence starts from a point which
is representative of the equilibrium distribution (burn-in is one method
of finding a good starting point) or is known to have reasonably high
probability (the conditional mode or the last value obtained with SAEM,
for instance).
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9.4 Estimation of the observed Fisher information
matrix

9.4.1 Estimation using stochastic approximation

The observed Fisher information matrix (FIM) is a function of θ defined
as

Iy(θ) = −∂2
θLLy(θ),

where LL = logL is the log-likelihood:

LLy(θ) = `(y; θ) = log(p(y; θ)).

Due to the likelihood often being quite complex, Iy(θ) usually has no
closed-form expression. Following Kuhn and Lavielle (2005), it is however
possible to estimate it using a Monte Carlo procedure based on Louis’
formula (Louis, 1982):

∂2
θ`(y; θ)) = E

(
∂2
θ`(y, z; θ)|y; θ

)
+ Cov (∂θ`(y, z; θ)|y; θ) , (9.15)

where

Cov (∂θ`(y, z; θ)|y; θ) = E
(

(∂θ`(y, z; θ)) (∂θ`(y, z; θ))
t |y; θ

)
− E (∂θ`(y, z; θ)|y; θ)E (∂θ`(y, z; θ)|y; θ)

t
.

Remark: The decomposition in (9.15) involves z, but we could equally
rewrite it using the original parametersψ because the quantity of interest
Iy(θ) remains the same in either case. In this section we will use the z-
representation of the model because calculations are much simpler than
with the ψ-representation.

∂2
θ`(y; θ) is defined as a combination of conditional expectations that

cannot be computed in closed-form for nonlinear models. However, each
of these conditional expectations can be estimated by Monte Carlo:

1. For i = 1, . . . , N , draw a sequence (z
(k)
i , 1 ≤ k ≤ K) using the MH

algorithm described in Section 9.3.

2. Compute:

∆K =
1

K

K∑
k=1

∂θ`(y,z
(k); θ)

DK =
1

K

K∑
k=1

∂2
θ`(y,z

(k); θ)

GK =
1

K

K∑
k=1

(∂θ`(y,z
(k); θ))(∂θ`(y,z

(k); θ))t.
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3. Compute an estimate HK of the FIM using

HK = −(DK +GK −∆K∆t
K).

Implementing this algorithm therefore requires computing the first and
second derivatives of

`(y, z; θ) =

N∑
i=1

`(yi, zi; θ).

To do this, assume first that the joint distribution of y and z can be
decomposed as

p(y, z; θ) = p(y|z)p(z; θ). (9.16)

This assumption means that the statistical model for z is not degener-
ate and there exists a sufficient statistic S(z) for the estimation of θ.
It is then enough to compute the first and second derivatives of `(z; θ)
in order to estimate the FIM. This can be done relatively simply in
a closed-form way when the individual parameters are normally dis-
tributed, justifying the use of the z-representation here.

If some component of zi has no variability, (9.16) no longer holds,
but we can split θ into (θy, θz) so that

p(y, z; θ) = p(y|z; θy)p(z; θz).

We then need to compute the first and second derivatives of `(y|z; θy)
and `(z; θz). Some examples of such computation are given Section 9.6.
Derivatives of `(y|z; θy) that do not have a closed-form expression can
be obtained using central differences.
Remarks:

1. This approach is used for computing the FIM Iy(θ̂) in practice, where
θ̂ is the maximum likelihood estimate of θ computed with the SAEM
algorithm. The only difference with the MH used for SAEM is that the
sequence of population parameter estimates (θk) is no longer updated
and remains fixed at θ̂.

2. We normally use the whole sequence (z(k), 1 ≤ k ≤ K) for an offline
estimation of the FIM. We could also make an online estimate of
the FIM by replacing the Monte Carlo procedure with a stochastic
approximation one. For instance,

∆k = ∆k−1 +
1

k

(
∂θ`(y, z

(k); θ)−∆k−1

)
.

Updating ∆k, Dk and Gk at each iteration avoids having to store all
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simulated sequences (z(k), 1 ≤ k ≤ K) when computing ∆K . This
method also allows us to easily compute Hk at each iteration of the
MH algorithm and perhaps derive a stopping rule based on this se-
quence.

3. We may be led to use an η-representation (completely or partially) if
some of the components of zi are linearly related.

9.4.2 Estimation using model linearization

Consider here the following model for continuous data (still using the
z-parametrization):

yij = f(tij , zi) + g(tij , zi)εij

zi = zpop + ηi.

Let z̃i be some predicted value of zi such as, for instance, the estimated
mean or estimated mode of the conditional distribution p(zi|yi; θ̂). We
can then choose to linearize the model for the observations (yij , 1 ≤ j ≤
ni) of individual i around the vector of predicted individual parameters
z̃i. Let ∂zf(t, z) be the row vector of derivatives of f(t, z) with respect
to z. Then,

yij ' f(tij , z̃i) + ∂zf(tij , z̃i) (zi − z̃i) + g(tij , z̃i)εij

' f(tij , z̃i) + ∂zf(tij , z̃i) (zpop − z̃i) + ∂zf(tij , z̃i) ηi + g(tij , z̃i)εij .

Following this, we can approximate the marginal distribution of the vec-
tor yi by a normal one:

yi ≈ N (µi , Γi) ,

where

µi = f(ti, z̃i) + ∂zf(ti, z̃i)(zpop − z̃i) (9.17a)

Γi = ∂zf(ti, z̃i)Ω∂zf(ti, z̃i)
t + g(ti, z̃i)Σig(tij , z̃i)

t, (9.17b)

where Σi is the ni × ni variance-covariance matrix of εi,1, . . . , εi,ni . If
the εij are i.i.d., then Σi is the identity matrix.
Remark: The structural model f is usually defined using the original
ψ-representation. We can instead use this original parametrization and
the fact that z̃i = h(ψ̃i) for computing

∂zf(ti, z̃i) = ∂ψf(ti, ψ̃i)Jh(ψ̃i)
t,
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where Jh is the Jacobian of h.
We can then approximate the observed log-likelihood LLy(θ) =∑N
i=1 log(p(yi; θ)) using the normal approximation and derive the FIM

by computing the matrix of second-order partial derivatives of LLy(θ).
Except for very simple models, computing these in closed-form is not
straightforward. In such cases, finite differences can be used for numer-
ically approximating them. We can use for instance a central difference
approximation of the second derivative of LLy(θ). To do this, first let
ν > 0. Then, for j = 1, 2, . . . ,m, let ν(j) = (ν

(j)
k , 1 ≤ k ≤ m) be the

m-vector such that

ν
(j)
k =

{
ν if j = k
0 otherwise.

Then, for ν small enough,

∂θjLLy(θ) ' LLy(θ + ν(j)))− LLy(θ − ν(j)))

2ν

∂2
θj ,θk
LLy(θ)) ' LLy(θ + ν(j) + ν(k))) + LLy(θ − ν(j) − ν(k)))

4ν2

− LLy(θ + ν(j) − ν(k))) + LLy(θ − ν(j) + ν(k)))

4ν2
.

9.5 Estimation of the log-likelihood

9.5.1 Estimation using importance sampling

For any θ ∈ Θ, the observed log-likelihood LLy(θ) = log(Ly(θ)) can
be estimated without requiring approximation of the model, using a
Monte Carlo approach. Since LLy(θ) =

∑N
i=1 log(p(yi; θ)), we can es-

timate log(p(yi; θ)) for each individual and derive an estimate of the
log-likelihood as the sum of these individual log-likelihoods. Let us now
explain how to estimate log(p(yi; θ)) for any individual i. Using the z-
representation of the model, notice first that p(yi; θ) can be developed
as follows:

p(yi; θ) =

∫
p(yi, zi; θ) dzi

=

∫
p(yi|zi; θ)p(zi; θ) dzi

= Epzi (p(yi|zi; θ)) .
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Thus, p(yi; θ) is now expressed as an expectation and can therefore be
approximated by an empirical mean using Monte Carlo:

1. Draw M independent values z(1)
i , z(2)

i , . . . , z(M)
i from the marginal

distribution pzi( · ; θ).

2. Estimate p(yi; θ) with

p̃i,M =
1

M

M∑
m=1

p(yi|z(m)
i ; θ).

By construction, this estimator is unbiased:

E (p̃i,M ) = Epzi
(
p(yi|z(m)

i ; θ)
)

= p(yi; θ).

Furthermore, it is consistent since its variance decreases as 1/M :

Var (p̃i,M ) =
1

M
Varpzi

(
p(yi|z(m)

i ; θ)
)
.

We could consider ourselves satisfied with this estimator since we “only”
have to selectM large enough to get an estimator with a small variance.
Nevertheless, we will see now that it is possible to improve its statistical
properties. For any distribution p̃zi that is absolutely continuous with
respect to the marginal distribution pzi , we can write

p(yi; θ) =

∫
p(yi, zi; θ) dzi

=

∫
p(yi|zi; θ)

p(zi; θ)

p̃(zi; θ)
p̃(zi; θ) dzi

= Ep̃zi

(
p(yi|zi; θ)

p(zi; θ)

p̃(zi; θ)

)
.

We can now approximate p(yi; θ) using an importance sampling integra-
tion method with p̃zi as the proposal distribution:

1. Draw M independent values z(1)
i , z(2)

i , . . . , z(M)
i from proposal dis-

tribution p̃zi( · ; θ).

2. Estimate p(yi; θ) with

p̂i,M =
1

M

M∑
m=1

p(yi|z(m)
i ; θ)

p(z
(m)
i ; θ)

p̃(z
(m)
i ; θ)

.
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By construction, this new estimator is also unbiased and its variance
decreases as 1/M :

Var (p̂i,M ) =
1

M
Varp̃zi

(
p(yi|z(m)

i ; θ)
p(z

(m)
i ; θ)

p̃(z
(m)
i ; θ)

)
.

There exist an infinite number of possible proposal distributions p̃ which
all provide the same rate of convergence 1/M . The trick is to reduce the
variance of the estimator by selecting a proposal distribution so that the
numerator is as small as possible. Imagine that we use the conditional
distribution pzi|yi as the proposal. Then, for any m = 1, 2, . . . ,M ,

p(yi|z(m)
i ; θ)

p(z
(m)
i ; θ)

p̃(z
(m)
i ; θ)

= p(yi|z(m)
i ; θ)

p(z
(m)
i ; θ)

p(z
(m)
i |yi; θ)

= p(yi; θ),

which means that p̂i,M = p(yi; θ). Such an estimator is optimal since its
variance is zero and only one draw from pzi|yi is required to exactly com-
pute p(yi; θ). The problem is that it is not possible to generate the z(m)

i

with this conditional distribution since this would require computing a
normalizing constant, which is in fact p(yi; θ) here.

Nevertheless, this conditional distribution can be estimated using the
MH algorithm described in Section 9.3 and a practical proposal “close”
to the optimal proposal pzi|yi can be obtained. We can then expect to
get a very accurate estimate with a relatively small Monte Carlo sizeM .

In Monolix, the mean and variance of the conditional distribution
pzi|yi are estimated by MH for each individual i. Then, the z(m)

i are
drawn with a noncentral t distribution:

z
(m)
i = µi + σi Ti,m,

where µi and σ2
i are estimates of E (zi|yi; θ) and Var (zi|yi; θ), and (Ti,m)

a sequence of i.i.d. random variables from a Student’s t distribution with
ν degrees of freedom (d.f.). Monolix uses the default value ν = 5. It is
also possible to automatically test different d.f. from the set {2, 5, 10, 20}
and select the one that provides the smallest empirical variance for
L̂Ly(θ) =

∑N
i=1 log(p̂i,M ).

Remark: Even if L̂y(θ) =
∏N
i=1 p̂i,M is an unbiased estimator of Ly(θ),

L̂Ly(θ) is a biased estimator of LLy(θ). Indeed, by Jensen’s inequality,
we have that

E
(

log(L̂y(θ))
)
≤ logE

(
L̂y(θ)

)
= log(Ly(θ)).
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However, the bias decreases as M increases and also if L̂y(θ) is close to
Ly(θ). It is therefore highly recommended to use a proposal as close as
possible to the conditional distribution pzi|yi , which means having to es-
timate this conditional distribution before estimating the log-likelihood.

Example 9.11 A mixture model is used for this example. The goal here
is not to provide details about the model and the formulas used for its
implementation. We only want to highlight the importance of the choice of
the proposal distribution for estimating the likelihood. Figure 9.11 shows
several estimated deviances (−2×LLy(θ̂)) as functions of the Monte Carlo
size.
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FIGURE 9.11: Estimation of the deviance as a function of the Monte
Carlo size. The conditional distributions p(ψi|yi; θ̂) are estimated using the
MH algorithm in (a) and (b) and the last 30 SAEM iterations in (c); non-
central t distributions with 5 d.f. are used as proposal distributions in (a)
and (c), normal distributions in (b).

In the first case, the conditional distributions of the individual param-
eters zi are estimated using the MH algorithm (notice that only 100 MH
iterations are required to correctly estimate the conditional mean and vari-
ance of the ψi). Then, noncentral t distributions with 5 d.f. are used as
proposal distributions for estimating the deviance. We see in Figure 9.11(a)
that there is no bias and an accurate estimate is obtained with a small
Monte Carlo size (less than 3000). The estimated deviance is 14385.9 with
a standard error (s.e.) of 0.7.

In the second case, normal distributions are used as proposals. The pa-
rameters of these distributions are the mean and variance of the conditional
distributions of the zi estimated using MH. Results are similar to those ob-
tained with a t distribution (estimated deviance=14387.7, s.e. = 0.95) but
Figure 9.11(b) shows that more simulations are required to eliminate the
bias.
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In the third case, only the last 30 SAEM iterations are used for esti-
mating the conditional mean and variance of the zi. Then, noncentral t
distributions with 5 d.f. are used as proposal distributions. We see in Fig-
ure 9.11(c) that the bias decreases very slowly with the Monte Carlo size
and is nonnegligible even after 105 simulations (estimated deviance=14397,
s.e.=2.7).

9.5.2 Estimation using model linearization

For continuous data models, an alternative to the importance sampling
approach is to use a linearization of the model like that proposed in
Section 9.4.2 to approximate the observed Fisher information matrix.
Indeed, the marginal distribution of a vector of continuous observations
yi can be approximated by the normal distribution with mean µi and
variance Γi defined in (9.17). It is then straightforward to derive the asso-
ciated likelihood. All of these calculations are described in Section 9.4.2.

This method can be much faster than importance sampling. It should
be used by modelers for model selection purposes during the initial runs,
when the goal is to identify significant differences between models. Im-
portance sampling should be used when a more precise evaluation of the
log-likelihood is required.

9.6 Examples of calculating the log-likelihood and
its derivatives

For any θ ∈ Θ, let us define the following function of θ:

LLy,z(θ) = `(y, z; θ) = log p(y, z; θ).

As described Section 9.2, the kth iteration of SAEM requires maximiza-
tion of LLy,z(k)(θ). Furthermore, computing the FIM requires the first
and second derivatives of LLy,z(θ). In the following, we will assume that
θ can be split as (θy, θz) such that

`(y, z; θ) = `(y|z; θy) + `(z; θz).

We can then define the following functions of θy and θz:

LLy|z(θy) = `(y|z; θy)

LLz(θz) = `(z; θz).
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Calculating the log-likelihood LLy,z(θ) and its first and second deriva-
tives therefore consists of calculating LLy|z(θy) and LLz(θz) and their
first and second derivatives:

LLy,z(θ) = LLy|z(θy) + LLz(θz)

∂θLLy,z(θ) =

(
∂θyLLy|z(θy)
∂θzLLz(θz)

)
∂2
θLLy,z(θ) =

(
∂2
θy
LLy|z(θy) 0

0 ∂2
θz
LLz(θz)

)
.

We can therefore treat LLy|z(θy) and LLz(θz) separately for both pa-
rameter estimation and calculating the block structure of the FIM.

To begin, let us suppose that the variance-covariance matrix Ω is
diagonal. This helps greatly simplify the calculations because the com-
ponents of the vector zi are independent and the expression for LLz(θz)
can therefore be split into simple terms. The calculations require the
first and second derivatives of real-valued functions and thus pose no
particular technical difficulties.

Things get more complicated when we are looking at models with
covariates and/or ones where the variance-covariance matrix Ω is not
necessarily diagonal. In these cases, we will use the methodology pro-
posed by Magnus and Neudecker (1999) for calculating the first and
second derivatives of LLz(θz).

9.6.1 Models with diagonal Ω

Consider first the model without covariates:

zi ∼
i.i.d.
N (β,Ω),

where β = (β1, . . . , βd)
t and Ω = diag(ω2

1 , ω
2
2 , . . . , ω

2
d) is a diagonal ma-

trix. The vector of population parameters θ = (β1, . . . , βd, ω
2
1 , . . . , ω

2
d)t

is a 2d× 1 vector and here

LLz(θz) =

d∑
m=1

N∑
i=1

`(zi,m;βm, ω
2
m)

= −Nd
2

log(2π)− N

2

d∑
m=1

log(ω2
m)−

d∑
m=1

1

2ω2
m

N∑
i=1

(zi,m − βm)2.
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The gradient of LLz is therefore given by

∂βmLLz(θz) =
1

ω2
m

N∑
i=1

(zi,m − βm)

∂ω2
m
LLz(θz) = − N

2ω2
m

+
1

2ω4
m

N∑
i=1

(zi,m − βm)2.

Setting this gradient to 0, we deduce that for m = 1, . . . , d, the ML
estimate of (βm, ω

2
m) is

β̂m =
1

N

N∑
i=1

zi,m and ω̂2
m =

1

N

N∑
i=1

(zi,m − β̂m)2.

The Hessian of LLz is given by

∂2
βmβjLLz(θz) =

{
−N/ω2

m if m = j
0 otherwise

∂2
ω2
mω

2
j
LLz(θz) =

{
N/2ω4

m −
∑N
i=1(zi,m − βm)2/ω6

m if m = j
0 otherwise

∂2
βmω2

j
LLz(θz) =

{
−
∑N
i=1(zi,m − βm)/ω4

m if m = j
0 otherwise.

Now suppose that there are covariates in the model but Ω is still diag-
onal. Then, for m = 1, 2, . . . , d, there exists an Lm × 1 vector βm and a
1× Lm vector ci,m for i = 1, . . . , N such that

zi,m ∼
i.i.d.
N (ci,mβm, ω

2
m).

If we assume that the βm are disjoint, then θz = (βt1, . . . , β
t
d, ω

2
1 , . . . , ω

2
d)t.

For m = 1, 2, . . . , d, let Zm be the N × 1 vector and Cm the N × Lm
matrix defined as

Zm =

 z1,m

...
zN,m

 and Cm =

 c1,m
...

cN,m

 .

Assume also that the columns of Cm are linearly independent (i.e., the
rank of Cm is Lm). Then,

LLz(θz) =

d∑
m=1

N∑
i=1

`(zi,m;βm, ω
2
m)

= −Nd
2

log(2π)− N

2

d∑
m=1

log(ω2
m)−

d∑
m=1

1

2ω2
m

‖Zm − Cmβm‖2.



Algorithms 269

We can then deduce the gradient of LLz:

∂βmLLz(θz) =
1

ω2
m

Ctm(Zm − Cmβm)

∂ω2
m
LLz(θz) = − N

2ω2
m

+
1

2ω4
m

‖Zm − Cmβm‖2,

and an expression for the ML estimate of θz: for m = 1, . . . , d,

β̂m = (CtmCm)−1CtmZm and ω̂2
m =

1

N
‖Zm − Cmβ̂m‖2.

Here, the Hessian of LLz is given by

∂2
βmβjLLz(θz) =

{
−CtmCm/ω2

m if m = j
0 otherwise

∂2
ω2
mω

2
j
LLz(θz) =

{
N/2ω4

m − ‖Zm − Cmβm‖2/ω6
m if m = j

0 otherwise

∂2
βmω2

j
LLz(θz) =

{
−Ctm(Zm − Cmβm)/ω4

m if m = j
0 otherwise.

9.6.2 Linear models with covariates and nondiagonal Ω

Assume now that
zi ∼

i.i.d.
N (Ciβ,Ω),

where the variance-covariance matrix Ω is any positive-definite matrix.
To continue, we need to provide some further notation. For any symmet-
ric d× d matrix Ω:

– vΩ is the d2 × 1 vector obtained by stacking the d columns of Ω one
underneath the other.

– vΩ is the 1
2d(d + 1) × 1 vector obtained from vΩ by eliminating the

above-diagonal elements of Ω.
– Dd is the 1

2d(d+1)×d2 elimination matrix which transforms vΩ into
vΩ.

For example, if d = 2,

Ω =

(
ω2

1 ω12

ω12 ω2
2

)
vΩ = (ω2

1 , ω12, ω12, ω
2
2)t

vΩ = (ω2
1 , ω12, ω

2
2)t

D2 =

 1 0 0 0
0 1 0 0
0 0 0 1

 .
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Let us first compute the log-likelihood LLz(θz) where θz = (β,Ω). We
get

LLz(θz) = `(z; θz)

=

N∑
i=1

`(zi;β,Ω)

= −Nd
2

log(2π)− N

2
log(|Ω|)− 1

2

N∑
i=1

(zi − Ciβ)tΩ−1(zi − Ciβ).

We show in Appendix B.3 that β̂ and Ω̂ are given by

β̂ =

(
N∑
i=1

Cti Ω̂
−1Ci

)−1 N∑
i=1

Cti Ω̂
−1zi

Ω̂ =
1

N

N∑
i=1

(zi − Ciβ̂)(zi − Ciβ̂)t.

Let S =

N∑
i=1

(zi − Ciβ)(zi − Ciβ)t. We can then show that the Hessian

matrix of LLz is

∂2
θLLz(θz) =

 ∂2LLz(θz)
∂β ∂βt

∂2LLz(θz)
∂β ∂vtΩ

∂2LLz(θz)
∂vΩ ∂βt

∂2LLz(θz)
∂vΩ ∂vtΩ

 ,

where

∂2LLz(θz)

∂β ∂βt
= −

N∑
i=1

CtiΩ
−1Ci

∂2LLz(θz)

∂β ∂vtΩ
=

(
∂2LLz(θz)

∂vΩ ∂βt

)t
= −

(
N∑
i=1

((zi − Ciβ)tΩ−1)⊗ (CtiΩ
−1)

)
Dp

∂2LLz(θz)

∂vΩ ∂v
t
Ω

= −Dtp
(

Ω−1 ⊗
(

Ω−1(S − N

2
Ω)Ω−1

))
Dp.

9.7 Automatic construction of visual predictive
checks

Figure 9.12 illustrates how a visual predictive check (VPC) is constructed
in Monolix:
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(a) Observations (yij , 1 ≤ i ≤ N, 1 ≤ j ≤ ni) measured at times (tij)
are pooled.

(b) Data is grouped into adjacent time intervals (bins). Empirical quan-
tiles are computed for the data in each bin. Here, the 10th, 50th and
90th quantiles are calculated.

(c) These quantiles summarize the distribution of the observations; they
are used as test statistics.

(d) A large number of datasets are simulated under the model being
evaluated using the design of the original dataset.

(e) The data from each simulated dataset are grouped into the same
original bins and the same quantiles are computed in each bin for
each of the simulated datasets.

(f) Prediction intervals (PI) for each quantile are estimated using these
simulated quantiles and the observed quantiles are compared with
them. Here, 90% PI are computed.
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FIGURE 9.12: Visual predictive check construction.

The only technical difficulty in creating these graphs comes from the
need to define the bins, i.e., the intervals into which the data are grouped.
By data we usually mean observations, but the same approach can be
used for any longitudinal sequence such as residuals or NPDEs.

In the population context, data from different individuals can be
pooled so as to make one big set (yj ; 1 ≤ j ≤ n) containing all measured
data (at the set of times (tj , 1 ≤ j ≤ n)). Here, n is the total number
of data from the whole set of individuals and the index i referring to
individuals can be omitted. The binning of this data then allows us to
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approximate its distribution by a piecewise-constant one (constant in
each bin) and thus construct quantitative and graphical summaries such
as VPCs (see Figure 7.10) and residuals (see Figure 7.9).

The choice of the set of bins is crucial as binning will always lead to a
certain distortion between the original and approximated distributions.
Defining K as the number of bins, the two simplest binning strategies
are

• equal-width binning: The interval (tmin, tmax) is split intoK bins of
length (tmax−tmin)/K, where tmin and tmax are such that tmin ≤ tj ≤
tmax for all j. This method is especially useful when the measurement
times are uniformly spread across the interval (tmin, tmax). We see
in Figure 9.13(a) that this is not at all the case when the times are
spaced irregularly because some bins contain many points while others
remain empty.

• equal-size binning: The n data points are distributed into K bins,
each with n/K data points. If n is not a multiple of K, we make it
so that each bin has either bn/Kc or bn/Kc + 1 data points. This
method is well-adapted to when individuals have similarly designed
observation schedules, e.g., the same number of observations each, and
at similar time points. Figure 9.13(b) shows that this method performs
badly when the clusters of times/measurements have different numbers
of points.
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FIGURE 9.13: Three binnings of the same data using different strategies: (a)
equal-width binning; (b) equal-size binning; (c) optimal binning Î6 obtained
by minimizing J with K = 6.

In order to improve on these strategies, Lavielle and Bleakley (2011)
have proposed a method for automatic segmentation of data into co-
herent subsets for both homogeneous and heterogenous data where the
observation times and number of observations can vary between indi-
viduals. For a given number of bins, the locations of the bin edges are
chosen so as to minimize heterogeneity of data in each bin.

Often, we have data which is “clustered” around certain time points
(the scheduled observation times in a clinical trial, for example). One
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way to resolve the general binning problem is to interpret binning as
clustering or 1d-segmentation, i.e., grouping the n time points t1 ≤ t2 ≤
. . . ≤ tn into K clusters or segments along the time axis. One possible
way to do this is by 1d K-means clustering (Hartigan, 1975). Let us
define

J(I) =

K∑
k=1

∑
j∈Ik

(
tj − tk

)2
, (9.18)

where tk = 1
nk

∑
j∈Ik tj is the empirical mean of the tj in bin Ik, nk being

the number of points in the bin. Then, the K-means solution ÎK is found
by minimizing J over all possible segmentations I = (I1, I2, . . . , IK)
of the data into K bins. In practice, this type of minimization can be
done using dynamic programming (Kay, 1998). The binning obtained by
minimizing J with K = 6 is shown in Figure 9.13(c) and would appear
to be optimal.

The number of bins must also be carefully chosen, i.e., we require
a good tradeoff between a large number of bins and a large number of
observations in each bin. Indeed, the true distribution can be accurately
approximated by a piecewise-constant distribution with a large number
of bins, while a large number of observations in each bin is required to
accurately estimate this true distribution.

The question therefore arises as to which number of segments K to
choose. A small number of bins leads to a poor approximation (large bias)
but a good estimation (small variance) of the data’s distribution. On the
other hand, a large number of bins will lead to a good approximation
(small bias) but poor estimation (large variance) because of the small
number of data per bin. In order to obtain a good compromise between
these two, Lavielle and Bleakley (2011) propose to automatically select
the number of bins using a model selection approach with the following
penalized criterion:

U(I, λ) = log (J(I)) + λK(I),

where K(I) is the number of bins in binning I. We choose the I (and
thus the K) that minimizes U(I, λ) for λ fixed. The larger the λ, the
fewer the bins selected.

Let JK = J(ÎK) be the minimum value of J over all segmenta-
tions with K bins. Then, the estimated number of bins K̂ minimizes
UK = log(JK) + λK and the associated segmentation is therefore ÎK̂ .
Figure 9.14 displays the sequence of least-square criteria (log(JK), 1 ≤
K ≤ 20) and the sequence of penalized criteria (UK , 1 ≤ K ≤ 20) with
λ = 0.3.
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FIGURE 9.14: Criterion log(JK) is displayed as a dotted line and penalized
criterion UK as a solid line.

The J defined in (9.18) is a least-squares criterion that supposes
we are dealing with a homoscedastic model, i.e., the data spread (with
respect to time) inside each cluster is similar. This is not always the
case, as seen, for example, in Figure 9.15. Here the combined variability
of the first two clusters is similar to that of each of the third, fourth and
fifth, whereas the variability of the sixth cluster is significantly greater
than all the others. In this case, the J criterion may not be optimal.
Figure 9.15(a) shows that it groups the first two clusters together and
splits the sixth cluster in two.
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FIGURE 9.15: Two segmentations of the same data obtained by minimizing
U(I;λ, β) with λ = 0.3 and (a) β = 1; (b) β = 0.4.

Lavielle and Bleakley (2011) propose to better take into account het-
eroscedasticity by using the following criterion:

J(I;β) =

K∑
k=1

nk(σ2
k)β ,

where β ∈ (0, 1] and σ2
k is the empirical variance of the tj in bin Ik:

σ2
k =

1

nk

∑
j∈Ik

(
tj − tk

)2
.
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Then, the bins and their number can be simultaneously estimated by
minimizing

U(I;λ, β) = log (J(I;β)) + λβK(I). (9.19)

Figure 9.15(b) shows an intuitively optimal binning, obtained by min-
imizing U(I;λ, β) when β = 0.4 and λ = 0.3. Note that in this example,
the same binning is obtained for any value of β in [0.03 , 0.6].
Remarks:

1. The criterion J defined in (9.18) is the criterion J(·;β) with β = 1.
Then, as β is set closer and closer to 0, more emphasis is made on
selecting bins with different variability. β = 0.4 is the default value
proposed in Monolix.

2. The β term is included in the penalty introduced in (9.19) as it can
be shown that when the tj are uniformly distributed, log (JK(β)) =

J(ÎK ;β) decreases as a linear function of β for any K.
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A
The Individual Approach

Before looking at modeling a whole population at the same time, let us
consider only one individual from that population. Much of the basic
methodology for modeling one individual follows through to population
modeling. We will see that when stepping up from one individual to a
population, the difference is that some parameters shared by individuals
are considered to be drawn from a probability distribution.

Let us begin with a simple example. An individual receives 100mg of
a drug at time t = 0. The concentration of the drug in the bloodstream
is measured at twelve time points and plotted as shown in Figure A.1.
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FIGURE A.1: Twelve measured concentration of a drug for a single subject.

We aim to find a mathematical model to describe what we see in
the plot. A model for continuous data is presented in Section A.1, Sec-
tion A.2 describes some standard methods for modeling such data, and
Section A.3 shows how to implement them in R and use them. These
methods essentially require the ability to manipulate conditional proba-
bility distributions.

279
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This appendix is independent from the rest of the book. Several con-
cepts, such as models and methods, presented here in the context of the
individual approach are also presented in Part I and II for the population
approach.

A.1 Models for the individual approach
In our example, the concentration is a continuous variable, so we will
try to use continuous functions to model it. Different types of data (e.g.,
count data, categorical data, time-to-event data, etc.) require different
types of models. All of these data types will be considered in due time,
but for now let us concentrate on continuous data.

A model for continuous data can be represented mathematically as
follows:

yj = f(tj ;φ) + ej , 1 ≤ j ≤ n,

where

• f is called the structural model. It is a parametric function of time.

• (t1, t2, . . . , tn) is the vector of sampling times. Here, t1 = 0 h and
tn = t16 = 15 h.

• φ = (φ1, φ2, . . . , φd) is a vector of d structural parameters.

• (e1, e2, . . . , en) are called the residual errors. It is common to assume
that the residual errors are normally distributed but we can also use
any centered probability distribution, i.e., such that E (ej) = 0.

We usually, however, state continuous data models in a slightly more
flexible way:

yj = f(tj ;φ) + g(tj ;φ, ξ)εj , 1 ≤ j ≤ n, (A.1)

where now

• g is called the residual error model. It depends on some parameters
ξ. It may also be a function of the time tj and the parameters φ of
the structural model.

• (ε1, ε2, . . . , εn) are the standardized residual errors. For identifiability
reasons, we suppose that these come from a probability distribution
which is centered and has unit variance: E (εj) = 0 and Var (εj) = 1,
such as the standard normal distribution N (0, 1).
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The choice of a residual error model g is very flexible and allows us
to account for many different hypotheses we may have on the error’s
distribution. Let fj = f(tj ;φ). Here are some simple error models:

• Constant error model : g = a. That is, yj = fj + aεj and ξ = a.

• Proportional error model : g = b f . That is, yj = fj + bfjεj . This is
for when we think the magnitude of the error is proportional to the
value of the predicted value f . Here, ξ = b.

• Combined error model : g = a+bf . Here, yj = fj+(a+bfj)εj and ξ =
(a, b) (an alternative combined error model assumes g2 = a2 + b2f2).

• Exponential error model : Here, the model is instead log(yj) =
log(fj) + aεj , that is, ξ = a. It is exponential in the sense that if
we exponentiate, we end up with yj = fje

aεj . We remark that when
a is small, the exponential error model is similar to the proportional
error one since eaεj ≈ 1 + aεj .

A.2 Tasks and methods
To model a vector of observations y = (yj , 1 ≤ j ≤ n), we must perform
several tasks:

• For a given model, estimate the model’s parameters ψ and compute
confidence intervals in order to evaluate the reliability of the esti-
mate.

• Evaluate whether the assumptions of the proposed model are rea-
sonable, i.e., if the observed data could have been generated by the
model.

• Among candidate models, select the best one(s), i.e., select the best
structural model(s) f and best residual error model(s) g.

Parameter estimation: Given the observed data and the choice of a para-
metric model to describe it, our goal becomes to find the “best” parame-
ters for the model. A traditional framework to solve this kind of problem
is called maximum likelihood estimation (MLE).

Let ψ = (φ, ξ) be the vector of parameters to be estimated. The
likelihood Ly is a function defined as

Ly(ψ)
def
= p(y1, y2, . . . , yn;ψ),
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i.e., the conditional joint density function of (yj) given the parameters
ψ, but looked at as if the data are known and the parameters not. The
ψ̂ which maximizes Ly is known as the maximum likelihood estimator of
ψ.

Suppose that we have chosen a structural model f and residual error
model g. If we assume for instance that the εj are independent and
identically distributed (i.i.d.) and that εj ∼ N (0, 1), then the yj are
mutually independent and (A.1) implies that:

yj ∼ N
(
f(tj ;φ), g(tj ;φ, ξ)

2
)
, 1 ≤ j ≤ n.

Due to this independence, the probability density function (pdf) of
y = (y1, y2, . . . , yn) is the product of the pdfs of each yj :

p(y1, y2, . . . yn;ψ) =

n∏
j=1

p(yj ;φ, ξ)

=
(2π)−n/2∏n
j=1 g(tj ;φ, ξ)

exp

−1

2

n∑
j=1

(
yj − f(tj ;φ)

g(tj ;φ, ξ)

)2
 .

This is the same thing as the likelihood function Ly when seen as a
function of ψ. Maximizing Ly is equivalent to minimizing the deviance,
i.e., -2 × the log-likelihood:

ψ̂ = arg min
ψ

{−2LLy(ψ)}

= arg min
ψ

{−2 log (p(y1, y2, . . . , yn;ψ))} .

Thus, ψ̂ = (φ̂, ξ̂) is a solution of the following minimization problem:

(φ̂, ξ̂) = arg min
(φ,ξ)


n∑
j=1

log
(
g(tj ;φ, ξ)

2
)

+

n∑
j=1

(
yj − f(tj ;φ)

g(tj ;φ, ξ)

)2
. (A.2)

This minimization problem does not usually have an analytical solution
for nonlinear models, so an optimization procedure needs to be used.
However, for a few specific models, analytic solutions do exist. For in-
stance, suppose we have a constant error model: yj = f(tj ;φ)+a εj , 1 ≤
j ≤ n, i.e., g(tj ;φ, ξ) = a and ξ = a. Then, (A.2) simplifies to

(φ̂, â) = arg min
(φ,a)

n log(a2) +

n∑
j=1

(
yj − f(tj ;φ)

a

)2
 .
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The solution is then

φ̂ = arg min
φ

n∑
j=1

(yj − f(tj ;φ))
2

â2 =
1

n

n∑
j=1

(
yj − f(tj ; φ̂)

)2

,

where â2 is found by setting the partial derivative of −2LL to zero.
Whether this has an analytical solution or not depends on the form
of f . For example, if f(tj ;φ) is a linear function of the components of
the vector φ, we can represent it as a matrix F whose jth row gives
the coefficients at time tj . Therefore, we have the matrix equation y =

Fφ + aε. The solution for φ̂ is thus the least-squares one, and for â2 it
is the same as previously:

φ̂ = (F ′F )−1F ′y

â2 =
1

n

n∑
j=1

(
yj − Fj φ̂

)2

.

Computing the Fisher information matrix: The Fisher information ma-
trix (FIM) is a way of measuring the amount of information that an
observable random variable carries about an unknown parameter upon
which its probability distribution depends.

Let ψ∗ = (φ∗, ξ∗) be the true unknown value of ψ, and let ψ̂ be its
maximum likelihood estimator. Following Section B.2 of Appendix B, if
the observed likelihood function is sufficiently smooth, asymptotic theory
for maximum likelihood estimation holds and the distribution of ψ̂ can
be approximated by a normal one:

ψ̂ ≈ N (ψ∗ , In(ψ̂)−1), (A.3)

where In(ψ̂) is (minus) the Hessian of the log-likelihood:

In(ψ̂) = − ∂2

∂ψ∂ψ′
LLy(ψ̂).

In(ψ̂) is known as the observed Fisher information matrix. Here, observed
means that it is a function of observed variables y1, y2, . . . , yn. Thus, an
estimate of the variance-covariance matrix of ψ̂ is the inverse of the
observed FIM:

C(ψ̂) = In(ψ̂)−1.
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Deriving confidence intervals for parameters: Let ψk be the kth of d
components of ψ. Imagine that we have estimated ψk with ψ̂k, the kth
component of the MLE ψ̂, that is, a random variable that converges to ψ∗k
when n→∞ under very general conditions. An estimate of its variance
is the kth element of the diagonal of the covariance matrix C(ψ̂):

V̂ar(ψ̂k) = Ckk(ψ̂).

We can thus derive an estimate of its standard error:

ŝ.e.(ψ̂k) =

√
Ckk(ψ̂),

and a confidence interval of level 1− α for ψ∗k:

CI(ψ∗k) =
[
ψ̂k + ŝ.e.(ψ̂k) qα/2, ψ̂k + ŝ.e.(ψ̂k) q1−α/2

]
,

where qα is the quantile of order α of a N (0, 1) distribution.

Remark: Approximating ψ̂/ŝ.e(ψ̂k) by the normal distribution is a
“good” approximation only when the number of observations n is large.
A better approximation should be used for small n. In the model yj =
f(tj ;φ)+aεj , the distribution of â2 can be approximated by a chi-squared
distribution with (n − d) degrees of freedom where d is the dimension
of φ. The quantiles of the normal distribution can then be replaced by
those of a Student’s t-distribution with (n− d) degrees of freedom.
Deriving confidence intervals for predictions: Once φ has been esti-
mated, the structural model can be used for prediction at arbitrary
values of t using f(t; φ̂). For any t, we can then derive a confidence
interval for f(t, φ) using the estimated variance of φ̂. Indeed, as a first
approximation we have

f(t; φ̂) ' f(t;φ∗) + ∂φf(t, φ∗)(φ̂− φ∗),

where ∂φf(t, φ∗) is the gradient of f at φ∗, i.e., the vector of the first-
order partial derivatives of f with respect to the components of φ, eval-
uated at φ∗. Of course, we do not actually know φ∗, but can estimate
∂φf(t, φ∗) with ∂φf(t, φ̂). The variance of f(t; φ̂) can then be estimated
by

V̂ar
(
f(t; φ̂)

)
' ∂φf(t, φ̂)V̂ar(φ̂)

(
∂φf(t, φ̂)

)′
.

We can then derive an estimate of the standard error of f(t, φ̂) for any
t:

ŝ.e.(f(t; φ̂)) =

√
V̂ar

(
f(t; φ̂)

)
,



The Individual Approach 285

and a confidence interval (CI) of level 1− α for f(t;φ∗):

CI(f(t;φ∗)) =[
f(t; φ̂) + ŝ.e.(f(t; φ̂)) q

(α
2

)
, f(t; φ̂) + ŝ.e.(f(t; φ̂)) q

(
1− α

2

)]
.

Estimating confidence intervals using Monte Carlo simulation: The use
of Monte Carlo methods to estimate a distribution does not require any
approximation of the model. We proceed in the following way. Suppose
we have found the MLE ψ̂ = (φ̂, ξ̂) of ψ. We then draw a data vector
y(1) by first randomly generating the vector ε(1) and calculating for 1 ≤
j ≤ n,

y
(1)
j = f(tj ; φ̂) + g(tj ; φ̂, ξ̂)ε

(1)
j .

In a sense, this gives us “new” data from the “same” model. We can then
compute a new MLE ψ̂(1) of ψ using y(1). Repeating this process M
times gives M estimates of ψ from which we can obtain an empirical
estimation of the distribution of ψ̂ or any quantile we like.

Any confidence interval for ψk (respectively, f(t, φk)) can then be
approximated by a prediction interval for ψ̂k (respectively, f(t, φ̂k)). For
instance, a two-sided confidence interval of level 1 − α for ψ∗k can be
estimated by the prediction interval

[ψ̂k,(bα2Mc) , ψ̂k,(b(1−
α
2 )Mc)],

where bxc denotes the integer part of x and (ψk,(m), 1 ≤ m ≤ M) the
order statistic, i.e., the parameters (ψ̂

(m)
k , 1 ≤ m ≤M) reordered so that

ψ̂k,(1) ≤ ψ̂k,(2) ≤ . . . ≤ ψ̂k,(M).

Model evaluation and model selection: We have seen how to estimate
the parameters, confidence intervals and prediction intervals for a given
model. These tasks essentially mean running well-adapted algorithms
and using well-chosen mathematical formulas. Such procedures can easily
be automated and do not require particular skills on the part of modelers
who have access to good tools.

Things get more complicated when it comes to building a model.
Indeed, modelers must be capable of assessing the quality and perfor-
mance of a given model, improving it, then comparing it with several
others. In the context we are interested in here, that of a single individ-
ual, this means being able to build the structural model f and residual
error model g.

In the absence of biological (or other) information, we might suggest
possible structural models just by looking at the graphs of time-evolution
of the data. For example, if yj is increasing with time, we might suggest
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a linear, quadratic or logarithmic model, depending on the approximate
trend in the data. If yj is instead decreasing, increasingly slowly, to zero,
an exponential model might be appropriate.

This said, often we do have biological or physical (or other) infor-
mation available to help us make our choice. In the context of phar-
macokinetics modeling, for instance, if we have some knowledge about
how a drug is absorbed, distributed and eliminated from the body, the
pharmacokinetics process can usually be mathematically represented by
a system of differential equations. The solution to these equations may
provide the formula (i.e., structural model) we are seeking.

In the real world, it is often not enough to look at the data, choose
one possible model and estimate the parameters. The chosen structural
model may or may not be “good” at representing the data. It may be
good but the chosen residual error model bad, meaning that the overall
model is poor, and so on. That is why in practice we may want to
try out several structural and residual error models. After performing
parameter estimation for each model, we require graphical diagnostic
tools in order to verify that the hypotheses made in the models are valid.
These diagnostic plots can then be used for eliminating “poor candidates”
and also for improving models. Statistical criteria (tests and information
criteria) can then be used to compare the models that remain.

We are not going to review all of these criteria in this appendix.
In the application we will present, we content ourselves with using the
Bayesian information criterion (BIC) to compare models and select the
best one. Once the estimate ψ̂ has been calculated, the BIC is defined
as a penalized likelihood criterion:

BIC = −2LLy(ψ̂) + log(n) d,

where n is the number of observations and d the number of model pa-
rameters, i.e., the length of the parameter vector ψ. The model we select
is the one that minimizes the BIC.

A.3 A pharmacokinetics example
We will illustrate this modeling process using a pharmacokinetics (PK)
example. The point of this example is to show how several of the tasks
described earlier can be easily implemented using the statistical software
R. Some knowledge of statistics and R is necessary for following the
various modeling steps and implementing the methods.

The data: Let us consider a dose D = 50mg of a drug administered
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orally to a patient at time t = 0. The concentration of the drug in the
bloodstream (yj , 1 ≤ j ≤ 12) is then measured at times (tj , 1 ≤ j ≤ 12):

time (h) 0.5 1.0 1.5 2.0 3.0 4.0
concentration (mg/l) 0.94 1.30 1.64 3.38 3.72 3.29
time (h) 8.0 10.0 12.0 16.0 20.0 24.0
concentration (mg/l) 1.31 0.80 0.39 0.31 0.10 0.09

First, we import the data stored in the data file individualFitting_data.txt
and plot it to have an initial look:
> pk1=read.table("individualFitting_data.txt",header=T)
> t=pk1$time
> y=pk1$concentration
> n=length(t)
> plot(t,y,xlab="time (hours)",ylab="concentration (mg/l)")
> abline(a=0,b=0,lty=3,col="grey")
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Fitting two PK models We are going to consider two possible structural
models that may describe the observed time-course of the concentration:

1. A one-compartment model with first-order absorption and first-order
elimination,

φ1 = (ka, V, ke)

f1(t;φ1) =
Dka

V (ka− ke)
(
e−ke t − e−ka t

)
.

2. A one-compartment model with zero-order absorption and first-order
elimination,

φ2 = (Tk0, V, ke)

f2(t;φ2) =


D

V Tk0 ke

(
1− e−ke t

)
if t ≤ Tk0

D
V Tk0 ke

(
1− e−keTk0

)
e−ke (t−Tk0) otherwise.
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We define each of these functions in R:
> predc1=function(t,x){
+ f=50*x[1]/x[2]/(x[1]-x[3])*(exp(-x[3]*t)-exp(-x[1]*t)) }
>
> predc2=function(t,x){
+ f=50/x[1]/x[2]/x[3]*(1-exp(-x[3]*t))
+ f[t>x[1]]=50/x[1]/x[2]/x[3]*(1-exp(-x[3]*x[1]))*
+ exp(-x[3]*(t[t>x[1]]-x[1]))
+ return(f)}

We then define two modelsM1 andM2 that assume (for now) constant
residual error models:

M1 : yj = f1(tj ;φ1) + a1εj

M2 : yj = f2(tj ;φ2) + a2εj .

We can fit these two models to our data by computing the MLE ψ̂1 =
(φ̂1, â1) and ψ̂2 = (φ̂2, â2) of ψ under each model. We can use the nlm
R function for nonlinear minimization. This function requires an initial
value ψ0 = (φ0, a0):
> fmin1=function(x,y,t){
+ f=predc1(t,x)
+ g=x[4]
+ e=sum( ((y-f)/g)^2 + log(g^2))
+ return(e)}
>
> fmin2=function(x,y,t){
+ f=predc2(t,x)
+ g=x[4]
+ e=sum( ((y-f)/g)^2 + log(g^2))
+ return(e)}
> phi0=c(0.3,6,0.2)
> a0=1
> pk.nlm1=nlm(fmin1, c(phi0,a0), y, t, hessian="true")
> psi1=pk.nlm1$estimate
>
> phi0=c(3,10,0.2)
> a0=4
> pk.nlm2=nlm(fmin2, c(phi0,a0), y, t, hessian="true")
> psi2=pk.nlm2$estimate

Here are the parameter estimation results:
> cat(" psi1 =",psi1,"\n\n")
psi1 = 0.3240916 6.001204 0.3239337 0.4366948

> cat(" psi2 =",psi2,"\n\n")
psi2 = 3.203111 8.999746 0.229977 0.2555242

Evaluating and selecting PK models: The estimated parameters φ̂1 and
φ̂2 can then be used for computing the predicted concentrations f̂1(t)

and f̂2(t) under both models at any time t. These curves can be plotted
over the original data and compared:
> tc=seq(from=0,to=25,by=0.1)
> phi1=psi1[c(1,2,3)]
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> fc1=predc1(tc,phi1)
> phi2=psi2[c(1,2,3)]
> fc2=predc2(tc,phi2)
>
> par(mfrow= c(1,1))
> plot(t,y,ylim=c(0,4.1),xlab="time (hours)",ylab="concentration (mg/l)")
> lines(tc,fc1, type = "l", col = "black", lwd=1, lty=1)
> lines(tc,fc2, type = "l", col = "black", lwd=1, lty=4)
> abline(a=0,b=0,lty=3,col="grey")
> legend(13,4,
+ c("observations","first-order absorption","zero-order absorption"),
+ lty=c(-1,1,4), pch=c(1,-1,-1), lwd=1)
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We clearly see that a much better fit is obtained with model M2,
i.e., assuming a zero-order absorption process.

Another useful goodness-of-fit plot can be obtained by plotting the
observations (yj) versus the predictions ŷj = f(tj ; ψ̂) given by the mod-
els:
> f1=predc1(t,phi1)
> f2=predc2(t,phi2)
>
> par(mfrow= c(1,2))
> plot(f1,y,xlim=c(0,4),ylim=c(0,4), main="model 1")
> abline(a=0,b=1,lty=1)
> plot(f2,y,xlim=c(0,4),ylim=c(0,4), main="model 2")
> abline(a=0,b=1,lty=1)
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Model selection: According to the previous diagnostic plots,M2 would
seem to have a slight edge. This can be tested more analytically using
the BIC:
> deviance1=pk.nlm1$minimum + n*log(2*pi)
> bic1=deviance1+log(n)*length(psi1)
> deviance2=pk.nlm2$minimum + n*log(2*pi)
> bic2=deviance2+log(n)*length(psi2)
>
> cat(" bic1 =",bic1,"\n\n")
bic1 = 24.10972

> cat(" bic2 =",bic2,"\n\n")
bic2 = 11.24769

A smaller BIC is better. Therefore, this result also suggests that model
M2 should be selected.

Fitting different error models: For the moment, we have considered only
constant error models. However, the “observations vs predictions” plot
hints that the amplitude of the residual errors may increase with the
size of the predicted value. Let us therefore take a closer look at four
different residual error models, each of which we will associate with the
“best” structural model f2:

M2 constant error model: yj = f2(tj ;φ2) + a2εj
M3 proportional error model: yj = f2(tj ;φ3) + b3f2(tj ;φ3)εj
M4 combined error model: yj = f2(tj ;φ4) + (a4 + b4f2(tj ;φ4))εj
M5 exponential error model: log(yj) = log(f2(tj ;φ5)) + a5εj .

The three new models need to be entered into R:
> fmin3=function(x,y,t){
+ f=predc2(t,x)
+ g=x[4]*f
+ e=sum( ((y-f)/g)^2 + log(g^2))
+ return(e)}
>
> fmin4=function(x,y,t){
+ f=predc2(t,x)
+ g=abs(x[4])+abs(x[5])*f
+ e=sum( ((y-f)/g)^2 + log(g^2))
+ return(e)}
>
> fmin5=function(x,y,t){
+ f=predc2(t,x)
+ g=x[4]
+ e=sum( ((log(y)-log(f))/g)^2 + log(g^2))
+ return(e)}

We can now compute the MLEs ψ̂3 = (φ̂3, b̂3), ψ̂4 = (φ̂4, â4, b̂4) and
ψ̂5 = (φ̂5, â5) of ψ under modelsM3,M4 andM5:
> pk.nlm3=nlm(fmin3, c(phi2,0.1), y, t, hessian="true")
> psi3=pk.nlm3$estimate
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>
> pk.nlm4=nlm(fmin4, c(phi2,1,0.1), y, t, hessian="true")
> psi4=pk.nlm4$estimate
> psi4[c(4,5)]=abs(psi4[c(4,5)])
>
> pk.nlm5=nlm(fmin5, c(phi2,0.1), y, t, hessian="true")
> psi5=pk.nlm5$estimate
>
> cat(" psi3 =",psi3,"\n\n")
psi3 = 2.642409 11.44113 0.1838779 0.2189221

> cat(" psi4 =",psi4,"\n\n")
psi4 = 2.890066 10.16836 0.2068221 0.02741416 0.1456332

> cat(" psi5 =",psi5,"\n\n")
psi5 = 2.710984 11.2744 0.188901 0.2310001

Selecting the error model: As previously, these curves can be plotted
over the original data and compared:
> phi3=psi3[c(1,2,3)]
> fc3=predc2(tc,phi3)
> phi4=psi4[c(1,2,3)]
> fc4=predc2(tc,phi4)
> phi5=psi5[c(1,2,3)]
> fc5=predc2(tc,phi5)
>
> par(mfrow= c(1,1))
> plot(t,y,ylim=c(0,4.1),xlab="time (hours)",ylab="concentration (mg/l)")
> lines(tc,fc2, type = "l", lwd=1)
> lines(tc,fc3, type = "l", lwd=1, lty=3)
> lines(tc,fc4, type = "l", lwd=1, lty=4)
> lines(tc,fc5, type = "l", lwd=1, lty=2)
> abline(a=0,b=0,lty=3,col="grey")
> legend(13,4,c("observations","constant error model",
+ "proportional error model", "combined error model",
+ "exponential error model"), lty=c(-1,1,3,4,2), pch=c(1,-1,-1,-1,-1))
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The predicted concentrations obtained with models M3, M4 and
M5 are quite similar. We now calculate the BIC for each:
> deviance3=pk.nlm3$minimum + n*log(2*pi)
> bic3=deviance3 + log(n)*length(psi3)
> deviance4=pk.nlm4$minimum + n*log(2*pi)
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> bic4=deviance4 + log(n)*length(psi4)
> deviance5=pk.nlm5$minimum + 2*sum(log(y)) + n*log(2*pi)
> bic5=deviance5 + log(n)*length(psi5)
>
> cat(" bic3 =",bic3,"\n\n")
bic3 = 3.443607

> cat(" bic4 =",bic4,"\n\n")
bic4 = 3.475841

> cat(" bic5 =",bic5,"\n\n")
bic5 = 4.108521

All of these BICs are lower than the constant residual error one. There
is not however a large difference between them, though the proportional
and combined error models give the smallest and essentially identical
BICs. We will use the combined error model M4 in the following (the
same types of analyses could be done with the proportional error model).

A 90% confidence interval for ψ4 can derived from the Hessian (i.e.,
the square matrix of second-order partial derivatives) of the objective
function (i.e., -2 × LL):
> alpha=0.9
> df=n-length(phi4)
> I4=pk.nlm4$hessian/2
> H4=solve(I4)
> s4=sqrt(diag(H4)*n/df)
> delta4=s4*qt(0.5+alpha/2,df)
> ci4=matrix(c(psi4-delta4,psi4+delta4),ncol=2)
> print(ci4)

[,1] [,2]
[1,] 2.22576690 3.55436561
[2,] 7.93442421 12.40228967
[3,] 0.16628224 0.24736196
[4,] -0.02444571 0.07927403
[5,] 0.04119983 0.25006660

We can also calculate a 90% confidence interval for f4(t) using the central
limit theorem (see (A.3)):
> nlpredci=function(phi,f,H){
+ dphi=length(phi)
+ nf=length(f)
+ H=H*n/(n-dphi)
+ S=H[seq(1,dphi),seq(1,dphi)]
+ G=matrix(nrow=nf,ncol=dphi)
+ for (k in seq(1,dphi)) {
+ dk=phi[k]*(1e-5)
+ phid=phi
+ phid[k]=phi[k] + dk
+ fd=predc2(tc,phid)
+ G[,k]=(f-fd)/dk
+ }
+ M=rowSums((G%*%S)*G)
+ deltaf=sqrt(M)*qt(0.5+alpha/2,df)
+ return(deltaf)}
>
> deltafc4=nlpredci(phi4,fc4,H4)

This can then be plotted:
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> plot(t,y,ylim=c(0,4.5),xlab="time (hours)",ylab="concentration (mg/l)")
> lines(tc,fc4, type = "l", lwd=2)
> lines(tc,fc4-deltafc4, type = "l", lwd=1, lty=3)
> lines(tc,fc4+deltafc4, type = "l", lwd=1, lty=3)
> abline(a=0,b=0,lty=3,col="grey")
> legend(10.5,4.5,c("observed concentrations","predicted concentration",
+ "PI for predicted concentration"),lty=c(-1,1,3), pch=c(1,-1,-1),

lwd=c(2,2,1))
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Alternatively, prediction intervals for ψ̂4, f̂4(t; ψ̂4) and new observa-
tions at any time t can be estimated by Monte Carlo simulation:
> f=predc2(t,phi4)
> a4=psi4[4]
> b4=psi4[5]
> g=a4+b4*f
> dpsi=length(psi4)
> nc=length(tc)
> N=1000
> qalpha=c(0.5 - alpha/2,0.5 + alpha/2)
> PSI=matrix(nrow=N,ncol=dpsi)
> FC=matrix(nrow=N,ncol=nc)
> Y=matrix(nrow=N,ncol=nc)
> for (k in seq(1,N)) {
+ eps=rnorm(n)
+ ys=f+g*eps
+ pk.nlm=nlm(fmin4, psi4, ys, t)
+ psie=pk.nlm$estimate
+ psie[c(4,5)]=abs(psie[c(4,5)])
+ PSI[k,]=psie
+ fce=predc2(tc,psie[c(1,2,3)])
+ FC[k,]=fce
+ gce=a4+b4*fce
+ Y[k,]=fce + gce*rnorm(1)
+ }
> mean4s=apply(PSI,2,mean)
> median4s=apply(PSI,2,median)
> sd4s=apply(PSI,2,sd)
> matrix(c(mean4s,median4s,sd4s),nrow=dpsi)
> ci4s=matrix(nrow=dpsi,ncol=2)
> for (k in seq(1,dpsi)){
+ ci4s[k,]=quantile(PSI[,k],qalpha,names=FALSE)
+ }
> print(matrix(c(mean4s,median4s,sd4s),nrow=dpsi))

[,1] [,2] [,3]
[1,] 2.90457137 2.88882014 0.33326934
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[2,] 10.18906412 10.16458483 1.08848877
[3,] 0.20841538 0.20687597 0.01828873
[4,] 0.02755847 0.02194732 0.02828348
[5,] 0.11441976 0.11497724 0.05312626
> print(ci4s)

[,1] [,2]
[1,] 2.405311e+00 3.49257471
[2,] 8.430377e+00 12.11876046
[3,] 1.824481e-01 0.24093729
[4,] 8.307916e-09 0.08361688
[5,] 1.513002e-02 0.20225225
>
> cifc4s=matrix(nrow=nc,ncol=2)
> ciy4s=matrix(nrow=nc,ncol=2)
> for (k in seq(1,nc)){
+ cifc4s[k,]=quantile(FC[,k],qalpha,names=FALSE)
+ ciy4s[k,]=quantile(Y[,k],qalpha,names=FALSE)
+ }
>
> par(mfrow= c(1,1))
> plot(t,y,ylim=c(0,4.5),xlab="time (hours)",ylab="concentration (mg/l)")
> lines(tc,fc4, type = "l", lwd=2)
> lines(tc,cifc4s[,1], type = "l", lwd=1, lty=3)
> lines(tc,cifc4s[,2], type = "l", lwd=1, lty=3)
> lines(tc,ciy4s[,1], type = "l", lwd=1, lty=2)
> lines(tc,ciy4s[,2], type = "l", lwd=1, lty=2)
> abline(a=0,b=0,lty=3,col="grey")
> legend(10.5,4.5,c("observed concentrations","predicted concentration",
+ "PI for predicted concentration","PI for observed concentrations"),
+ lty=c(-1,1,3,2), pch=c(1,-1,-1,-1), lwd=c(2,2,1,1))
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B
Some Useful Results

B.1 Continuous probability distributions
An (absolutely) continuous probability distribution is one that has a
probability density function (pdf). Let px be a continuous nonnegative
Lebesgue integrable function. A continuous random variable x that takes
its values in R has density px if for any interval (a, b) ⊂ R,

P(a ≤ x ≤ b) =

∫ b

a

px(u) du.

The cumulative distribution function (cdf) Fx of x is such that, for any
a ∈ R,

Fx(a) = P(x ≤ a)

=

∫ a

−∞
px(u) du,

and
px(a) = F ′x(a).

Proposition 1. Let h be a continuously differentiable and strictly in-
creasing function. Let px be the pdf of a continuous random variable x
and py the pdf of y = h(x). Then, for any a ∈ R,

px(a) = h′(a)py(h(a)).

Proof. Since h is strictly increasing,

P(x ≤ a) = P(h(x) ≤ h(a)) ,

i.e.,
Fx(a) = Fy(h(a)).

Differentiating both terms with respect to a leads to the result px(a) =
h′(a)py(h(a)).

295
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Proposition 2. Let ψi be an individual parameter that takes its values in
R and let h be a nonlinear, twice continuously differentiable and strictly
increasing function such that

h(ψi) ∼ N (h(ψpop), ω2).

Then, the reference parameter ψpop is the median of the distribution of
ψi. In general, ψpop is neither the mean nor the mode of this distribution,
including when h is strictly concave or convex, and more generally if
h′′(ψpop) 6= 0.

Proof. Since h is a strictly increasing function,

P(ψi ≤ ψpop) = P(h(ψi) ≤ h(ψpop))

= 0.5.

In other words, ψpop is the median of the distribution of ψ.
If h is strictly concave or convex, then h(E (ψi)) 6= E (h(ψi)) =

h(ψpop). Thus, E (ψi) 6= ψpop. Let p be the pdf of ψi and ph be the
pdf of h(ψi). By definition, for any h(x) ∈ R,

p(x) = h′(x)ph(h(x)).

Thus,
p′(x) = h′′(x)ph(h(x)) + h′2(x)p′h(h(x)).

By the definition of the mode, p′h(h(ψpop)) = 0. Thus, p′(ψpop) 6= 0 if
h′′(ψpop) 6= 0.

B.2 Fisher information and maximum likelihood es-
timation

Let y1, y2, . . . , yN be N independent and identically distributed (i.i.d.)
random variables with parametric probability distribution p(· , θ∗) where
θ∗ ∈ Θ is a d × 1 vector of parameters. The joint distribution of y =
(y1, . . . , yN ) is therefore

p(y1, . . . yN ; θ∗) =

N∏
i=1

p(yi; θ
∗).

For any θ ∈ Θ, the log-likelihood is defined as

LLy(θ) = log p(y1, . . . yN ; θ) =

N∑
i=1

log p(yi; θ),
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and the maximum likelihood estimator of θ∗ as the function of y that
maximizes the likelihood, i.e., maximizes the log-likelihood:

θ̂ = arg max
θ∈Θ

LLy(θ).

The partial derivative of the log-likelihood with respect to θ is called
the score. Under general regularity conditions, the expected value of the
score is 0. Indeed, for any i = 1, . . . , N , it is easy to show that

E
(
∂

∂θ
log p(yi; θ

∗)

)
= 0.

The variance of this individual score is called the Fisher information
matrix (FIM):

I(θ∗) = E

((
∂

∂θ
log p(yi; θ

∗)

)(
∂

∂θ
log p(y; θ∗)

)′)
.

Furthermore, it can be shown that if LLy(θ) is twice differentiable with
respect to θ,

I(θ∗) = −E
(

∂2

∂θ∂θ′
log p(yi; θ

∗)

)
.

In addition to this, the following central limit theorem (CLT) holds under
certain regularity conditions (Lehmann and Casella, 1998):

√
N(θ̂ − θ∗) −→

N→∞
N (0, I(θ∗)−1). (B.1)

This theorem shows that under relevant hypotheses, the estimator θ̂ is
consistent and converges to θ∗ at rate

√
N , i.e., to decrease on average

the estimation error by a factor of k, we have to increase the sample size
by a factor of k2. The limiting variance I(θ∗)−1 is unknown because it
depends on the unknown parameter θ∗. We can use instead the observed
Fisher information:

Iy(θ̂) = − ∂2

∂θ2
LLy(θ̂))

=

N∑
i=1

∂2

∂θ2
log p(yi; θ̂).

(B.2)

Using the fact that Iy(θ̂)/N → I(θ∗), we can approximate the distribu-
tion of θ̂ by a normal distribution with mean θ∗ and variance-covariance
matrix Iy(θ̂)−1:

θ̂ ≈ N (θ∗, Iy(θ̂)−1). (B.3)



298 Mixed Effects Models

The square roots of the diagonal elements of Iy(θ̂)−1 are called the stan-
dard errors (s.e.) of the elements of θ̂.

It is unrealistic to suppose that observations yi = (yij , 1 ≤ j ≤ ni) are
identically distributed in most of the situations that interest us. In effect,
the design (observation and administration times) often differs between
patients, and in any case observations yi are not identically distributed
whenever the model depends on individual covariates. In this context,
CLT (B.1) is meaningless because the very definition of asymptotics is
not clearly defined. Nevertheless, we can still define the observed Fisher
information Iy(θ̂) as in (B.2) and use the Gaussian approximation in
(B.3).

Notice also that the Fisher information depends on the problem’s
parametrization. Suppose that there exists another parametrization
based on another d × 1 parameter vector ζ(θ) where ζ is a continu-
ously differentiable function of θ. Then, the Fisher information Ĩ(ζ(θ))
obtained using this new parametrization satisfies

I(θ) = J tĨ(ζ(θ))J,

where J is the Jacobian matrix (∂ζi(θ)/∂θj , 1 ≤ i, j ≤ d).
The use of the CLT with limiting variance Ĩ(ζ(θ))−1 = J tI(θ)−1J

for approximating the distribution of ζ̂ = ζ(θ̂) is equivalent to using the
delta method (Casella and Berger, 1990):

ζ(θ̂) ≈ N (ζ(θ∗), J tIy(θ̂)−1J).

B.3 Computing the Hessian of the log-likelihood
The log-likelihood LLz(θz) defined in Section 9.6.2, where θz = (β,Ω),
is

LLz(θz) = −Nd
2

log(2π)− N

2
log(|Ω|)− 1

2

N∑
i=1

(zi −Ciβ)tΩ−1(zi −Ciβ).

Let

S =

N∑
i=1

(zi − Ciβ)(zi − Ciβ)t.

Using the fact that for any vectors u and v of the same size, utv =
tr{utv} = tr{vut}, we get

LLz(θz) = −Nd
2

log(2π)− N

2
log(|Ω|)− 1

2
tr{Ω−1S}. (B.4)
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Differentiating (B.4) yields

dLLz(θz; dβ, d Ω)

= −N
2

d log(|Ω|)− 1

2
d tr{Ω−1S}

= −N
2

tr{Ω−1d Ω} − 1

2
tr{(d Ω−1)S} − 1

2
tr{Ω−1dS}

= −N
2

tr{Ω−1d Ω}+
1

2
tr{Ω−1(d Ω)Ω−1S}

+
1

2
tr{Ω−1

N∑
i=1

(
(zi − Ciβ)(dβ)tCti + Ci(dβ)(zi − Ciβ)t

)
}

=
1

2
tr{(d Ω)Ω−1(S −NΩ)Ω−1}+ tr{(dβ)t

N∑
i=1

CtiΩ
−1(zi − Ciβ)}.

This derivative is zero for any (dβ, d Ω) at (β̂, Ω̂), the maximum likeli-
hood estimate of (β,Ω). Thus,

Ω̂−1(S −N Ω̂)Ω̂−1 = 0

N∑
i=1

Cti Ω̂
−1(zi − Ciβ̂) = 0.

β̂ and Ω̂ are therefore given by

β̂ =

(
N∑
i=1

Cti Ω̂
−1Ci

)−1 N∑
i=1

Cti Ω̂
−1zi

Ω̂ =
1

N

N∑
i=1

(zi − Ciβ̂)(zi − Ciβ̂)t.

For any d× d matrix M , let vM be the d2 × 1 vector obtained by stack-
ing the d columns of M one underneath the other. Using the fact that
tr{ABCD} = (vAt)

t(Dt⊗B)vC , we can now write the derivative of LLz
as follows:

dLLz(θz; dβ, d vΩ)

= (dβ)t
N∑
i=1

CtiΩ
−1(zi − Ciβ) +

1

2
(vd Ω)t(Ω−1 ⊗ Ω−1)v(S−NΩ).

Next we use the fact that Ω is symmetric. The parameters defining Ω
are therefore vΩ (see Section 9.6.2) and we thus have to calculate the
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derivative of LLz as a function of d vΩ rather than d vΩ:

dLLz(θz; dβ, d vΩ)

= (dβ)t
N∑
i=1

CtiΩ
−1(zi − Ciβ) +

1

2
(d vΩ)tDtd(Ω−1 ⊗ Ω−1)v(S−NΩ).

(B.5)

where Dd is the elimination matrix defined Section 9.6.2. We can then
obtain from (B.5) the gradient of the log-likelihood, i.e., the partial
derivatives of LLz with respect to the components of β and vΩ. Indeed,
by definition, d f(θ; d θ) = (d θ)t∂θf(θ). Thus,

∂βLLz(θ) =

N∑
i=1

CtiΩ
−1(zi − Ciβ)

∂vΩ
LLz(θ) =

1

2
Dtd(Ω−1 ⊗ Ω−1)v(S−NΩ).

Let us now obtain the second-order derivative of LLz from (B.5). We
have

d2 LLz(θz; dβ, d vΩ)

= −(dβ)t

(
N∑
i=1

CtiΩ
−1Ci

)
dβ + (dβ)t

(
N∑
i=1

Cti (d Ω−1)(zi − Ciβ)

)

+
1

2
tr{(d Ω)(d Ω−1)(S −NΩ)Ω−1}+

1

2
tr{(d Ω)Ω−1(S −NΩ)(d Ω−1)}

+
1

2
tr{(d Ω)Ω−1(dS −Nd Ω)Ω−1}

= −(dβ)t

(
N∑
i=1

CtiΩ
−1Ci

)
dβ − tr{(d Ω)Ω−1SΩ−1(d Ω)Ω−1}

+
N

2
tr{(d Ω)Ω−1(d Ω)Ω−1} − 2tr{(dβ)t

N∑
i=1

CtiΩ
−1(d Ω)Ω−1(zi−Ciβ)}

= −(dβ)t

(
N∑
i=1

CtiΩ
−1Ci

)
dβ − tr{(d Ω)Ω−1(S − N

2
Ω)Ω−1(d Ω)Ω−1}

− 2

N∑
i=1

tr{(dβ)tCtiΩ
−1(d Ω)Ω−1(zi − Ciβ)}
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= −(dβ)t

(
N∑
i=1

CtiΩ
−1Ci

)
dβ

− (d vΩ)t
(

Ω−1 ⊗
(

Ω−1(S − N

2
Ω)Ω−1

))
d vΩ

− 2(dβ)t

(
N∑
i=1

(
(zi − Ciβ)tΩ−1

)
⊗
(
CtiΩ

−1
))

d vΩ.

Then,

d2 LLz(θz; dβ, d vΩ) = −(dβ)t

(
N∑
i=1

CtiΩ
−1Ci

)
dβ

− (d vΩ)tDtp
(

Ω−1 ⊗
(

Ω−1(S − N

2
Ω)Ω−1

))
Dpd vΩ

− 2(dβ)t

(
N∑
i=1

(
(zi − Ciβ)tΩ−1

)
⊗
(
CtiΩ

−1
))
Dpd vΩ.

By definition, if d2 f(θ; d θ) = (d θ)tB(θ)d θ, where B(θ) is a symmetric
matrix, then the Hessian of f at θ is ∂2

θf(θ) = B(θ). Here, θ = (β, vΩ).
The Hessian of LLz is therefore

∂2
θLLz(θz) =

(
∂2LLz(θz)
∂β ∂βt

∂2LLz(θz)
∂β ∂(vΩ)t

∂2LLz(θz)
∂vΩ ∂βt

∂2LLz(θz)
∂vΩ ∂(vΩ)t

)
,

where

∂2LLz(θz)

∂β ∂βt
= −

N∑
i=1

CtiΩ
−1Ci

∂2LLz(θz)

∂β ∂(vΩ)t
=

(
∂2LLz(θz)

∂vΩ ∂βt

)t
= −

(
N∑
i=1

(
(zi − Ciβ)tΩ−1

)
⊗
(
CtiΩ

−1
))
Dp

∂2LLz(θz)

∂vΩ ∂(vΩ)t
= −Dtp

(
Ω−1 ⊗

(
Ω−1(S − N

2
Ω)Ω−1

))
Dp.





C
Introduction to Pharmacokinetics Modeling

C.1 Introduction
A drug can be given to a patient in several ways: intravenously, orally,
subcutaneously, or in less common ways such as intramuscularly, by skin
patch or inhalation. Once a drug is administered, we usually describe
subsequent processes within the organism by the pharmacokinetics (PK)
process known as ADME : absorption, distribution, metabolism, excre-
tion.

• Absorption is the movement of the drug into the bloodstream from
an extravascular site. The extent of absorption of a drug into the
systemic circulation is known as the bioavailability.

• After absorption, most drugs are distributed via the blood to body
tissue. Distribution describes the reversible transfer of a drug be-
tween blood, tissue and organs.

• Metabolism refers to the biotransformation within the body of a drug
into other molecules, called metabolites. Metabolites are often phar-
macologically inactive, but can also be active or toxic. Some drugs,
called pro-drugs, are inactive until they are metabolized.

• Excretion is the removal of a drug from the body. The kidneys, which
excrete water soluble substances with urine, are the principal organ
for this process. Bile flow from the liver is also an important route for
elimination in feces. A drug may also leave the body by other natural
routes: breath, tears, sweat, saliva, etc. Metabolism and excretion
processes are often merged under the name elimination process.

Drug PK are very complex biological processes that are difficult to
describe quantitatively. Pharmacometricians therefore simplify physio-
logical processes by creating a compartmental model: the human body
is described by a series of compartments in which the drug is distributed.

The depot compartment is the site at which a drug is deposited: the
gut for oral administration, skin for the application of dermal patches,

303
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the bloodstream for intravenous administration, etc. The central com-
partment consists of blood and highly perfused organs (liver, kidney,
lungs) and peripheral compartments of less perfused tissue (fat, skin,
muscle).

This simplified framework can be turned into a mathematical model
that is intended to give a good descriptive approximation of PK processes
and is able to compute the concentration of a drug at any time in all
parts of the body.

PK compartment models assume that drug concentration is perfectly
homogeneous in each compartment of the body at all times. This strong
assumption has the advantage of allowing a quantitative description of
a PK model. Indeed, describing quantitatively a PK model turns into
describing how the drug amount varies in each compartment. This means
we typically need to describe three components:

– The rate in describes how the drug moves from the depot compartment
to the central compartment.

– The rate of distribution describes exchanges of the drug between the
central and peripheral compartments.

– The rate out describes how the drug is eliminated from the central
compartment.

The final model will then bring together these three components into
one model.

drug depot
compartment

central
compartment

peripheral
compartment

distribution

in

out

C.2 Dynamical systems for characterizing the ADME
process

A PK model is a dynamical system mathematically represented by a sys-
tem of ordinary differential equations (ODEs) which describe transfers
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between compartments and elimination from the central compartment.
Let us look as several examples of dynamical systems for different types
of administration.

Intravenous administration. Consider first a system for iv adminis-
tration with only one central compartment. The only process that needs
to be described is elimination.

There exist several several different mathematical models to describe
the elimination process. For instance, linear elimination (or first-order
elimination) means that the rate of elimination is directly proportional
to the amount: .

Ac(t) = −ke×Ac(t), (C.1)

where Ac(t) and
.
Ac(t) are, respectively, the drug amount in the central

compartment and its derivative at time t. The proportionality constant
ke is the elimination rate constant. It is directly related to a correspond-
ing half-life, i.e., the time required for half of the drug amount to leave
the compartment:

t1/2 = log(2)/ke.

Let V be the volume of distribution of the central compartment.
Then, the clearance, defined as Cl = ke/V , relates the rate of elimination
to the concentration C = Ac/V :

.
Ac(t) = −Cl × C(t).

Clearance is expressed in volume per unit of time. For drugs which are
metabolized, the rate of elimination does not increase proportionately
to drug concentration. Saturable elimination means that above a certain
drug concentration, the elimination rate tends to reach a maximal value.
Such capacity-limited elimination is best explained by the Michaelis-
Menten equations:

.
Ac(t) = − Vm

V Km +Ac(t)
Ac(t) (C.2)

= − Vm
Km + C(t)

C(t).

Here, Vm is the maximum elimination capacity, i.e., the total drug
amount that can be eliminated per unit time at saturation, and Km

the drug concentration eliminated at half maximum capacity. When the
drug concentration is quite small with respect to Km, the mixed-order
process becomes similar to a first-order one and elimination is directly
proportional to concentration. When the drug concentration is large in
relation to Km, the elimination rate approaches the constant value Vm.
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Let us next introduce a peripheral compartment to the model and
assume linear transfer between the central compartment and it. Assum-
ing linear elimination from the central compartment, the mathematical
representation of this model now consists of a system of two ODEs:

.
Ac(t) = k21Ap(t)− k12Ac(t)− keAc(t)
.
Ap(t) = −k21Ap(t) + k12Ac(t), (C.3)

where Ap is the amount in the peripheral compartment and k12 and k21

the distribution rate constants.
Linear elimination can be replaced by other elimination processes

such as the Michaelis-Menten one presented in (C.2). It is also straight-
forward to extend this model to more than one peripheral compart-
ment. For example, a three-compartment model is characterized by three
ODEs:

.
Ac(t) = k21Ap(t) + k31Aq(t)− (k12 + k13 + ke)Ac(t)
.
Ap(t) = −k21Ap(t) + k12Ac(t)
.
Aq(t) = −k31Aq(t) + k13Ac(t).

Oral administration. Once swallowed, a drug reaches the gastroin-
testinal tract and is absorbed into the bloodstream. Only a fraction F of
an orally administered dose may reach systemic circulation due to fac-
tors such as breakdown in the intestine, poor absorption and presystemic
extraction. F is known as the bioavailability.

A zero-order absorption process assumes that a drug is transferred from
the depot compartment with constant rate R0:

.
Ad(t) = −R0 × 1IAd(t)>0. (C.4)

A first-order absorption process assumes that the absorption rate is pro-
portional to the drug amount in the depot compartment:

.
Ad(t) = −ka×Ad(t). (C.5)

The absorption rate constant ka is directly related to a corresponding
absorption half-life:

tabs,1/2 = log(2)/ka.

Remark: A zero-order absorption process can therefore be defined as
the limit of the α-absorption process:

.
Ad(t) = −Rα ×Aαd (t),
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as α tends to 0.
PK models for oral administration consist of a model each for ab-

sorption, distribution and elimination. For example, a one-compartment
model with a first-order absorption process and linear elimination com-
bines (C.5) and (C.1):

.
Ad(t) = −kaAd(t)
.
Ac(t) = kaAd(t)− keAc(t).

A two-compartment model with a zero-order absorption process and
nonlinear elimination combines (C.4), (C.3) and (C.2):

.
Ad(t) = −R01IAd(t)>0

.
Ac(t) = R01IAd(t)>0 + k21Ap(t)− k12Ac(t)−

Vm
V Km +Ac(t)

Ac(t)

.
Ap(t) = −k21Ap(t) + k12Ac(t).

C.3 Putting doses into a system
PK models do not describe how a drug is administered. Administered
doses are source terms, i.e., inputs that dynamically modify the state of
a system. This is important to note because it means that the same PK
model can be used for different dose regimens.

The plasmatic concentration predicted by a model is the solution
of a system of ODEs for a given series of inputs and initial conditions
(we suppose in general that all compartments are empty before the first
dose). When the system of ODEs is linear, an analytical solution can
be calculated. Otherwise, numerical methods for ODEs are required for
approximating the solution.

In the case of iv bolus, a drug is administered intravenously over
a negligible period of time and achieves instantaneous distribution
throughout the central compartment. Let D be the drug amount ad-
ministered at time τ . Then,

Ac(τ
+) = Ac(τ

−) +D,

where τ− and τ+ are the times just before and after drug administration.
If the compartment is empty before τ , the solution is

C(t) =
D

V
e−ke (t−τ) 1It>τ .
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If K doses D1, D2, . . . , DK are administered at times τ1, τ2, . . . , τK , a
superposition principle applies since the system is linear:

C(t) =
1

V

K∑
k=1

Dke
−ke (t−τk) 1It>τk .

In the case of iv infusion, a dose is administered with a constant
rate Rinf during a certain infusion time period of length Tinf = D/Rinf .
Assuming a unique dose is administered at time τ , the solution is

C(t) =


0 if t < τ
R/(V ke)(1− e−ke (t−τ)) if τ ≤ t < τ + Tinf

R/(V ke)(1− e−keTinf )e−ke (t−τ−Tinf ) if t ≥ τ + Tinf

Note again that the same model was used for all these different examples;
it is the changing inputs – here doses – which generate different solutions.

Consider now oral administration and let Ad be the drug amount in
the depot compartment. If an amount D is instantaneously deposited
at time τ (imagine, for instance, that the dose is swallowed all at once),
then, denoting F the bioavailability, state variable Ad is modified at time
τ :

Ad(τ
+) = Ad(τ

−) + F D.

If the central and depot compartments are empty before τ , the solution
is

C(t) =
F D ka

V (ka− ke)

(
e−ke (t−τ) − e−ka (t−τ)

)
1It>τ .

Similar types of solution can be obtained when there is zero-order
absorption and/or two or three compartments; the solutions are linear
combinations of decaying exponentials.

C.4 Implementing PK models with Mlxtran
There are three main ways to implement PK models using Mlxtran:
first, the pkmodel function for defining standard PK models; second,
PK macros for complex administrations and/or complex PK models; and
third, equations for implementing any dynamical system. These options
offer a lot of flexibility. Furthermore, the same implementation can be
used for performing several tasks such as modeling and simulation.

1. Using the PKmodel function: PKmodel should be used when
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there is only one type of administration. It plays the role of PK model
library; a model is selected by the choice of function arguments.

Model 1: One-compartment model for oral administration with lag-
time, zero-order absorption and linear elimination. The model param-
eters are bioavailability F , lag-time T lag, duration of absorption Tk0,
volume of distribution V and clearance Cl.

[LONGITUDINAL]
input = {F, Tlag, Tk0, V, Cl}

EQUATION:
Cc = pkmodel(p=F, Tlag, Tk0, V, Cl)

Each of p, T lag, Tk0, V and Cl is a reserved keyword automatically
recognized by pkmodel; p is the fraction of the dose which is absorbed.

Model 2: Two-compartment model for iv administration, nonlinear
elimination, including an effect compartment. The model parameters
are distribution rate constants k12 and k21, volume of distribution V ,
Michaelis-Menten parameters Vm and Km, and transfer rate constant
ke0.

[LONGITUDINAL]
input = {k12, k21, V, Vm, Km, ke0}

EQUATION:
{Cc, Ce} = pkmodel(k12, k21, V, Vm, Km, ke0)

2. Using PK macros: PK macros can be used to define the compo-
nents of a compartmental model (compartments, absorption, distribu-
tion, elimination, etc.).

Model 3: Sequential zero-order/first-order absorption process. A frac-
tion F0 of the dose is first absorbed with a zero-order absorption process,
then the remaining 1−F0 is absorbed with a first-order absorption pro-
cess. The drug is eliminated from the central compartment by a linear
process.

[LONGITUDINAL]
input = {F0, Tk0, ka, Cl)

PK:
compartment(cmt=1, amount=Ac)
oral(cmt=1, Tk0, p=F0)
oral(cmt=1, ka, Tlag=Tk0, p=1-F0)
elimination(cmt=1, Cl)
Cc = Ac/V
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Model 4: Multiple administrations and multiple absorption processes.
In this example, one type of dose is administered orally (adm=1) and
absorbed into a latent compartment following a first-order absorption
process, a second type is administered orally (adm=2) and absorbed
into the central compartment following a zero-order absorption process,
and a third type is directly administered intravenously to the central
compartment (adm=3). There is linear transfer from the latent to the
central compartment. A peripheral compartment is linked to the central
compartment. The drug is eliminated by a linear process from the latent
compartment and a nonlinear process from the central one. Here, Al and
Ac are the drug amounts in the latent and central compartments.

adm=1
(oral)

DEPOT 1

F1

cmt=1
LATENT

Al

ka

ke

adm=2
(oral)

DEPOT 2

F2

cmt=2
CENTRAL

Ac

Tk0

kl PERI-
PHERAL

k23

k32

Vm,Km

adm=3
(iv)

[LONGITUDINAL]
input = {F1, F2, ka, Tk0, kl, k23, k32, V, k, Vm, Km}

PK:
compartment(cmt=1, amount=Al)
compartment(cmt=2, amount=Ac)
peripheral(k23,k32)
oral(adm=1, cmt=1, ka, p=F1)
oral(adm=2, cmt=2, Tk0, p=F2)
iv(adm=3, cmt=2)
transfer(from=1, to=2, kt=kl)
elimination(cmt=1, k)
elimination(cmt=2, Km, Vm)
Cc = Ac/V

3. Using equations: Equations can be used if we wish to represent
a dynamical system by a system of ODEs and “deposit” the drug in
any compartment, i.e., define administrations as source terms for any
component of the system of ODEs.

Model 5: Combination of oral and iv administrations. Only a fraction
F of the oral dose is absorbed with lag-time T lag. Inputs of type 1
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(adm=1) are oral administrations and inputs of type 2 (adm=2) are iv
administrations.

[LONGITUDINAL]
input = {F, Tlag, ka, V, k}

PK:
depot(adm=1, target=Ad, p=F, Tlag)
depot(adm=2, target=Ac)

EQUATION:
ddt_Ad = -ka*Ad
ddt_Ac = ka*Ad - k*Ac
Cc = Ac/V

The model is now “ready” to receive any combination of oral and iv
doses.

C.5 Using the same PK model for different tasks
In order to evaluate these types of models, in either the modeling or
simulation situation, we need inputs, i.e., a dose regimen. For each dose
being administered, we need specific information:

• the administration time,

• the drug amount administered,

• the rate (or duration) of infusion if this is the type of administration
and

• the administration types if there are several of them.

Amounts and times must always be provided while rates and types are
needed only in certain cases.

Suppose first that we want to visually explore the PK model in Ex-
ample 5, stored in the text file pk_model.txt. The dose regimen now
needs to be defined in an Mlxplore script. Each administration type
must be defined in the [ADMINISTRATION] section and the treatment
in the [TREATMENT] section, here a combination of two administration
types.
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pk_mlxplore.txt

<MODEL>
file = ’pk_model.txt’

<DESIGN>
[ADMINISTRATION]
adm1={amount=40,time={0,24,48,72},type=1}
adm2={amount={50,75,50},time={12,36,60},

type=2}
[TREATMENT]
trt = {adm1, adm2}

<PARAMETER>
F=0.8, Tlag=1.5, ka=0.7, V=10, k=0.1

<OUTPUT>
list=Cc
grid=0:0.1:100 0 20 40 60 80 100

0

1

2

3

4

5

6

7

8

9

10

C
c

time

The same dose regimen can also be used for simulation with R func-
tion Simulx. In this case, each type of administration is defined as a
list, and a treatment is a list of administrations. In this example we use
Simulx for computing the predicted concentration C for a given set of
PK parameters.

pk_simulx.R

adm1 <- list(amount=40,time=c(0,24,48,72), type=1)
adm2 <- list(amount=c(50,75,50),time=c(12,36,60), type=2)
trt <- list(adm1, adm2)

psi <- list(name=c(’F’,’Tlag’,’ka’,’V’,’k’),
value=c(0.8,1.5,0.7,10,0.1))

cc <- list(name=’Cc’,time=seq(from=0, to=100, by=0.1))

res <- simulx(model=’pk_model.txt’,treatment=trt,
parameter=psi,output=cc)

We can do the same with the MATLAB version of Simulx. Here,
administration types are structures and a treatment is a cell array with
an administration in each cell.

pk_simulx.m

adm1 = struct(’amount’,40,’time’,[0,24,48,72],’type’,1);
adm2 = struct(’amount’,[50,75,50],’time’,[12,36,60],’type’,2);
trt = {adm1,adm2};

psi = struct(’name’,{{’F’,’Tlag’,’ka’,’V’,’k’}},...
’value’,[0.8,1.5,0.7,10,0.1]);

cc = struct(’name’,’Cc’,’time’,0:0.1:100);

res=simulx(’model’,’pk_model.txt’,’treatment’,trt,...
’parameter’,psi,’output’,cc);
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If the dose regimen is defined in a data file, it should contain columns
such as time, amt, rate and adm. Each row contains the complete set of
information for a certain dose. Suppose for example that several patients
receive several oral or intravenous doses at different times. If we want to
use the same PK model again, a column with the administration type
(oral=1 or iv=2) is required:

id time amt adm
1 0 80 1
1 24 100 2
1 36 80 1
2 0 40 1
2 12 50 2
: : : :
: : : :

This design can then be used with either Monolix for modeling, Mlx-
plore for exploration or Simulx for simulation.





D
Tools

The tools presented in this appendix all share the Mlxtran language
developed by Lixoft and Inria to implement mixed effects models.

Monolix, Mlxplore and Datxplore are currently developed by
Lixoft and are available at http://lixoft.com

Simulx was developed by Inria1 and is available at
https://team.inria.fr/popix/mlxtoolbox

The projects, models and data files used in this chapter are available
at http://www.math.u-psud.fr/~lavielle/book

D.1 Mlxplore for model exploration
Mlxplore allows us to visualize not only the structural model but
also the statistical model, which is of fundamental importance in the
population approach. We can thus visualize the impact of covariates
and inter-individual variability of model parameters on predictions. In
the modeling context, we may also want to visually calibrate parameters
in order to obtain predictions as close as possible to the observations.

The combination of Mlxplore and Mlxtran will allow us to ex-
plore pharmacokinetic models with complex administration schedules,
include inter-individual variability in parameters, define a statistical
model for covariates, etc.

To illustrate features of Mlxplore, we are going to work with the tu-
mor growth inhibition model proposed in Ribba et al. (2012). This model
describes tumor size evolution in patients treated with chemotherapy:

1The R version of Simulx was developed by Inria for the DDMoRe project,
http://www.ddmore.eu
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.
C(t) = −k1C(t)
.
A(t) = λA(t)(1− P ?(t)/S)− k2A(t) + k3D(t)− γk1A(t)C(t)
.
Q(t) = k2A(t)− γk1Q(t)C(t)
.
D(t) = γk1Q(t)C(t)− k3D(t)− δD(t)

A tumor is considered to be composed of proliferative (A) cells and
nonproliferative quiescent cells (Q). Treatment directly eliminates pro-
liferative cells. Quiescent cells can also be affected by treatment and be-
come damaged quiescent cells (D). The chemotherapy pharmacokinetics
are modeled using a kinetic-pharmacodynamic approach. C represents
the concentration of a virtual drug encompassing the various chemother-
apeutic components of the treatment.

We are interested in the size of the tumor P ? = A+Q+D, so let us
begin by implementing this model for predicting P ? in Mlxtran.

tumor1_model.txt
[LONGITUDINAL]
input={k1, k2, k3, lambda, gamma, delta}

EQUATION:
S = 100
t0=0
A_0=5
Q_0 = 40
Pstar = A+Q+D
ddt_C = -k1*C
ddt_A = lambda*A*(1-Pstar/S) + k3*D - k2*A - gamma*k1*A*C
ddt_Q = k2*A - gamma*k1*Q*C
ddt_D = gamma*k1*Q*C - k3*D - delta*D

Initially, we would like to visualize how the tumor grows without
treatment for a given set of parameters. To do so, we create an Mlx-
plore script with all the necessary information: the model, parameter
values k1, k2, k3, λ, γ and δ, and the output we want to display.

tumor1a_mlxplore.txt
<MODEL>
file = ’tumor1_model.txt’

<PARAMETER>
k1=0.3
k2=0.025
k3=0.004
lambda=0.12
gamma=1
delta=0.01
<OUTPUT>
list = {Pstar={xlabel=’time (month)’, ylabel=’tumor size (mm)’}}
grid=0:1:100
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If we now run this script, P ? is plotted, and then the Mlxplore
graphical interface allows us to interactively modify parameter values
using sliders.

Next we may be interested in visualizing the impact of treatment on
tumor growth. We may wish to compare two treatments, one consisting
of administering one unit of the drug every twelve months, the other one
quarter of a unit every three months. These schedules can be defined in
the <DESIGN> section of the Mlxplore script.

tumor1b_mlxplore.txt

<MODEL>
file = ’tumor1_model.txt’

<DESIGN>
[ADMINISTRATION]
adm1={time=12:12:48, amount=1, target=C}
adm2={time=12:3:57, amount=0.25, target=C}

<PARAMETER>
k1=0.3
k2=0.025
k3=0.004
lambda=0.12
gamma=1
delta=0.01

<OUTPUT>
list = {Pstar={xlabel=’time (month)’, ylabel=’tumor size (mm)’}}
grid=0:1:100

Then, the two predicted tumor sizes can be displayed in the same
plot.
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One of most useful features of Mlxplore is its ability to graphically
display the predicted distribution of the tumor size P ? when certain
model parameters are assumed to be random variables. Suppose, for
instance, that λ and γ are log-normally distributed. To take this into
account, we simply insert an [INDIVIDUAL] section into the model file.
The structural model defined in the [LONGITUDINAL] section remains
unchanged.

tumor2_model.txt

[LONGITUDINAL]
input={k1, k2, k3, lambda, gamma, delta}

EQUATION:
t0=0
A_0=5
Q_0 = 40
Pstar = A+Q+D
ddt_C = -k1*C
ddt_A = lambda*A*(1-Pstar/100) + k3*D - k2*A - gamma*k1*A*C
ddt_Q = k2*A - gamma*k1*Q*C
ddt_D = gamma*k1*Q*C - k3*D - delta*D

;---------------------------------------------------
[INDIVIDUAL]
input={lambda_pop,omega_lambda,gamma_pop,omega_gamma}

DEFINITION:
lambda={distribution=lognormal,reference=lambda_pop,sd=omega_lambda}
gamma={distribution=lognormal,reference=gamma_pop,sd=omega_gamma}

The model’s parameters are now those of the population distributions
for λ and γ, as well as k1, k2, k3 and δ, considered constants in this
example.
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tumor2_mlxplore.txt

<MODEL>
file = ’tumor2_model.txt’

<DESIGN>
[ADMINISTRATION]
adm={time=12:12:48, amount=1, target=C}

<PARAMETER>
lambda_pop=0.12
gamma_pop=1
omega_lambda=0.3
omega_gamma=0.3

k1=0.3
k2=0.025
k3=0.004
delta=0.01

<OUTPUT>
list = {Pstar={xlabel=’time (month)’,ylabel=’tumor size (mm)’}}
grid=0:1:95

As it is a function of two random variables, P ? is now itself random.
Mlxplore is able to display the order 10%, 20%, . . . , 90% quantiles of
its probability distribution.

D.2 Simulx for data simulation
In Chapter 3 we proposed considering models as joint probability dis-
tributions of random variables. Then, the hierarchical structure of such
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models allowed us to decompose the joint distributions into products
of conditional and marginal distributions. If a model includes observa-
tions y, individual parameters ψ, individual covariates c and population
parameters θ, the joint distribution of these random variables can be
written as

p(y,ψ, θ, c;u, t) = p(y|ψ,u, t)p(ψ|θ, c)p(c|θ)p(θ), (D.1)

where t and u are observation times and source terms (e.g., doses).
Simulating this model means successively drawing the model’s variables
under a given design (u, t) and their associated submodels:

1. Draw population parameters θ from the distribution pθ.

2. Then draw individual covariates c from the distribution pc.

3. Next, draw individual parameters ψ from the distribution pψ|θ,c us-
ing the values of θ and c obtained in steps 1 and 2.

4. Lastly, draw observations y from the distribution py|ψ,u,t using the
design (u, t) and the value of ψ obtained in step 3.

Clearly, if certain variables are present but not considered random, the
associated simulation step is not performed.

If we now want to perform simulations, we can work with Simulx –
both an R and MATLAB function – that lets us use Mlxtran models in
these environments. This combines the flexibility of the R and MATLAB
environments with the ability of Mlxtran to easily encode complex
hierarchical models2.

Let us consider again the tumor growth example used to illustrate
Mlxplore in Section D.1, and use it to present several features of
Simulx. First, we would like to calculate the tumor size every 0.1 months
from t = 0 to t = 100 months in the absence of treatment. We will use the
following parameter values: k1 = 0.3, k2 = 0.025, k3 = 0.004, λ = 0.12,
γ = 1 and δ = 0.01. The arguments of the Simulx function are the model
name, model parameters and outputs required.

In R, the output of Simulx, i.e., the predicted values of P ?, is stored
in a list called res in this example:

tumor1a_simulx.R

psi <- list(name = c(’k1’,’k2’,’k3’,’lambda’,’gamma’,’delta’),
value = c(0.3, 0.025, 0.004, 0.12, 1, 0.01))

f <- list(name = ’Pstar’,time=seq(from=0, to=100, by=0.1));
res <- simulx(model=’tumor1_model.txt’,parameter=psi,output=f);

2Simulx also accepts models encoded with PharmML, the pharmacometrics
markup language developed for the DDMoRe project, http://pharmml.org
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In MATLAB, the output of Simulx is a cell array, also called res in this
example:

tumor1a_simulx.m

psi = struct(’name’,{{’k1’,’k2’,’k3’,’lambda’,’gamma’,’delta’}},...
’value’,[0.3, 0.025, 0.004, 0.12, 1, 0.01]);

f = struct(’name’,’Pstar’,’time’,0:0.1:100);
res = simulx(’model’,’tumor1_model.txt’,’parameter’,psi,’output’,f);

If we now want to compare two treatments, we can create two groups
(by default each with one subject only) and apply one treatment to each
group. In the same way, we can also use different parameter values and/or
observation times for each group.

tumor1b_simulx.R

adm1<- list(amount=1, time=seq(from=12,to=48,by=12), target=’C’)
adm2<- list(amount=0.25, time=seq(from=12,to=57,by=3), target=’C’)
g1 <- list( treatment = adm1)
g2 <- list( treatment = adm2)
g <- list(g1, g2)

f <- list(name = c(’A’,’Q’,’D’,’Pstar’),
time = seq(from=0,to=100,by=0.1))

psi <- list(name = c(’k1’,’k2’,’k3’,’lambda’,’gamma’,’delta’),
value = c(0.3, 0.025, 0.004, 0.12, 1, 0.01))

res <- simulx(model=’tumor1_model.txt’,parameter=psi,output=f,group=g)

p1=ggplot(data=res$A,aes(x=time,y=A,linetype=id))+geom_line()
p2=ggplot(data=res$Q,aes(x=time,y=Q,linetype=id))+geom_line()
p3=ggplot(data=res$D,aes(x=time,y=D,linetype=id))+geom_line()
p4=ggplot(data=res$Pstar,aes(x=time,y=Pstar,linetype=id))+geom_line()
grid.arrange(p1, p2, p3, p4, ncol=2)
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So far, we have used Simulx for making predictions defined as so-
lutions of systems of ODEs. We can however also use it for simulating
random variables, e.g., for the model in tumor2_model.txt. In the
following example, three individuals from group 1 and three from group
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2 are given different individual parameters drawn from the same popu-
lation distribution.

tumor2_simulx.R

adm1 <- list(amount=1,time=seq(from=12,to=48,by=12),target=’C’)
adm2 <- list(amount=0.25,time=seq(from=12,to=57,by=3),target=’C’)
g1 <- list(size=3, administration=adm1, level=’individual’)
g2 <- list(size=3, administration=adm2, level=’individual’)
g <- list(g1, g2)

psi <- list(name=c(’lambda_pop’,’gamma_pop’,’omega_lambda’,
’omega_gamma’,’k1’,’k2’,’k3’,’delta’),

value= c(0.12, 1, 0.1, 0.1, 0.3, 0.025, 0.004, 0.01))
f <- list(name=’Pstar’,time=seq(from=0,to=100,by=0.1))

res <-simulx(model=’tumor2_model.txt’,parameter=psi,output=f,group=g)

We can also define the distribution of the longitudinal observa-
tions (observed tumor size) by adding a DEFINITION block to the
[LONGITUDINAL] section.

tumor3_model.txt

[LONGITUDINAL]
input={k1, k2, k3, lambda, gamma, delta, a}

EQUATION:
t0=0
A_0=5
Q_0 = 40
Pstar = A+Q+D
ddt_C = -k1*C
ddt_A = lambda*A*(1-Pstar/100) + k3*D - k2*A - gamma*k1*A*C
ddt_Q = k2*A - gamma*k1*Q*C
ddt_D = gamma*k1*Q*C - k3*D - delta*D

DEFINITION:
y = {distribution=normal, prediction=Pstar, sd=a}

;-----------------------------------------------
[INDIVIDUAL]
input={lpop,omegal,gpop,omegag}

DEFINITION:
lambda={distribution=lognormal,reference=lpop,sd=omegal}
gamma={distribution=lognormal,reference=gpop,sd=omegag}

Simulx then lets us generate observations, every ten months, for ex-
ample, by defining y as a new output via f{2}. Now, res is a list of
data frames that contain the observed and predicted tumor sizes for the
six simulated individuals.
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tumor3_simulx.R

adm1 <- list(amount=1,time=seq(from=12,to=48,by=12),target=’C’)
adm2 <- list(amount=0.25,time=seq(from=12,to=57,by=3),target=’C’)
g1 <- list(size=3, administration=adm1, level=’individual’)
g2 <- list(size=3, administration=adm2, level=’individual’)
g <- list(g1, g2)

psi <- list(name=c(’lambda_pop’,’gamma_pop’,’omega_lambda’,
’omega_gamma’,’k1’,’k2’,’k3’,’delta’,’a’),

value=c(0.12,1,0.1,0.1,0.3,0.025,0.004,0.01,1))
out1 <- list(name=c(’Pstar’),time=seq(from=0,to=100,by=0.1))
out2 <- list(name=c(’y’),time=seq(from=0,to=100,by=10))
o <- list(out1, out2)

res <-simulx(model=’tumor3_model.txt’,parameter=psi,output=o,group=g)

p=ggplot() + geom_line(data=res$Pstar, aes(x=time, y=Pstar)) +
geom_point(data=res$y, aes(x=time, y=y)) + facet_wrap( ~ id) +
xlab("time (month)") + ylab("tumor size")

print(p)
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Simulx offers numerous other possibilities such as simulation of pop-
ulation parameters in order to simulate inter-population variability. It is
also possible to use different parameters and designs for each individual.
This type of information can be read from a data file.

D.3 Datxplore for data visualization
Before deciding to model data, it is often important to first be able to
visualize it. This is especially the case for longitudinal data when we
want to see how an outcome varies with time or as a function of another
outcome. We may also want to visualize how the individual covariates are
distributed, visually detect if there are relationships between variables,
visually compare data from different groups, etc.
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Datxplore creates graphical displays of continuous data using
spaghetti plots. In the plot shown here, warfarin PK data are displayed
as a function of time. Continuous and categorical covariates can be used
in Datxplore to stratify data and split plots. In this example, data
have been stratified by weight: patients with weights between 40 and 65
kg are displayed on the left and between 65 and 103 kg on the right.

With Datxplore, it is also possible to plot PD data (PCA) on
the y-axis and PK data (concentration) on the x-axis as we saw earlier
in Figure 8.8, which allowed us in that example to detect a hysteresis
phenomenon related to a delay in response after exposure. This type
of plot is therefore extremely useful for helping modelers build PKPD
models.

Furthermore, again using the warfarin data as an example, we have
the possibility of showing the distribution of a covariate as a function of
another one (for example, weight as a function of sex).

Lastly, we can represent time-to-event data using Kaplan-Meier plots,
i.e., estimates of the survival function for the first event. In the case of
repeated events, we can also represent the average cumulative number
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of events per individual. Covariates can be used to filter the data. Here,
only arms A and C are displayed (and not B and D).

D.4 Monolix for data modeling
Monolix (MOdèles NOn LInéaires à effets miXtes) is a modeling plat-
form for nonlinear mixed effects models that allows us to perform various
tasks:

• Estimation of population parameters (using the SAEM algorithm,
see Section 9.2).

• Estimation of the Fisher information matrix (using model lineariza-
tion and/or stochastic approximation, see Section 9.4).

• Estimation of the individual parameters (using the conditional mean
and/or median, see Section 9.3).

• Estimation of the observed log-likelihood (using model linearization
and/or importance sampling Monte Carlo, see Section 9.5).

• Model evaluation using diagnostic plots and selection criteria (see
Section 7.3).

• Simulation of new data.

Monolix offers a graphical user interface (GUI) for creating
projects. A Monolix project contains information on the data, model
and tasks to perform. All this information is stored in a project text file
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that can be edited. Such project files can be either loaded by the GUI
or executed in batch mode.

Let us illustrate some basic features of Monolix3 by modeling the
warfarin PK data described in Section 7.1.

Loading data: Data are the measured PK and PD data, the dose regimen
and several covariates (weight, sex and age) for 32 patients. All of these
are stored in a unique data file warfarin_data.txt using a standard
format.

We use the Monolix GUI to select this datafile and define the con-
tent of each column.

Model for the observations: The warfarin PK data we want to model
is continuous longitudinal data. The model for the observations then
consists of the structural PK model and the residual error model.

Monolix offers an extensive PK library for oral, iv bolus and in-
fusion administration with 1, 2 and 3 compartment models, first and
zero-order absorption processes, linear and nonlinear elimination, and
various parametrizations. The PK model used in Section 7.1 for the
warfarin data is a one-compartment model for oral administration as-
suming first-order absorption and linear elimination with parameters ka,
V and Cl. We can find this model in the Monolix PK library under
the name oral1_1cpt_kaVCl.

A constant residual error model was proposed for this data in (7.2).
To implement this, it is possible to use the Monolix GUI to select the
PK model from the Monolix PK library and a constant error model
from several predefined error models (also including proportional, com-
bined and exponential error models).

3Version 4.3 is used here and throughout the book.
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The very same PK model could also be implemented with Mlxtran
using instead the pkmodel function with arguments ka, V and Cl for
characterizing the PK model. The output is the predicted plasmatic
concentration C:

INPUT:
parameter = {ka, V, Cl}

EQUATION:
Cc = pkmodel(ka, V, Cl)

OUTPUT:
output = {Cc}

The residual error model can be defined in the script instead of the
GUI.

INPUT:
parameter = {ka, V, Cl}

EQUATION:
Cc = pkmodel(ka, V, Cl)

DEFINITION:
Concentration = {type=continuous,

prediction=Cc,
errorModel=constant}

OUTPUT:
output = {Concentration}

Model for the individual parameters: The second step consists of defin-
ing a model for the individual PK parameters φi = (kai, Vi, Cli). As in
(7.3), log-normal distributions are used for the three PK parameters, all
considered mutually independent.

If we are using the GUI, predefined transforms are available for defin-
ing the parameter distributions: log, logit, probit, power and custom.
Here, L stands for log-normal. The diagonal structure of the variance-
covariance matrix Ω also needs to be defined.
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The model in (7.3) assumes a linear relationship between log(wi/70)
and log(Vi). We then need to transform the original “physiological” co-
variate wi into a “statistical” covariate ci = log(wi/70).

Here, only the predicted log-volume is considered to be a linear func-
tion of the transformed covariate.

Once the data have been loaded and models implemented, it is then
possible to perform various tasks, e.g., estimating the population param-
eters.

We start by choosing an initial value θ0. For this, Monolix lets
us visually compare the predictions obtained for the given parameter
values and recorded observations. We can see that ka = 1, V = 7 and
Cl = 0.2 give fairly good predictions for the observed concentrations.
We can therefore use these as initial estimates.
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SAEM’s default settings (number of iterations, number of Markov
chains, simulated annealing) can be used as provided, or user modified.

The methods associated with the tasks we want to perform need to
be selected, as well as the set of plots we want to output.

It is then possible to successively run individual tasks or else define a
workflow (i.e., a sequence of tasks) to execute. All results are automati-
cally stored as tables and plots in a folder associated with the project.
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Glossary

ADME absorption – distribution – metabolism – excretion

AFT accelerated failure time

AIC Akaike information criterion

ARMA autoregressive moving average process

BIC Bayesian information criterion

BSMM between-subject model mixture

cAIC conditional Akaike information criterion

cdf cumulative distribution function

CI confidence interval

CLT central limit theorem

CRD completely random dropout

CTS clinical trial simulation

CV coefficient of variation

Datxplore software for data visualization

DDE delayed differential equation

DDMoRe Drug and Disease MOdel REsources (European project sup-
ported by IMI)

d.f. degrees of freedom

EFSA European food safety authority

EKF extended Kalman filter

EM expectation-maximization algorithm
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FIM Fisher information matrix

GLMM generalized linear mixed model

GMO genetically modified organism

GUI graphical user interface

HCV hepatitis C virus

HMM hidden Markov model

HOG high-osmolarity glycerol

ID informative dropout

i.i.d. independent and identically distributed

IIV inter-individual variability

IOV inter-occasion variability

IWRES individual weighted residuals

LLOD lower limit of detection

LLOQ lower limit of quantification

LRT likelihood ratio test

MAP maximum a posteriori

MAR missing at random

MBDD model based drug development

MCAR missing completely at random

MCEM Monte-Carlo EM algorithm

MCMC Markov chain Monte Carlo

MH Metropolis-Hastings algorithm

MLE maximum likelihood estimate

Mlxplore software for model visualization and model exploration

Mlxtran model coding language used by Monolix, Mlxplore and
Simulx
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MNAR missing not at random

Monolix MOdèles NOn LInéaires à effets miXtes (platform for non-
linear mixed effects modeling)

nlme R and S+ package for Gaussian linear and nonlinear mixed-effects
models

nlmem nonlinear mixed effects model

NONMEM NON-linear Mixed Effects Modeling (software package de-
veloped in the late 1970s at UCSF for population pharmacokinetic
modeling)

NPDE normalized prediction distribution errors

ODE ordinary differential equation

PCA prothrombin complex activity

PD pharmacodynamics (study of the biochemical and physiological ef-
fects of drugs on the body)

pdf probability distribution function

PharmML pharmacometrics markup language

PI prediction interval

PK pharmacokinetics (describes how the body affects a specific drug
after administration)

PKPD pharmacokinetics/pharmacodynamics

PWRES population weighted residuals

PX-SAEM parameter expansion version of SAEM

RD random dropout

r.s.e. relative standard error

SAEM stochastic approximation of EM algorithm

SDE stochastic differential equation

s.e. standard error
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Simulx R and MATLAB function for the simulation of mixed effects
models implemented in Mlxtran and PharmML

TGI tumor growth inhibition model

ULOQ upper limit of quantification

VPC visual predictive check

WSMM within-subject model mixture
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