@ay s6 12 mot ndi dung quan trong trong
chuong trinh todn THPT, dic biét 1a ¢
chuong trinh todan THPT chuyén. Cac bai toan vé
gi6i han cia diy sb thuong xuyén xuét hién trong
ky thi hoc sinh gi6i cac cap. Thong thuong ching
ta c6 mot sb phuong phap chung nhét dinh dé tim
gidi han cua day so cho béi cong thirc tong quat

x, = f(n) hay diy s6 cho bdi cong thirc truy hdi
= f(%.-3%,,). Tuy nhién loai day s6 cho bai
cong thirc 1a t6 hop cua hai dang trén (ma ta
khong tim duogc cu thé cong thirc téng quat ctia n6
hay ta khong tim dugc dlem bat dong) thi chua c6
phuong phap giai quyét chung. Bai viét nho nay
khai thac mot dinh hudng tiép can dang toan trén,
do la st dung céc danh gié trung gian dé kep day
s6 bang cac gidi han co ban roi qua do tim ra gidi
han. Chiing ta s& bit diu v6i mot thi du don gian.

Thi du 1. Cho day 56 (x,) xdc dinh boi
2n+11
B =—: T, +

2 T (2" T aeS
Chirng minh rang day so da cho cé gioi han hitu
han va tim gici han do.

NS |

Phén tich. Néu goi diém bit dong clia day sb 1a
x; thi fa. ol = 2=2%+ 2 <ox, =L %= 2.

Ngoai ra d& thdy x

2> (x, =)’ +1>1,Vn>1 suy
ra x, >1,Vn>1. Ta du doan limx, =1 va dé c6

diéu nay ta cin tim duoc a,b thoa man

x, <1+ : ,Vn>1(*). Dé ching minh (*) ta
an+b

sir dung phwong phap quy nap. Chu y ring ham sé
f(x)=x*—2x ddng bién trén (I;+c0) nén dé quy
nap thanh cong ta cin phai c6 0<a+b<2 dé (*)
ding & budc cosd n=1 va

k+5

o e
1+ — 211+ +
ak+b ak +b

1

Ll+—
alk+1)+b
dé (*) dung & bude quy nap.

2k+11

™

SU DUNG DANH GA TRUNG GlAN B i
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TRAN QUOC LUAT
(GV THPT chuyén Ha Tinh)

Ta chon b =4a d thu gon nhanh biéu thirc
it doks 512kl
alk+1)+b k+5
Khi d6: (**) < a(1-a)(k +4)* 2k +5.
Pé bat c?ing thirc nay dung véi moi k21 thi
trudc hét ndé phai ding véi k=1, tiac la
25a(l-a)>6, két hop voi O<4a+a<2 ta

dugc a < % Ta chon luén a =%.
Tém lai ta chirng minh duoc

b< 3 oSilie

,Vn2>1.
2(n+4)

Loi gigi. Do x,,, =(x, —1)° +1+L>1,vn21
n+5

va x,>1 nén x,>1,Vn=1.Ta s& chimg minh
= g+l ,Vn>1 (*) bang phuong phap quy
2(n+4)
nap. Thét vy vdi n=1 thi (*) ding. Gia s (*)
2k+ 13
ding v&éi n=k (k=1), khi do
2(k 4)
Ta can chimg minh (*) diing véi n =k +1, tic
s 2k+15‘
2(k +5)
Thét vAy, do ham sé f(x)=x>—2x dong bién
trén (1;+e0) va x, >1 nén(chuy k=1)

2k +15 2k +7
xk+1‘ﬁ‘f(xk)+2(k+5)
<f(2k+13 L 2k+T (k- 1(6k+29)
T2k +4)) 2645 4k+4) (k+5)

Do do (*) ding theo nguyén ly quy nap.

Theo nguyén 1y kep, day sé (x,) c6 gii han hiru
hanva limx, =1. O

Nhin xét. Ta c6 thé giai bai nay béng cach ding
Nguyén ly Weierstrass. Trong cdc thi dy tiep theo
chung t3i chi trinh bay phan phén tich, ban doc tu
hoan thién phan 161 giai.
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Thi du 2. (VMO-2012) Cho day 56 (x,) xdc dinh
X =3;x = ”+2(xn 42),Vn22.

Chirng minh rang day $6 da cho cé gi6i han hitu

han va tim gici han do.

Phién tich. Goi diém bt dong cua day sb 1a x, thi
X512

Xy = < x, =1. Tadu doan limx, =1.

D& phat hién x, >1,¥n>1 (ching minh diéu nay
bing quy nap) nén dé khing dinh du doan trén
dung ta can tim dugc a,b théa mén

x <1+

n

1 ,Vn21(¥%).
an+b

Ta can chon a,b sao cho 0<a+bS% va

ko ( + ! J51+-——-1 )
3(k+1) ak+b a(k+1)+b
Chon b=3a (d thu gon nhanh vé trai) thi
(**) < 2(1-3a)k = 24a+1. Dé bit ding thuc
nay dung v6i moi k=1 thi trwéc hét né phai dung
v6i k=1, khi d 30a<l (théa man

0<a+b=4a£%). Ta chon luén a=%. Khi d6

oD o sing vi k31 Tém lai
(k+1)(k+4)
1<x, <433 vus 1. Bai tofin két thic. O
n+3
Thi du 3. Cho day s6 (x,) xdc dinh béi
x1=3, X .. =2x —4n+1,Vn21.
2 nx,

Tim gidi han cua ddy 56 da cho.
Phén tich. Taco x,,, = f,(x,) vOi

£ =2x =221 13 ham s6 déng bién trén R.

Ta s& im a,b sao cho x,2an+b,Vn2k, dé

limx, = +oo, Pé quy nap thanh céng, ta can phai

co 2(ak+b)—iﬂ—2a(k+l)+b.
k(ak + b)
biéu nay twong duong véiak +b—a = if-i
ak~ + bk

& a’k +(2ab a k> +(b* —ab—4)k-120.
Ngodi ra ta can thém didu kién dé& budc co so
dung, viéc chon a,b sao cho diéu kién trén dugc
thoa mén, dong thoi budce co s¢ ding khi n=1,

TOAN HOC
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n =2 kha khé khin nén ta tim diéu kién dé budc
co s& ding khi n=3, tic 13 %23a+b. Khi d6

a=1,b=2,k, =3 théa mén cic yéu ciu.

Tom lai ta da chimg minh x, 2n+2,Vr 2 3.

Viy limx, =+c0. O

Thi du 4. (VMO-2011) Cho ddy s6 (x,) xdc dinh
2n

" n=1)

Voi moi n21, dat y,=x,,, —x,

% 2= i e it 8 b, ) Vi 3.2

Chitng minh
rang day sé (y,) cé gidi han hitu han.
Phén tich. V6i moi n>1, tacod

Foii: deidiy 1 n+n+l
e ol I o et e e o P Y e
n n o n n
r 7 5 A
Ta co y, =3;y, =E>y1;y3 =—8>y2 nén ta du

doén y,,,>y.,Van21 (*). Thit viy diéu nay

n +3n+3 n+n+l1

THEETE T T T )
(n+1) n

& (12 +1)(n* +3n+ 3> +n+1)(n+1)*, dung.

Tatim a,b sao chox, <an+b,Vn >k, dé

 lan+ b)(n* +n+1)
S n3
Dé quy nap thanh cong, ta can phai co

(k +1)(k* +1)
K

tuong duong voi

<100ak; (a+b),Yn=k,.

(ak +b) < a(k +1) +b.

That vay, diéu nay tuong duong véi

—(a+b)k* —(a+b)k—b>0.
Ta can didu kién a+b<0; b<0. Ngoai ra ta cin
thém diél} kién dé budc co s¢ ding, do bude co s¢
khong thé dung khi n=1 nén ta tim diéu kién dé
budc co s¢ dung khi n=2, tiuc la 4<2a+b.
Chang han a=5;b=—6 thi x, <5n—6,Yn22.
Bai toan dé duoc giai quyét. O
Thi du 5. Cho day so6 (x,) xdc dinh boi

n
= X A= VUnzl;
X

n

=T

? “n+l

’ - 3 b T X
Chirng minh rang cdc day so6 y, =—;z, =X, —n
n

o gidi han hitu han va tim gioi han do.
Phaén tich. Ta c6 y,=2;y,.,=f,(,),Vr21 voi

iy ¥ A4
S =X

la ham dong bién trén



(1;+00). Nhén thiy diém bat dong cia f(x) 1a 1
(f,()=t<>t=1)néntadydoin limy =1.

So sanh c4c gi4 tri ddu cua diy (y,) véi 1 va du
doédn y, >1,Vn2=1.

Ta s& chimg minh diéu nay bing quy nap, thét vay
voi y>1 (k21) thi y,,=f)> D=1

Ta can danh gia duge y, <1+ Vn>1 dé

an+b
cod limy, =1.
Pé quy nap thanh cong, ta cin chirng minh dugc

L) s1+

<k Lo Y Jaimtd il
a(k+1)+b

Thét vay do fk(yk)sfk(1+ kl b]

1 1+ 2(ak + b)

ak +b (k+1)(ak + b)(ak + b +1)
nén can chon a dé

ak+b

1 A 1+ 2(ak + b) - 1
ak+b (k+1)(ak+b)ak+b+1) a(k+1)+b
a 2ak +2b+1

L3 <
a(k+1)+b  (k+1)(ak+b+1)

< a’k’ +(a* +3ab)k +2b* +ab+b > 0.
Ta théy a=1; b=0 thoa man. Nhu vay

1<ynsl+l,‘v’n21 nén limy, =1.
n

Taco z,=g,(2,)Vnzl voig (x)=x-
: xX+n

13 ham sb d6ng bién trén (0;+o0).
Dé thdy z, >0,Vn>1. Ta can danh gia dugc

z, < ,Vn>=2 déco limz, =0.
an+b

Dé quy nap thanh céng, ta cin chimg minh dugc

gk[ : )s : tuc 1a
ak+b) ak+1)+b
s 1 2 1
ak+b 1+k(ak+b) a(k+1)+b
S ala+bk+ab—a+b>20,Vk>2.

Ta thiy az-% , b=1 théa man diéu kién nay.

Nhu vay 0<z, Si,VnZZ nén limz, =0. O
n+2

Thi du 6. Cho ddy sé (x,) xdc dinh béi

1 nx’
X =—: =L R Y n=il

1 ’ xn+l > e
2 1+(n+1)x,

___+_+ o Jog ikl n+l
x%0)5x, X

Chitng minh rang day sé y, =
co gidi han hitu han va'tim gioi han do.
Phin tich. D& thiy x,>0,Yn>1. Tacé

xk+l 2 kxk

X, 1+ (k+ l)xk

—(k+Dx,,,Vk=1.

VYn=0.

n+1?

Do vay y, =%-(n+1)x

. 1 :
Du doén limy, Te Tas€tim a>0,5>0 dé

Vnzl te x. S;,VnZI.
n(an+b)

2

nx <

n

an+b

Dé y ring ham s6 f(x) = déng bién

1+ (n+1)x
trén (0;+o0) véi moi »>1 nén dé quy nap thanh
cong chiing ta cin c6
k(k +1) i 1
k*(ak + b)Y +k(k+1)ak+b) a(k+1)+b
& a’k® +2abk* + (b* —a)k —a > 0.
Bét dang thirc trén dang ching han khi a=b=1.

Tom lai ta chimg minh duge x, < ,Vn2>1.
n(n+1)
Khi do
1 1 1 1
—>y =——(n+1)x ———,Vn21
MR e i

3 h A 1
nén ton tai lim y, hitu han va limy, = = a

Thi du 7. (VMO-2015) Cho ae[0;1] va day sé
(x,) xdc dinh boi

2
x
%53 %, 4 =—+

\/xz+3,‘7nzl.
By RSt 4, ot

Chimg minh déy sé dé cho c6 gidi han hiku han.

Phin tich. Xét cac ddy sb (a,);(b,) xdc dinh béi
1

a=3a, =2+=Ja+3,Yn>1
2,y
b 2 \/2_
va bi=3ud = b +3,vn=>1.
o 3 Ak L

Khidé a,2x, 25, >0,Vn21 va lima, =1.

Ta ¢6 [(1+3)(@ +3) 2a+3,Va>0 nén

> f,(b,),Vn21 trong dé

n+l
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= n(x+3)
1= 1 2(42 +1)

bién trén (0;+00). Ta s& tim a,b> 0 sao cho

v6i £,(x) 1a ham sé déng

b, >1- ,Vn>1 détir d6 limx, =1.

an +
That vy, & quy nap thanh cong chung ta cén ¢6

1- 2] -—— tircla

fk( k+b] alk+1)+b

1 1

i 2
ak+b+ f (4 1 J> _—1__
2 k™ +2 ak+b alk+1)+b

Bit ding thirc nay twong duong vai
3ak’ +(3b—5a—-a*)k* +(a-a* - 2ab)k
+(b-a-ab-b*)>0.

Véi a=§,b=1 thi bat ding thic ndy twong

dwong v6i (k+1)(9k* + 2k —6) > 0, dung Vk >1.

Nhu vy ta dd ¢6 a,>x,>b >1~ ,Vn21

n+3
va lima, =1 nén ton tai gi¢i han limx, =1. O
Thi du 8. (Olympic vimg Duyén hai va dong béng
Béc Bo 2015) Cho day s6 (x,) xdc dinh boi
(n+1)°

x +1

n

=Lt

i o

vl =

1

7 : S B s X s oz =
Chimg minh rang day s6 y, =~* ¢6 gidi han hitu
n

han va tim gi¢i han do.

Phin tich. Ta c6 y,

J(x)=

f(x) 121 (tirc1a véi mbi n thi f(H)=t<=1=1)
nén ta dy doan limy, =1. D@ thiy x,>0,Vn21
vd v6i mbi n thi f(x) ludon nghich bién trén
(0;+). Pdt z, =y, ,;Vn=>1 tathiy
z, >LVn2lviz =y >1 va
FE> 1L SREL () <laSE
Ta s€ tim a,b >0 sao cho

=2y =f(,),Yn21 voi

"”1. Nhén thiy diém bit déng cua
+

z, <1+ 1 ,Vn21 dé tird6 limz, =1.
an+b

2n+1
4n? A2
(2n— Bzt 41

Thatvdytaco z,,, = ,Vn22.
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Phan tich. Ta co

Dé quy nap thanh cdng ta can cé

2k +1 1
ak* L (k+D)+b
Tt 4
1+(2k—l)[1+ J
ak +b

Ching han v&i a=1;5=0 thi bt dang thirc nay
twong duong véi 4k =1, ding véi moi k>1.

Nhu vy ta da chirng minh 1< z, £1+1,Vn21
n

nén ton tai limz, hiru han va limz, =1.
batz, =y, ,Vn>1tacd ¢t <1,Vn21 va

2 2
gt = Yoo T ok > 2(n+1) ,Vn2z2.
2n+Dz,,, +1 2n"+6n+3
2
Nhu vay zz(rz;l)srn <1,¥n>2 nén tdn tai
2n° +6n+3

lim#, hiru han va lim¢, =1.
T6m lai ton tai limy, hitu hanva limy, =1. 0
Thidy 9. Cho day s6 (x,) xdc dinh béi

Jx, =1
2n—

{1 3
LAH 5 55 4 10 12

Ching minh rang ddy so.y, =x, +..+ x

Yn =2,

co gioi

n

han hitu han va tim gidi han do.

X, =2[(n-Dx,_, —nx ],Vn=>2
nén y, =x +..+x, =2[1-(n+1)x,,,],Vn22.

: 2n-=1
biat z, =nx, taco z s avy o MO (18 ©

n?

= 1; Zn+l i

RO rang z, >0,Vn>1 nén ta chi cin chon dugc

a,b théamén z, < ,Vn21 @ limz, =0.

an +
bé quy nap thanh cong thi ta cin phai chon dugc
2k-1 1 2 1
2k ak+b a(k+1)+b
Diéu ndy tuong duong véi ak—a-b<0,Vk 21,
khong ton tai a,b >0 thoa méan.

1
Jan+b’
1 X 1
2k ak+b \Ja(k+1)+b
< Ba+4b)k—a—-b=0.
Chon a—l'b=0 théa méan. Tom lai ta 33 c6

a,b sao cho

Ta s& tim a,b & z < Vr>1. Khi d6

a,b can théa man

0<z, <— ,Vn21 nén limz, =0 va limy, =2.0

=



Thi du 10. Cho day s6 (x,) xdc dinh béi

x, =4
n+l > ~ 2n*+3n+1
XS X, ¥ AN 2 TP > ]
3n X, +3n
Chiing minh rdng day sé y. = al? ) gioi h
g rang day so y, = €0 gioi han

|
hitu han va tim gioi han do.

Phin tich. Véi mdi n>1, dit x, = na, thi

Ja +a +2
D0 vig Y s ol sody

4= 2 =
3 n(a, +35)
2
D& iy D S6Unye M i podf 1
3 n(x+5)

ddng bién trén (0;+o).
Chiy f,(1)>1Vn=1 vid g >4 nén bing quy
nap ta chirng minh duoc a, >1,Vn2>1.

Khi dé, taco \ja’ +a, +2 <a, +1 nén

x+1+ 2n+1
3 n(x+5)

an+l <gn(an)7vn 21 Véi gn(x)=

12 ham s6 dong bién trén (0;-+o0).

Tatim a,b>0 saocho a, <1+ ,Vn2>1.

an+b
Thét vay, dé quy nap thanh cong ching ta cin c6

gk(1+ : )sl—;, tuc la
ak+b alk+1)+b

2+ .
2k+b+ 2k+11 e kll b
k(6+ ) alk+1)+
ak +b

Dé thuén tién trong tinh toan, chon b =0.
Khi d6 bat déng thirc trén trong dwong

(13-3a)a’k* +(-3a* —5a+2)ak—a > 0.
Ta can chon a sao cho
13-3a>0;-3a> -5a+22>0 va 0<3a<1
(dé budc co so ding).

! ; 1

Gia tri a thoa man cac diéu kién trén la a = 3
Khi d6 bt dang thirc trén tré thanh 2k > 1, ding.

” S, 3 P
Nhuvaytadacod 1<a, <1+=,Vn>1 nén ton tai
n

lima, hitu han va lima, =1.
Tir @6 t6n tai lim y, hiruhan va limy, =1.
Bai toan duroc gidi quyét. O

Thi du 11. Cho day s6 (x,) xdc dinh boi
Xy =% =0

X = i (=D, +1) ‘*‘)(” Bk § )
=1

Vn>2.

n

v : S 2 2 X
Chitng minh rang day so y, =—-

co gioi han
Inn

hitu han va tim gic¢i han do.

_n(n+2) 2n

Phén tich. Vn>2,x = T b e
(n+1) (n+1)
Sir dung dinh 1y Stolz, ta thiy néu =3 o |
(n+1)

thi (,) c6 gi6i han hiru han va y, — 2.
Ta chi can chimg minh x, < 2n,¥n>2.

Diéu nay ding do bit ding thirc budc quy nap la

k(k+2) 2k

Wk ¥ <ok +1
k+1)2  (k+1)
AR 3 kil ga)

&= > -
LI 15 B T

(dtng do K> +2k >k —k—1>0k >k, Vk>2). O

Sau day 1a mot sb bai tap van dung.

1. Cho day s6 (x,) x4c dinh béi

a=Anr+1) Zx" ,Vn2>1.
XX +n

Chimg minh day s6 d4 cho c¢6 gi6i han hiru han.
2. Cho day s6 (x,) xac dinh boi
3
X =l;xn+l =x, + \/);_" ,Vn=1.
2 n
Chimg minh day s d4 cho c¢6 gidi han hiru han.
3. Cho hai day s (x,)(»y,) xéac dinh bai

=2y =4x

n+l

x =1

=x: +1;yn+1 =xnyn’vn21‘

Chimg minh day s z, = % c6 2161 han hiru han.
4. Cho day s6 (x,) xéac dinh béi
2 —_
X, =1,9x, =—1—
n

Chitng minh diy sb d4 cho c6 gi6i han hiru han.

,Vn2>1.
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