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The digital circuits considered thus far have been combinational, i.e., the outputs at any
instant of time are entirely dependent upon the inputs present at that time. Although
every digital system is likely to have combinational circuits, most sysiems encountered
in practice also include memory elements, which require that the system be described in
terms of sequential logic.

A block diagram of a sequential circuit is shown in Fig. 6-1. 1t consists of a combi-
national circuit to which memory elements are connected to form a feedback path. The
memory clements are devices capable of storing binary information within them. The
binary information stored in the memory elements at any given time defines the state of
the sequential circuit. The sequential circuit receives binary information from external
inputs., These inputs, together with the present state of the memory elements, deter-
mine the binary value at the output terminals. They also determine the condition for
changing the statc in the memory elements. The block diagram demonstrates that the
external outputs in a sequential circuit are a function not only of external inputs, but
also of the present state of the memory elements. The next state of the memory ele-
ments is also a function of external inputs and the present state. Thus, a sequential cir-
cuit is specified by a time sequence of inputs, outputs, and internal states.

There are two main types of sequential circuits. Their classification depends on the
timing of their signals. A synchronous sequential circuit is a system whose behavior can
be defined from the knowledge of its signals at discrete instants of time. The behavior
of an asynchronous sequential circuit depends upon the order in which its input signals
change and can be affected at any instant of time. The memory elements commonly
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FIGURE 6-1
Block diagram of a sequential circuit

used in asynchronous sequential circuits are time-delay devices. The memory capability
of a time-delay device is due to the finite time it takes for the signal to propagate
through the device. In practice, the internal propagation delay of logic gates is of
sufficient duration to produce the needed delay, so that physical time-delay units may be
unnecessary. In gate-type asynchronous systems, the memory elements of Fig. 6-1
consist of logic gates whose propagation delays constitute the required memory. Thus,
an asynchronous sequential circuit may be regarded as a combinational circuit with
feedback. Because of the feedback among logic gates, an asynchronous sequential cir-
cuit may, at times, become unstable. The instability problem imposes many difficulties
on the designer. Asynchronous sequential circuits are presented in Chapter 9.

A synchronous sequential logic system, by definition, must employ signals that affect
the memory elements only at discrete instants of time. One way of achieving this goal
is to use pulses of limited duration throughout the system so that one pulse amplitude
represents logic-1 and another pulse amplitude (or the absence of a pulse) represents
logic-0. The difficulty with a system of pulses is that any two pulses arriving from sep-
arate independent sources to the inputs of the same gate will exhibit unpredictable de-
lays, will separate the pulses slightly, and will result in unreliable operation.

Practical synchronous sequential logic systems use fixed amplitudes such as voltage
levels for the binary signals. Synchronization is achieved by a timing device called a
master-clock generator, which generates a periodic train of clock pulses. The clock
pulses are distributed throughout the system in such a way that memory elements are
affected only with the arrival of the synchronization pulse. In practice, the clock pulses
are applied into AND gates together with the signals that specify the required change in
memory elements. The AND-gate outputs can transmit signals only at instants that co-
incide with the arrival of clock pulses. Synchronous sequential circuits that use clock
pulses in the inputs of memory elements are called clocked sequential circuits. Clocked
sequential circuits are the type encountered most frequently. They do not manifest in-
stability problems and their timing is easily divided into independent discrete steps,
each of which is considered separately. The scquential circuits discussed in this chapter
are exclusively of the clocked type.

The memory elements used in clocked sequential circuits are called flip-flops. These
circuits are binary cells capable of storing one bit of information. A flip-flop circuit has
two outputs, one for the normal value and one for the complement value of the bit
stored in it. Binary information can enter a flip-flop in a variety of ways, a fact that
gives rise to different types of flip-flops. In the next section, we examine the various
types of flip-flops and define their logical properties.
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6-2 FLIP-FLOPS

A flip-flop circuit can maintain a binary state indefinitely (as long as power is delivered
to the circuit) until directed by an input signal to switch states. The major differences
among various types of flip-flops are in the number of inputs they possess and in the
manner in which the inputs affect the binary state. The most common types of flip-flops
are discussed in what follows,

Basic Flip-Filop Circuit

It was mentioned in Sections 4-7 and 4-8 that a flip-flop circuit can be constructed from
two NAND gates or two NOR gates. These constructions are shown in the logic dia-
grams of Figs. 6-2 and 6-3. Each circuit forms a basic flip-flop upon which other more
complicated types can be built. The cross-coupled connection from the output of one
gate to the input of the other gate constitutes a feedback path. For this reason, the cir-
cuits are classified as asynchronous sequential circuits. Each fiip-flop has two outputs,
Q and Q', and two inputs, set and reser. This type of flip-flop is sometimes called a
direct-coupled RS flip-flop, or SR latch. The R and § are the first letters of the two in-
put names.

To analyze the operation of the circuit of Fig. 6-2, we must remember that the output
of a NOR gate is 0 if any input is 1, and that the output is 1 only when all inputs are 0.
As a starting point, assume that the set input is 1 and the reset input is 0. Since gate 2
has an input of 1, its output Q' must be O, which puts both inputs of gate 1 at 0, so that
output Q is 1. When the set input is returned to 0, the outputs remain the same, because
output Q remains a 1, leaving one input of gate 2 at 1. That causes output Q' to stay at
0, which leaves both inputs of gate number 1 at 0, so that output 0 is a 1. In the same
manner, it is possible to show that a 1 in the reset input changes output Qto0and Q'
to 1. When the reset input returns to 0, the outputs do not change.

When a 1 is applied to both the set and the reset inputs, both Q and @' outputs go to
0. This condition violates the fact that outputs Q and Q' are the complements of each
other. In normal operation, this condition must be avoided by making sure that 1’s are
not apphed to both inputs simultaneously.

A flip-flop has two useful states. When O = 1 and Q' = 0, it is in the set state (or
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FIGURE 6-2
Basic flip-flop circuit with NOR gates
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FIGURE &-3
Basic flip-flop circuit with NAND gates

I-state). When Q@ = 0 and Q' = 1, it is in the clear state (or O-state). The outputs Q
and Q' are complements of each other and are referred to as the normal and comple-
ment outputs, respectively. The binary state of the flip-flop is taken to be the value of
the normal output.

Under normal operation, both inputs remain at 0 unless the state of the flip-flop has
to be changed. The application of a momentary 1 to the set input causes the flip-flop to
go to the set state. The set input must go back to 0 before a 1 is applied to the reset
input. A momentary 1 applied to the reset input causes the flip-flop to go the clear
state. When both inputs are initially 0, a 1 applied to the set input while the flip-flop is
in the set state or a 1 applied to the reset input while the flip-flop is in the clear state
leaves the outputs unchanged. When a 1 is applied to both the set and the reset inputs,
both outputs go to 0. This state is undefined and is usually avoided. If both inputs now
go to 0, the state of the flip-flop is indeterminate and depends on which input remains a
1 longer before the transition to 0.

The NAND basic flip-flop circuit of Fig. 6-3 operates with both inputs normally at 1
unless the state of the flip-flop has to be changed. The application of a momentary 0 to
the set input causes output Q to go to 1 and Q' to go to 0, thus putting the flip-flop into
the set state. After the set input returns to 1, a momentary 0 to the reset input causes a
transition to the clear state. When both inputs go to 0, both outputs go to 1—a condi-
tion avoided in normal flip-flop operation.

The operation of the basic flip-flop can be modified by providing an additional control
input that determines when the state of the circuit is to be changed. An RS flip-flop with
a clock pulse (CP) input is shown in Fig. 6-4(a). It consists of a basic flip-flop circuit
and two additional NAND gates. The pulse input acts as an enable signal for the other
two inputs. The outputs of NAND gates 3 and 4 stay at the logic 1 level as long as the
CP input remains at 0. This is the quiescent condition for the basic flip-flop. When the
pulse input goes to 1, information from the § or R input is allowed to reach the output.
The set state is reached with § = t, R = 0, and CP = 1. This causes the output of
gate 3 to go to 0, the output of gate 4 to remain at 1, and the output of the flip-flop at Q
to go to 1. To change to the reset state, the inputs mustbe S = 0, R = 1, and CP = 1.



206

Chapter 6 Synchronous Sequential Logic

A ¢ s R |oury

0

B L L : 1
CF ety I | “1-determinate
i !
5 0" 1 i |
P 4 ] H {
] i

u
|
Indeterminate

(a} Logic diagram (b) Characteristic table
S
SR ——
00 01 11 10
—s o —-
0 X 1
~ r —c
0 { Lo x |1
— —r o}
;_._.T__l
R
QUr+1N=5+ R0
SR =0
(c) Characteristic cquation (d) Graphic symbol
FIGURE 6-4
RS flip-flop

In either case, when CP returns to O, the circuit remains in its previous state. When
CP = 1 and both the § and R inputs are equal to 0, the state of the circuit does not
change.

An indeterminate condition occurs when CP = 1 and both S and R are equal to 1.
This condition places (s in the outputs of gates 3 and 4 and 1’s in both outputs Q and
Q'. When the CP input goes back to 0 (while § and R are maintained at 1), it is not
possible to determine the next state, as it depends on whether the output of gate 3 or
gate 4 goes to | first. This indeterminate condition makes the circuit of Fig. 6-4(a)
difficult to manage and it is seldom used in practice. Nevertheless, it is an important
circuit because all other flip-flops are constructed from it.

The characteristic table of the flip-flop is shown in Fig. 6-4(b). This table shows the
operation of the flip-flop in tabular form. Q is an abbreviation of Q(r) and stands for
the binary state of the flip-flop before the application of a clock pulse, referred to as the
present state. The 5 and R columns give the possible values of the inputs, and @t + 1)
is the state of the flip-flop after the application of a single pulse, referred to as the next
state. Note that the CP input is not included in the characteristic table. The table must
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be interpreted as follows: Given the present state Q and the inputs § and R, the applica-
tion of a single pulse in the CP input causes the flip-flop to go to the next state,
ot + 1).

The characteristic equation of the flip-flop is derived in the map of Fig. 6-4(c). This
equation specifies the value of the next state as a function of the present state and the
inputs. The characteristic equation is an algebraic expression for the binary information
of the characteristic table. The two indeterminate states are marked with dont’t-care
X’s in the map, since they may result in either 1 or 0. However, the relation SR = 0
must be included as part of the characteristic equation to specify that both § and R can-
not equal to 1 simultaneously.

The graphic symbol of the RS flip-flop is shown in Fig. 6-4(d). It consists of a
rectangular-shape block with inputs S, R, and C. The outputs are Q and @', where Q'
is the complement of Q (except in the indeterminate state).

One way to eliminate the undesirable condition of the indeterminate state in the RS fiip-
flop is to ensure that inputs § and R are never equal to 1 at the same time. This is done
in the D flip-flop shown in Fig. 6-5(a). The D flip-flop has only two inputs: D and CP.
The D input goes directly to the S input and its complement is applied to the R input.
As long as the pulse input is at 0, the outputs of gates 3 and 4 are at the 1 level and the
circuit cannot change state regardless of the value of D. The D input is sampled when
CP = 1. f D is 1, the @ output goes to 1, placing the circuit in the set state. If D is O,
output Q goes to 0 and the circuit switches to the clear state.
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FIGURE 6-5
D fiip-flop
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The D flip-flop receives the designation from its ability to hold data into its internal
storage. This type of flip-flop is sometimes called a gated D-latch. The CP input is of-
ten given the designation G (for gate) to indicate that this input enables the gated latch
to make possible data entry into the circuit. The binary information present at the data
input of the D flip-flop is transferred to the O output when the CP input is enabled. The
output follows the data input as long as the pulse remains in its 1 state. When the pulse
goes to 0, the binary information that was present at the data input at the time the pulse
transition occurred is retained at the @ output until the pulse input is enabled again.

The characteristic table for the D flip-flop is shown in Fig. 6-5(b). It shows that the
next state of the flip-flop is independent of the present state since Q(z + 1} is equal to
input D whether () is equal to 0 or 1. This means that an input pulse will transfer the
value of input D into the output of the flip-flop independent of the value of the output
before the pulse was applied. The characteristic equation shows clearly that Q(¢ + 1) is
equal to D.

The graphic symbol for the level sensitive D flip-flop is shown in Fig. 6-5(d). The
graphic symbol for a transition-sensitive D flip-flop is shown later in Fig. 6-14.

JK and T Flip-Fiops

A JK flip-flop is a refinement of the RS flip-flop in that the indeterminate state of the RS
type is defined in the JK type. Inputs J and K behave like inputs S and R to set and clear
the flip-flop, respectively. The input marked J is for ser and the input marked X is for
reset. When both inputs J and K are equal to 1, the flip-flop switches to its complement
state, that is, if ¢ = 1, it switches to @ = 0, and vice versa.

A JK flip-flop constructed with two cross-coupled NOR gates and two AND gates is
shown in Fig. 6-6(a). Output Q is ANDed with K and CP inputs so that the flip-flop is
cleared during a clock pulse only if Q was previously 1. Similarly, output Q' is ANDed
with J and CP inputs so that the flop-flop is set with a clock pulse only when @' was
previously 1. When both J and K are 1, the input pulse is transmitted through one AND
gate only: the one whose input is connected to the flip-flop output that is presently equal
to 1. Thus, if Q = 1, the output of the upper AND gate becomes 1 upon application of
the clock pulse, and the flip-flop is cleared. If Q' = 1, the output of the lower AND
gate becomes 1 and the flip-flop is set. In either case, the output state of the flip-flop is
complemented. The behavior of the JK flip-flop is demonstrated in the characteristic
table of Fig. 6-6(b).

It is very important to realize that because of the feedback connection in the JK flip-
flop, a CP pulse that remains in the 1 state while both J and K are equal to 1 will cause
the output to complement again and repeat complementing until the puise goes back to
0. To avoid this undesirable operation, the clock pulse must have a time duration that is
shorter than the propagation delay time of the flip-flop. This is a restrictive require-
ment, since the operation of the circuit depends on the width of the pulse. For this rea-
son, JK flip-flops are never constructed as shown in Fig. 6-6(a). The restriction on the
pulse width can be eliminated with a master—slave or edge-triggered construction, as
discussed in the next section. The same reasoning applies to the T fiip-flop.
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The T flip-flop is a single-input version of the JK flip-flop. As shown in Fig. 6-7(a),
the T flip-flop is obtained from the JK flip-flop when both inputs are tied together. The
designation 7" comes from the ability of the flip-flop to “toggle,” or complement, its
state. Regardless of the present state, the flip-flop complements its output when the
clock pulse occurs while input 7 is 1. The characteristic table and characteristic equa-
tion show that when 7 = 0, Q{t + 1) = (), that is, the next state is the same as the
present state and no change occurs. When 7 = 1, then Q(t + 1) = O, and the state
of the flip-flop is complemented.

6-3 TRIGGERING OF FLIP-FLOPS

The state of a flip-flop is switched by a momentary change in the input signal. This mo-
mentary change is called a trigger and the transition it causes is said to trigger the flip-
flop. Asynchronous flip-flops, such as the basic circuits of Figs. 6-2 and 6-3, require an
input trigger defined by a change of signal level. This level must be returned to its ini-
tial value (0 in the NOR and [ in the NAND flip-flop) before a second trigger is ap-
plied. Clocked flip-flops are triggered by pulses. A pulse starts from an initial value of
0, goes momentarily to |, and after a short time, returns to its initial 0 value. The time
interval from the application of the pulse until the output transition occurs is a critical
factor that needs further investigation.

As seen from the block diagram of Fig. 6-1, a sequential circuit has a feedback path
between the combinational circuit and the memory elements. This path can produce in-
stability if the outputs of memory elements (flip-flops) are changing while the outputs
of the combinational circuit that go to flip-flop inputs are being sampled by the clock
pulse. This timing problem can be prevented if the outputs of flip-flops do not start
changing until the pulse input has returned to 0. To ensure such an operation, a flip-flop
must have a signal-propagation delay from input to output in excess of the pulse dura-
tion. This delay is usually very difficult to control if the designer depends entirely on
the propagation delay of logic gates. One way of ensuring the proper delay is to include
within the flip-flop circuit a physical delay unit having a delay equal to or greater than
the pulse duration. A better way to solve the feedback timing problem is to make the
flip-flop sensitive to the pulse transition rather than the pulse duration.

A clock pulse may be either positive or negative. A positive clock source remains at
0 during the interval between pulses and goes to 1 during the occurrence of a pulse.
The pulse goes through two signal transitions: from 0 to 1 and the return from 1 to 0.
As shown in Fig. 6-8, the positive transition is defined as the positive edge and the neg-
ative transition as the negative edge. This definition applies also to negative pulses.

The clocked Rlip-flops introduced in Section 6-2 are triggered during the positive
edge of the pulse, and the state transition starts as soon as the pulse reaches the logic-1
level. The new state of the flip-flop may appear at the output terminals while the input
pulse is still 1. If the other inputs of the flip-flop change while the clock is still 1, the
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flip-flop will start responding to these new values and a new output state may occur.
When this happens, the output of one flip-flop cannot be applied to the inputs of another
flip-flop when both are triggered by the same clock pulse. However, if we can make
the flip-flop respond to the positive- (or negative-) edge transition only, instead of the
entire pulse duration, then the multiple-transition problem can be eliminated.

One way to make the flip-flop respond only to a pulse transition is to use capacitive
coupling. In this configuration, an RC (resistor—capacitor) circuit is inserted in the
clock input of the flip-flop. This circuit generates a spike in response to a momentary
change of input signal. A positive edge emerges from such a circuit with a positive
spike, and a negative edge emerges with a negative spike. Edge triggering is achieved
by designing the flip-flop to neglect one spike and trigger on the occurrence of the
other spike. Another way to achieve edge triggering is to use a master—slave or edge-
triggered flip-flop as discussed in what follows.

Master-Slave Flip-Flop

A master—slave flip-flop is constructed from two separate flip-flops. One circuit serves
as a master and the other as a slave, and the overall circuit is referred to as a master—
slave flip-flop. The logic diagram of an RS master—slave flip-flop is shown in Fig. 6-9.
It consists of a master flip-flop, a slave flipflop, and an inverter. When clock pulse CP
is 0, the output of the inverter is 1. Since the clock input of the slave is 1, the flip-fiop
is enabled and output Q is equal to ¥, while Q' is equal to ¥'. The master flip-flop is
disabled because CP = (0. When the pulse becomes 1, the information then at the ex-
ternal R and S inputs is transmitted to the master flip-flop. The slave flip-flop, however,
is isolated as long as the pulse is at its 1 level, because the output of the inverter is 0. ~
When the pulse returns to 0, the master flip-flop is isolated, which prevents the external
inputs from affecting it. The slave flip-flop then goes to the same state as the master
flip-flop.

The timing relationships shown in Fig. 6-10 illustrate the sequence of events that oc-
cur in a master—slave flip-flop. Assume that the flip-flop is in the clear state prior to the
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Logic diagram of @ master—slave flip-fiop

occurrence of a pulse, so that ¥ = 0 and Q = 0. The input conditions are § = 1,
R = 0, and the next clock puise should change the flip-flop to the set state with O = 1.
During the pulse transition from 0 to |, the master flip-flop is set and changes ¥ to 1.
The slave flip-flop is not affected because its CP input is 0. Since the master flip-flop is
an internal circuit, its change of state is not noticeable in the outputs ¢ and Q'. When
the puise returns to 0, the information from the master is allowed to pass through to the
slave, making the external output ) = 1. Note that the external § input can be changed
at the same time that the pulse goes through its negative-edge transition. This is be-
cause, once the CP reaches 0, the master is disabled and its R and § inputs have no
influence until the next clock pulse occurs. Thus, in a master—siave flip-flop, it is possi-
ble to switch the output of the flip-flop and its input information with the same clock
puise. It must be realized that the § input could come from the output of another
master—slave flip-flop that was switched with the same clock pulse.

The behavior of the master—slave flip-flop just described dictates that the state
changes in all flip-flops coincide with the negative-edge transition of the pulse. How-
ever, some IC master—siave flip-flops change output states in the positive-edge transi-
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FIGURE 6-10
Timing relationships irr a master--siave flip-flop
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tion of clock pulses. This happens in flip-flops that have an additional inverter between
the CP terminal and the input of the master. Such flip-flops are triggered with negative
pulses (see Fig. 6-8), so that the negative edge of the pulse affects the master and the
positive edge affects the slave and the output terminals.

The master—slave combination can be constructed for any type of flip-flop by adding
a clocked RS flip-flop with an inverted clock to form the slave. An example of a mas-
ter—slave JK flip-flop constructed with NAND gates is shown in Fig. 6-11. It consists
of two flip-flops; gates 1 through 4 form the master flip-flop, and gates 5 through 8 form
the slave flip-flop. The information present at the J and K inputs is transmitted to the
master flip-flop on the positive edge of a clock pulse and is held there until the negative
edge of the clock pulse occurs, after which it is allowed to pass through to the slave
flip-flop. The clock input is normally 0, which keeps the outputs of gates 1 and 2 at the
1 level. This prevents the J and K inputs from affecting the master flip-flop. The slave
flip-flop is a clocked RS type, with the master flip-flop supplying the inputs and the
clock input being inverted by gate 9. When the clock is 0, the output of gate 9 is 1, so
that output Q is equal to ¥, and @' is equal to ¥ '. When the positive edge of a clock
pulse occurs, the master flip-flop is affected and may switch states. The slave flip-flop is
isolated as long as the clock is at the 1 level, because the output of gate 9 provides a 1
to both inputs of the NAND basic flip-flop of gates 7 and 8. When the clock input re-
turns to 0, the master flip-flop is isolated from the J and X inputs and the slave flip-flop
goes to the same state as the master flip-flop.

Now consider a digital system containing many master-slave flip-flops, with the out-
puts of some flip-flops going to the inputs of other flip-flops. Assume that clock-pulse
inputs to all flip-flops are synchronized (occur at the same time). At the beginning of
each clock pulse, some of the master elements change state, but all flip-flop outputs re-
main at their previous values. After the clock pulse returns to 0, some of the outputs
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FIGURE 6-11

Clocked master-slave JK flip-flop
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change state, but none of these new states have an effect on any of the master elements
until the next clock pulse. Thus, the states of flip-flops in the system can be changed
simultaneously during the same clock pulse, even though outputs of fip-flops are con-
nected to inputs of flip-flops. This is possible because the new state appears at the out-
put terminals only after the clock pulse has returned to 0. Therefore, the binary content
of one flip-flop can be transferred to a second flip-flop and the content of the second
transferred to the first, and both transfers can occur during the same clock pulse.

Edge-Triggered Flip-Flop

Another type of flip-flop that synchronizes the state changes during a clock-pulse transi-
tion is the edge-triggered flip-flop. In this type of flip-flop, output transitions occur at a
specific level of the clock pulse. When the pulse input level exceeds this threshold
level, the inputs are locked out and the flip-flop is therefore unresponsive to further
changes in inputs until the clock pulse returns to 0 and another pulse occurs, Some
edge-triggered flip-flops cause a transition on the positive edge of the pulse, and others
cause a transition on the negative edge of the pulse.

The logic diagram of a D-type positive-edge-triggered flipfiop is shown in Fig. 6-
12. It consists of three basic flip-flops of the type shown in Fig. 6-3. NAND gates 1
and 2 make up one basic flip-flop and gates 3 and 4 another. The third basic flip-flop
comprising gates 5 and 6 provides the outputs to the circuit. Inputs S and R of the third
basic flip-flop must be maintained at logic-1 for the outputs to remain in their steady-
state values. When § = 0 and R = 1, the output goes to the set state with ¢ = 1.
When § = 1 and R = 0, the output goes to the clear state with @ = 0. Inputs S and R

CP'——r

TR
S

FIGURE 6-12
D-type positive-edge-triggered fiip-flop



Section 6-2 Triggering of Flip-Fiops 215

are determined from the states of the other two basic flip-flops. These two basic flip-
flops respond to the external inputs D {data) and CP (clock pulse).

The operation of the circuit is explained in Fig. 6-13, where gates 1-4 are redrawn
to show all possible transitions. Outputs S and R from gates 2 and 3 go to gates 5 and 6,
as shown in Fig. 6-12, to provide the actual outputs of the flip-flop. Figure 6-13(a)
shows the binary values at the outputs of the four gates when CP = 0. Input D may be
equal to O or 1. In either case, a CP of 0 causes the outputs of gates 2 and 3togoto 1,
thus making § = R = 1, which is the condition for a steady-state output. When

CP=() —eg CP=0 —¢
Di=0 D=1
(a) With CP=10
CP=1—+ CP=1 —s¢
D=0 D=1 4 0
(b) With CP =1
FIGURE 6-13

Operation of the D-type edged-triggered flip-flop
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D = 0, pate 4 has a | output, which causes the output of gate 1 to go to 0. When
D =1, gate 4 goes to 0, which causes the output of gate 1 to go to 1. These are the two
possible conditions when the CP terminal, being 0, disables any changes at the outputs
of the flip-flop, no matter what the value of D happens to be.

There is a definite time, called the serup time, in which the £ input must be main-
tained at a constant value prior to the application of the pulse. The setup time is equal
to the propagation delay through gates 4 and 1 since a change in D causes a change in
the outputs of these two gates. Assume now that D does not change during the setup
time and that input C'F becomes 1. This situation is depicted in Fig. 6-13(b). If D = 0
when CP becomes |, then § remains 1 but R changes to 0. This causes the output of the
flip-flop Q to go to O (in Fig. 6-12). If now, while CP = 1, there is a change in the D
input, the output of gate 4 will remain at 1 (even if D goes to 1), since one of the gate
inputs comes from R, which is maintained at 0. Only when CP returns to O can the out-
put of gate 4 change; but then both R and S become 1, disabling any changes in the out-
put of the flip-flop. However, there is a definite time, called the hold time, that the D
input must not change after the application of the positive-going transition of the pulse.
The hold time is equal to the propagation delay of gate 3, since it must be ensured that
R becames 0 in order to maintain the output of gate 4 at 1, regardless of the vaiue of D.

If D = | when CP = |, then § changes to {, but R remains at 1, which causes the
output of the flip-flop @ to go to 1. A change in D while CP = 1 does not alter S and
R, because gate 1 is maintained at | by the O signal from §. When CP goes to zero,
both § and R go to | to prevent the output from undergoing any changes.

In summary, when the input clock pulse makes a positive-going transition, the value
of D is transferred to . Changes in D when CP is maintained at a steady 1 value do
not affect . Moreover, a negative pulse transition does not affect the output, nor does
it when CP = (). Hence, the edge-triggered flip-flop eliminates any feedback problems
in sequential circuits just as a master—slave flip-flop does. The setup time and hold time
must be taken into consideration when using this type of flip-flop.

When using difterent types of flip-flops in the same sequential circuit, one must en-
sure that all flip-flop outputs make their transitions at the same time, i.e., during either
the negative edge or the positive edge of the pulse. Those flip-flops that behave opposite
from the adopted polarity transition can be changed easily by the addition of inverters
in their clock inputs. An alternate procedure is to provide both positive and negative
pulses (by means of an inverter), and then apply the positive pulses to flip-flops that
trigger during the negative edge and negative pulses to flip-flops that trigger during the
positive edge, or vice versa.

I

Graphic Symbols

The graphic symbols for tour flip-flops are shown in Fig. 6-14. The input letter symbols
in each diagram designate the type of flip-flop such as RS, JK, D, and T. The clock-
pulse input 1s recognized in the diagram from the arrowhead-shape symbol. This is a
symbol of a dynamic indicator and denotes that the flip-flop responds to a positive-edge
transition of the clock. The presence of a small circle outside the block along the dy-
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FIGURE 6-14

Graphic symbols for flip-flops

namic indicator designates a negative-edge transition for triggering the flip-flop. The
letter symbol C is used for the clock input when the fiip-flop responds to a pulse level
rather than a pulse transition. This was shown in Fig. 6-5(d) for the level-sensitive D
flip-flop.

The outputs of the flip-flop are marked with the letter symbol Q and Q' within the
block. The flip-flop may be assigned a different variable name even though @ is written
inside the block. In that case, the letter symbol for the flip-flop output is marked outside
the block along the output line. The state of the flip-flop is determined from the value
of its normal output Q. If one wishes to obtain the complement output, it is not neces-
sary to use an inverter because the complement value is available directly from Q.

Flip-flops available in IC packages sometimes provide special inputs for setting or
clearing the flip-flop asynchronously. These inputs are usually called direct preset and
direct clear. They affect the flip-flop on a positive (or negative) value of the input signal
without the need for a clock pulse. These inputs are vseful for bringing all flip-flops to
an initial state prior to their clocked operation. For example, after power is turned on in
a digital system, the states of its flip-flops are indeterminate. A clear switch clears all
the flip-flops to an initial cleared state and a star? switch begins the system’s clocked
operation. The clear switch must clear all flip-flops asynchronously without the need for
a pulse.

The graphic symbol of a negative-edge-triggered JK flip-flop with direct clear is
shown in Fig. 6-15. The clock-pulse input CP has a small circle under the dynamic
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Function table

l | i Inputs i Outputs‘"%
- Clear Clock J K o ¢
Clear Q ¢ B X X 0 |
K A J 0 X
| i 1 ! 0 0 No change
T 1 | a0 1 0 {
P 1 i | { 1 0
Lo b1 j Tosgle |
FIGURE 6-15

JK flip-fiop with direct clear

symbol to indicate that the outputs change in response to a negative transition of the
clock. The direct-clear input also has a small circle to indicate that, normally, this input
must be maintained at 1. If the clear input is maintained at 0, the flip-flop remains
cleared, regardless of the other inputs or the clock pulse. The function table specifies
the circuit operation. The X's are don’t-care conditions, which indicate that a 0 in the
direct-clear input disables all other inputs. Only when the clear input is 1 would a nega-
tive transition of the clock have an effect on the outputs. The outputs do not change if
J = K = 0. The flip-flop toggles, or complements, when J = K = 1. Some flip-flops
may also have a direct-preset input, which sets the output Q to 1 (and Q' to 0) asyn-
chronously.

6-4 ANALYSIS OF CLOCKED SEQUENTIAL CIRCUITS

The behavior of a sequential circuit is determined from the inputs, the outputs, and the
state of its flip-flops. The outputs and the next state are both a function of the inputs
and the present state. The analysis of a sequential circuit consists of obtaining a table or
a diagram for the time sequence of inputs, outputs, and internal states. It is also possi-
ble to write Boolean expressions that describe the behavior of the sequential circuit.
However, these expressions must include the necessary time sequence, either directly
or indirectly.

A logic diagram is recognized as a clocked sequential circuit if it includes flip-flops.
The flip-flops may be of any type and the logic diagram may or may not include combi-
national circuit gates. In this section, we first introduce a specific example of a clocked
sequential circuit with D flip-flops and use it to present the basic methods for describ-
ing the behavior of sequential circuits. Additional examples are used throughout the
discussion to illustrate other procedures.

Sequential-Circuit Example

An example of a clocked sequential circuit is shown in Fig. 6-16. The circuit consists
of two D flip-flops A and B, an input x, and an output y. Since the D inputs determine
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Exampte of a sequential circuit

the flip-flops’ next state, it is possible to write a set of next-state equations for the cir-
cuit:
At + 1) =A@®x@®) + Bl)x(®)

B+ 1) =A4"(nx®

A state equation is an algebraic expression that specifics the condition for a flip-flop
state transition. The left side of the equation denotes the next state of the flip-flop and
the right side of the equation is a Boolean expression that specifies the present state
and input conditions that make the next state equal to 1. Since all the variables in the
Boolean expressions are a function of the present state, we can omit the designation (¢)
after each variable for convenience. The previous equations can be expressed in more
compact form as follows:

At + 1) = Ax + Bx
B(t+1)=A'x
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State Table

The Boolean expressions for the next state can be derived directly from the gates that
form the combinational-circuit part of the sequential circuit. The outputs of the combi-
national circuit are applied to the D inputs of the flip-flops. The £ input values deter-
mine the next state.

Similarly, the present-state value of the output can be expressed algebraically as fol-
lows:

y() = [Alt) + BO)]x'(2)
Removing the symbol (¢) for the present state, we obtain the output Boolean function:

y = (A + B)x’

The time sequence of inputs, outputs, and flip-lop states can be enumerated in a stare
table. The state table for the circuit of Fig. 6-16 is shown in Table 6- 1. The table con-
sists of four sections labeled present state, input, next state, and output. The present-
state section shows the states of flip-flops A and B at any given time ¢. The input sec-
tion gives a value of x for each possible present state. The next-state section shows the
states of the tlip-flops one clock period later at time ¢ + 1. The output section gives the
value of y for each present state.

The derivation of a state table consists of first listing all possible binary combinations
of present state and inputs. In this case, we have eight binary combinations from 000 to
111. The next-state values are then determined from the logic diagram or from the state
equations. The next state of flip-flop A must satisfy the state equation

A(r + 1) = Ax + Bx

The next-state section in the state table under column A has three 1's where the present

TABLE 6-1

State Tahble for the Circuit of Fig. 6-16

Present Next

State Input State Output
A B X A B ¥
00 0 0 0 0
00 1 0 1 0
0 1 0 00 1
0 1 ! 1t 0
1 0 ) 00 |
1 0 | 1 0 0
11 ( 0 0 i
I 1 1 1 0 0




Section 6-4 Analysls of Clocked Sequential Circults 221

TABLE 6-2
Second Form of the State Table
Next State Output

Present State x=0 x=1 W
AB AB AB ¥ ¥
00 00 01 0 0
01 00 11 1 0
10 00 10 1 0
11 00 10 1 0

state and input value satisfy the conditions that the present state of A and input x are
both equal to 1 or the present state of B and input x are both equal to 1. Similarly, the
next state of flip-flop B is derived from the state equation

B(t+ 1)=A'x

It is equal to 1 when the present state of A is 0 and input x is equal to 1. The output
column is derived from the output equation

y = Ax' + Bx

The state table of any sequential circuit with D-type flip-flops is obtained by the
same procedure outlined in the previous example. In general, a sequential circuit with
m flip-flops and » inputs needs 27" rows in the state table. The binary numbers from 0
through 2™*" — 1 are listed under the present-state and input columns. The next-state
section has m columns, one for cach flip-flop. The binary values for the next state are
derived directly from the state equations. The output section has as many columns as
thete are output variables. Its binary value is derived from the circuit or from the
Boolean function in the same manner as in a truth table. Note that the examples in this
chapter use only one input and one output variabie, but, in general, a sequential circuit
may have two or more inputs or outputs.

It is sometimes convenient to express the state table in a slightly different form. In
the other configuration, the state table has only three sections: present state, next state,
and output. The input conditions are enumerated under the next-state and output sec-
tions. The state table of Table 6-1 is repeated in Table 6-2 using the second form. For
cach present state, there are two possible next states and outputs, depending on the
value of the input. We will use both forms of the state table. One form may be prefer-
able over the other, depending on the application.

State Diagram

The information available in a state table can be represented graphically in a state dia-
gram. In this type of diagram, a state is represented by a circle, and the transition be-
tween states is indicated by directed lines connecting the circles. The state diagram of
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FIGURE 6-17
State diagram of the circuit of Fig. 6-16

the sequential circuit of Fig. 6-16 is shown in Fig. 6-17. The state diagram provides
the same information as the state table and is obtained directly from Table 6-2. The bi-
nary number inside each circle identifies the state of the flip-flops. The directed lines
are labeled with two binary numbers separated by a slash. The input value during the
present state is labeled first and the number after the slash gives the output during the
present state. For example, the directed line from state 00 to 01 is labeled 1/0, mean-
ing that when the sequential circuit is in the present state 00 and the input is 1, the out-
put is 0. After a clock transition, the circuit goes to the next state, O1. The same clock
transition may change the input value. If the input changes to 0, then the output be-
comes 1, but if the input remains at 1, the output stays at 0. This information is ob-
tained from the state diagram along the two directed lines emanating from the circle
representing state 01. A directed line connecting a circle with itself indicates that no
change of state occurs.

There is no difference between a state table and a state diagram except in the manner
of representation. The state table is easier to derive from a given logic diagram and the
state diagram follows directly from the state table. The state diagram gives a pictorial
view of state transitions and is the form suitable for human interpretation of the circuit
operation. For example, the state diagram of Fig. 6-17 clearly shows that, starting from
state 00, the output is O as long as the input stays at 1. The first O input after a string of
1’s gives an output of 1 and transfers the circuit back to the initial state 00.

Flip-Flop Input Functions

The logic diagram of a sequential circuit consists of flip-flops and gates. The intercon-
nections among the gates form a combinational circuit and may be specified alge-
braically with Boolean functions. Thus, knowledge of the type of flip-flops and a list of
the Boolean functions of the combinational circuit provide all the information needed
to draw the logic diagram of a sequential circuit. The part of the combinational circuit
that penerates external outputs is described algebraically by the circuit output functions.
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The part of the circuit that generates the inputs to flip-flops are described algebraically
by a set of Boolean functions called flip-flop input functions, or sometimes input equa-
tions.

We shall adopt the convention of using two letters to designate a flip-flop input func-
tion; the first to designate the name of the input and the second the name of the flip-
flop. As an example, consider the following flip-flop input functions:

JA=BC'x + B'Cx'
KA=B+y

JA and KA designate two Boolean variables. The first letter in each denotes the J and K
input, respectively, of a JK flip-flop. The second letter, A, is the symbol name of the
flip-flop. The right side of each equation is a Boolean function for the corresponding
flip-flop input variable. The implementation of the two input functions is shown in the
logic diagram of Fig. 6-18. The JK flip-flop has an output symbol A and two inputs la-
beled J and K. The combinational circuit drawn in the diagram is the implementation of
the algebraic expression given by the input functions. The outputs of the combinational
circuit are denoted by JA and KA in the input functions and go to the J and X inputs,
respectively, of flip-flop A.

From this example, we see that a flip-flop input function is an algebraic expression
for a combinational circuit. The two-letter designation is a variable name for an output
of the combinational circuit. This output is always connected to the input (designated
by the first letter) of a flip-flop (designated by the second letter).

The sequential circuit of Fig. 6-16 has one input x, one output y, and two D flip-
flops A and B. The logic diagram can be expressed algebraically with two flip-flop input
functions and one output-circuit function:

DA = Ax + Bx
DB =A'x
y={A+ B)x'
CP
I'e Qr A
e
r— >
—) D> o—
B’ [ \
C
xf )
FIGURE 6-18

Implementation of the flip-flop input functions
JA=BCx+ BCx andKA=8B+ y
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This set of Boolean functions provides all the necessary information for drawing the
logic diagram of the sequential circuit. The symbol DA specifies a D flip-flop labeled A.
DB specifies a second D flip-flop labeled B. The Boolean expressions associated with
these two variables and the expression for output y specify the combinational-circuit
part of the sequential circuit.

The flip-flop input functions constitute a convenient algebraic form for specifying a
logic diagram of a sequential circuit. They imply the type of flip-flop from the first let-
ter of the input variable and they fully specify the combinational circuit that drives the
flip-flop. Time is not included explicitly in these equations, but is implied from the
clock-pulse operation. It is sometimes convenient to specify a sequential circuit alge-
braically with circuit output functions and flip-flop input functions instead of drawing
the logic diagram.

Characteristic Tables

The analysis of a sequential circuit with flip-flops other than the D type is complicated
because the relationship between the inputs of the flip-flop and the pext state is not
straightforward. This relationship is best described by means of a characteristic table
rather than a state equation. The characteristic tables of four flip-flops were presented
in Section 6-2. When analyzing sequential circuits, it is more convenient to present the
characteristic table in a somewhat different form. The modified form of the characteris-
tic tables of four types of flip-flops are shown in Table 6-3. They define the next state as
a function of the inputs and present state. (¢} refers to the present state prior to the
application of a pulse. Q{r + 1) is the next state one clock period later. Note that the
clock-pulse input is not listed in the characteristic table, but is implied to occur between
time rand ¢ + 1.

The characteristic table for the JK flip-flop shows that the next state is equal to the

TABLE 6-3
Flip-Flop Characteristic Tables
JK Flip-Flop RS Flip-Fiop
J K ait + 1) SR Qi+ 1)
00 Qi) No change 00 o1} No change
01 0 Reset 01 0 Reset
1 0 1 Set 10 | Set
11 o°'(1) Complement | T O A Unpredictable
il L.

D Flip-Flop T Flip-Flop
D Qi+ 1) T Qr+ 1)
0 0 Reset 0 Q) No change
1 ] Set | Q') Complement
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present state when inputs J and K are both equal to 0. This can be expressed as
¢t + 1) = Q(z), indicating that the clock pulse produces no change of state. When
K = 1 and J = 0, the clock pulse resets the flipflop and Q(r + 1) = 0. WithJ = 1
and K = 0, the flip-flop sets and Q(r + 1) = 1. When both J and X are equal to 1, the
next state changes to the complement of the present state, which can be expressed as
Q@+ 1)=Q'(0.

The RS flip-flop is similar to the JK when § is replaced by J and R by K except for
the indeterminate case. The question mark for the next state when S and R are both
equal to | indicates an unpredictable next state.

The next state of a D flip-flop is dependent only on the D input and independent of
the present state, which can be expressed as Q(¢r + 1) = D, This means that the next-
state value can be obtained directly from the binary logic value of the D input. Note
that the D flip-flop does not have a “no-change” condition. This condition can be ac-
complished either by disabling the clock pulses or by leaving the clock pulses and con-
necting the output back into the D input when the state of the flip-flop must remain the
same.

The T flip-flop is obtained from a JK flip-flop when inputs J and X are tied together.
The characteristic table has only two conditions. When T = 0 (J = K = 0), a clock
pulse does not change the state, When 7 = 1 (J = K = 1), a clock pulse comple-
ments the state of the flip-flop.

Analysis with JK and Other Flip-Flops

It was shown previously that the next-state values of a sequential circuit with D flip-
flops can be derived directly from the next-state equations. When other types of flip-
flops are used, it is necessary to refer to the characteristic table. The next-state values
of a sequential circuit that uses any other type of flip-flop such as JK, RS, or T can be
derived by following a two-step procedure:

1. Obtain the binary values of each flip-flop input function in terms of the present-
state and input variables.

2. Use the corresponding flip-flop characteristic table to determine the next state.

To illustrate this procedure, consider the sequential circuit with two JK flip-flops A and
B and one input x, as shown in Fig. 6-19. The circuit has no outputs and, therefore, the
state table does not need an output column. (The outputs of the flip-flops may be con-
sidered as the outputs in this case.) The circuit can be specified by the following flip-
flop input functions:

JA=~R8 JB =x'
KA = Bx' KB=Ax+Ax = ADx

The state table of the sequential circuit is shown in Table 6-4. First, we derive the
binary values listed under the columns labeled flip-flop inputs. These columns are not
part of the state table, but they are needed for the purpose of evaluating the next state
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FIGURE 6-19
Sequentiai circuit with JK flip-flops

as specified in step 1 of the procedure. These binary values are obtained directly from
the four input fiip-flop functions in a manner similar to that for obtaining a truth table
from an algebraic expression. The next state of each flip-flop is evaluated from the cor-
responding J and X inputs and the characteristic table of the JK flip-flop listed in
Table 6-3. There are four cases to consider. When J = 1 and X = 0, the next state is
l. When J = ( and K = 1, the next state is 0. When J = K = 0, there is no change
of state and the next-state value is the same as the present state. WhenJ = K = |, the

TABLE 6-4
State Table for Sequential Circuit with JK flip-Flops
Present MNext

state Input state Flip-flop inputs

A B X A B JA KA JB KB

-—.—-—‘—Oc‘

0

_—e == DO DD
— OO =0 =D
_—pe DD = = DO
o~ o oo — 0o o
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State diagram of the circuit of Fig. 6-19

next-state bit is the complement of the present-state bit. Examples of the last two cases
oceur in the table when the present state AB is 10 and input x is 0. JA and KA are both
equal to O and the present state of A is 1. Therefore, the next state of A remains the
same and is equal to 1. In the same row of the table, /B and KB are both equal to 1.
Since the present state of B is 0, the next state of B is complemented and changes to 1.

The state diagram of the sequential circuit is shown in Fig. 6-20. Note that since the
circuit has no outputs, the directed lines out of the circles are marked with one binary
number only to designate the value of input x.

Mealy and Moore Models

The most general model of a sequential circuit has inputs, outputs, and internal states.
It is customary to distinguish between two models of sequential circuits: the Mealy
model and the Moore model. In the Mealy model, the outputs are functions of both the
present state and inputs. In the Moore model, the outputs are a function of the present
state only. An example of a Mealy model is shown in Fig. 6-16. Output y is a function
of both input x and the present state of A and B. The corresponding state diagram
shown in Fig. 6-17 has both the input and output values included along the directed
lines between the circles. An example of a Moore model is shown in Fig. 6-19. Here
the outputs are taken from the flip-flops and are a function of the present state only.
The corresponding state diagram in Fig. 6-20 has only the inputs marked along the di-
rected lines. The outputs are the flip-flop states marked inside the circles. The outputs
of a Moore model can be a combination of flip-flop variables such as A € B. This out-
put is a function of the present state only even though it requires an additional exclu-
sive-OR gate to generate it.

The state table of a Mealy model sequential circuit must include an output section
that is a function of both the present state and inputs. When the outputs are taken di-
rectly from the flip-flops, the state table can exclude the output section because the out-
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puts are already listed in the present-state columns of the state table. In a general
Moore model sequential circuit, there may be an output section, but it will be a func-
tion of the present state only.

In a Moore model, the outputs of the sequential circuit are synchronized with the
clock because they depend on only flip-flop outputs that are synchronized with the
clock. In a Mealy model, the outputs may change if the inputs change during the clock-
pulse period. Moreover, the outputs may have momentary false values because of the
delay encountered from the time that the inputs change and the time that the flip-flop
outputs change. in order to synchronize a Mealy type circuit, the inputs of the sequen-
tial circuit must be synchronized with the clock and the outputs must be sampled only
during the clock-pulse transition.

6-5 STATE REDUCTION AND ASSIGNMENT

The analysis of sequential circuits starts from a circnit diagram and culminates in a
state table or diagram. The design of a sequential circuit starts from a set of specifi-
cations and culminates in a logic diagram. Design procedures are presented starting
from Section 6-7. This section discusses certain properties of sequential circuits that
may be used to reduce the number of gates and flip-flops during the design.

State Reduction

Any design process must consider the problem of minimizing the cost of the final cir-
cuit. The two most obvious cost reductions are reductions in the number of flip-flops
and the number of gates. Because these two items seem the most obvious, they have
been extensively studied and investigated. In fact, a large portion of the subject of
switching theory is concerned with finding algorithms for minimizing the number of
flip-flops and gates in sequential circuits.

The reduction of the number of flip-flops in a sequential circuit is referred to as the
state-reduction problem. State-reduction algorithms are concerned with procedures for
reducing the number of states in a state table while keeping the external input—output
requirements unchanged. Since m flip-flops produce 2™ states, a reduction in the num-
ber of states may (or may not) result in a reduction in the number of flip-flops. An un-
predictable effect in reducing the number of flip-flops is that sometimes the equivalent
circuit (with less flip-flops) may require more combinational gates.

We shall illustrate the need for state reduction with an example. We start with a se-
quential circuit whose specification is given in the state diagram of Fig. 6-21. In this
example, only the input-output sequences are important; the internal states are used
merely to provide the required sequences. For this reason, the states marked inside the
circles are denoted by letter symbols instead of by their binary values. This is in con-
trast to a binary counter, where the binary-value sequence of the states themselves are
taken as the outputs.

There are an infinite number of input sequences that may be applied to the circuit;
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FIGURE 6-21
State diagram

each results in a unique output sequence. As an example, consider the input sequence
01010110100 starting from the initial state a. Each input of O or 1 produces an output
of 0 or 1 and causes the circuit to go to the next state. From the state diagram, we ob-
tain the output and state sequence for the given input sequence as follows: With the cir-
cuit in initial state @, an input of 0 produces an output of 0 and the circuit remains in
state @. With present state a and input of 1, the output is 0 and the next state is . With
present state b and input of 0; the output is O and next state is ¢. Continuing this pro-
cess, we find the complete sequence to be as follows:

state a a b ¢ d e f f 8 f g a
input 6 1 0 1 o0 1 1 ©0 1 0O O
outpt O O O O O 1 1 0 1 0 0

In each column, we have the present state, input value, and cutput value. The next state
is written on top of the next column. It is important to realize that in this circuit, the
states themselves are of secondary importance because we are interested only in output
sequences caused by input sequences.

Now let us assume that we have found a sequential circuit whose state diagram has
less than seven states and we wish to compare it with the circuit whose state diagram is
given by Fig. 6-21. If identical input sequences are applied to the two circuits and
identical outputs occur for all input sequences, then the two circuits are said to be
equivalent (as far as the input—output is concerned) and one may be replaced by the
other. The problem of state reduction is to find ways of reducing the number of states in
a sequential circuit without altering the input—output relationships.

We shall now proceed to reduce the number of states for this example. First, we
need the state table; it is more convenient to apply procedures for state reduction here
than in state diagrams. The state table of the circuit is listed in Table 6-5 and is ob-
tained directly from the state diagram of Fig. 6-21.
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TABLE 6-5
State Table
Next State Qutput

Present State x=0 x=1 X = X =
a 7] b 0 0
b c d 0 0
c a d 0 0
d e f ' 0 |
I3 a f 0 !
s g f 0 L
g I 0 1

An algorithm for the state reduction of a completely specified state table is given
here without proof: “Two states are said to be equivalent if, for each member of the set
of inputs, they give exactly the same output and send the circuit either to the same state
or to an equivalent state. When two states are equivalent, one of them can be removed
without altering the input—output relationships.”

‘We shall apply this algorithm to Table 6-5. Going through the state table, we look
for two present states that go to the same next state and have the same output for both
input combinations. States g and e are two such states: they both go to states a and f
and have outputs of 0 and 1 for x = 0 and x = 1, respectively. Therefore, states g and
e are equivalent; one can be removed. The procedure of removing a state and replacing
it by its equivalent is demonstrated in Table 6-6. The row with present state g is
crossed out and state g is replaced by state e each time it occurs in the next-state
columns.

Present state f now has next states e and f and outputs O and 1 forx = Oand x = 1,
respectively. The same next states and outputs appear in the row with present state 4.
Therefore, states f and d are equivalent; state f can be removed and replaced by d. The

TABLE 6-6
Reducing the State Table
Next State Outpﬁ.{ )

Present State ;_;_6_-_;_; - _] ;7} ,,,,,,;,; 1
a a b 0 0
b ¢ d 0 0
¢ a d 0 0
d € fd 0 1
e a Jd 0 1
/ ge ! 0 1
4 a f 0 1
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TABLE 6-7
Reduced State Table
Next state Qutput

Present State x=0 x=1 x=0 x=1
a a b 0 0
b c d 0 0
c a d 0 0
d e d 0 1
e a d 0 1

final reduced table is shown in Table 6-7. The state diagram for the reduced table con-
sists of only five states and is shown in Fig. 6-22. This state diagram satisfies the origi-
nal input-output specifications and will produce the required output sequence for any
given input sequence. The following list derived from the state diagram of Fig. 6-22 is
for the input sequence used previously. We note that the same output sequence results
although the state sequence is different:

state a a b c d e d d e d e a
input o 1 o 1 ¢ 1 1 O 1 0 0O
otpt O O O O O 1 1 0 1 0 0

In fact, this sequence is exactly the same as that obtained for Fig. 6-21, if we replace g
by e and f by d.

The checking of each pair of states for possible equivalence can be done systemati-
cally by means of a procedure that employs an implication table. The implication table
consists of squares, one for every suspected pair of possible equivalent states. By judi-
cious use of the table, it is possible to determine all pairs of equivalent states in a state
table. The use of the implication table for reducing the number of states in a state table
is demonstrated in Section 9-5.

/1

FIGURE 6-22
Reduced state diagram



232

Chapter 6 Synchronous Sequential Logic

It is worth noting that the reduction in the number of states of a sequential circuit is
possible if one is interested only in external input-output relationships. When external
outputs are taken directly from flip-flops, the outputs must be independent of the num-
ber of states before state-reduction algorithms are applied.

The sequential circuit of this example was reduced from seven to five states. In ei-
ther case, the representation of the states with physical components requires that we
use three flip-flops, because m flip-flops can represent up to 27 distinct states. With
three flip-flops, we can formulate up to eight binary states denoted by binary numbers
000 through 111, with each bit designating the state of one flip-flop. If the state table of
Table 6-5 is used, we must assign binary values to seven stales; the remaining state is
unused. If the state table of Table 6-7 is used, only five states need binary assignment,
and we are left with three unused states. Unused states are treated as don’t-care condi-
tions during the design of the circuit. Since don’t-care conditions usually help in ob-
taining a simpler Boolean function, it is more likely that the circuit with five states will
require fewer combinational gates than the one with seven states. In any case, the re-
duction from seven to five states does not reduce the number of flip-flops. In general,
reducing the number of states in a state table is likely to result in a circuit with less
equipment. However, the fact that a state table has been reduced to fewer states does
not guarantee a saving in the number of flip-flops or the number of gates.

State Assignment

The cost of the combinational-circuit part of a sequential circuit can be reduced by us-
ing the known simplification methods for combinational circuits. However, there is an-
other factor, known as the stare-assignment problem, that comes into play in minimiz-
ing the combinational gates. State-assignment procedures are concerned with methods
for assigning binary values to states in such a way as to reduce the cost of the combina-
tional circuit that drives the flip-flops. This is particularly helpful when a sequential cir-
cuit is viewed from its external input-output terminals. Such a circuit may follow a se-
quence of internal states, but the binary values of the individual states may be of no
consequence as long as the circuit produces the required sequence of outputs for any
given sequence of inputs. This does not apply to circuits whose external outputs are
taken directly from flip-flops with binary sequences fully specified.

TABLE 6-8
Three Possible Binary State Assignments
State Assignment | Assignment 2 Assignment 3
a 001 000 000
b 010 010 100
011 01t 010

L™

100 101 1M
e 101 1 ol
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TABLE 6-9
Reduced State Table with Binary Assignment 1
Next State Qutput

Present state x=10 x=1 x=0 x=1
001 001 010 0 0
010 011 100 0 0
011 001 100 0 0
100 101 100 0 1
101 001 100 0 1

The binary state-assignment alternatives available can be demonstrated in conjunc-
tion with the sequential circuit specified in Table 6-7. Remember that, in this example,
the binary values of the states are immaterial as long as their sequence maintains the
proper input-output relationships. For this reason, any binary number assignment is sat-
isfactory as long as each state is assigned a unique number. Three examples of possible
binary assignments are shown in Table 6-8 for the five states of the reduced table. As-
signment 1 is a straight binary assignment for the sequence of states from a through e.
The other two assignments are chosen arbitrarily. In fact, there are 140 different dis-
tinct assignments for this circuit.

Table 6-9 is the reduced state table with binary assignment 1 substituted for the let-
ter symbols of the five states. It is obvious that a different binary assignment will result
in a state table with different binary values for the states, whereas the input—output re-
lationships remain the same. The binary form of the state table is used to derive the
combinational-circuit part of the sequential circuit. The complexity of the combina-
tional circuit obtained depends on the binary state assignment chosen.

Various procedures have been suggested that lead to a particular binary assignment
from the many available. The most common criterion is that the chosen assignment
should result in a simple combinational circuit for the flipflop inputs. However, to
date, there are no state-assignment procedures that guarantee a minimal-cost combina-
tional circuit. State assignment is one of the challenging problems of switching theory.
The interested reader will find a rich and growing literature on this topic. Techniques
for dealing with the state-assignment problem are beyond the scope of this book.

6-6 FLIP-FLOP EXCITATION TABLES

The characteristic table is useful for analysis and for defining the operation of the flip-
flop. It specifies the next state when the inputs and present state are known. During the
design process, we usually know the transition from present state to next state and wish
to find the flip-flop input conditions that will cause the required transition. For this rea-
son, we need a table that lists the required inputs for a given change of state. Such a list
is called an excitation table.



234 Chapter 6 Synchronous Sequential Logic

RS Flip-Flop

TABLE 6-10
Flip-Flop Excitation Tables

om  ac+n | S R a®  at+n | 4 K
0 o o Xx 0 0 0 X
0 1 10 0 1 X
] 0 0 1 1 0 X 1
1 1 X 0 1 1 X 0

() RS ) (b) JK

oy ai+1) | D aw  oe+n | T
0 0 0 0 0 0
0 1 1 0 1 1
| 0 0 1 0 ]
! I ] 1 1 0

©D &) T

Table 6-10 presents the excitation tables for the four flip-flops. Each table consists of
two columns, Q(¢) and Q(t + 1), and a column for each input to show how the re-
quired transition is achieved. There are four possible transitions from present state to
next state, The required input conditions for each of the four transitions are derived
from the information available in the characteristic table. The symbol X in the tables
represents a don’t-care condition, i.e., it does not matter whether the input is 1 or (.

The excitation table for the RS flip-flop is shown in Table 6-10(a}. The first row shows
the flip-flop in the 0-state at time ¢. It is desired to leave it in the O-state after the occur-
rence of the puise. From the characteristic table, Tabie 6-3, we find that if § and R are
both 0, the flip-flop will not change state. Therefore, both 5 and R inputs should be 0.
However, it really doesn’t matter if R is made a 1 when the pulse occurs, since it re-
sults in leaving the flip-flop in the O-state. Thus, R can be 1 or 0 and the flip-flop will
remain in the O-state at ¢ + 1. Therefore, the entry under R is marked by the don’t-
care condition X.

If the flip-flop is in the O-state and it is desired to have it go to the 1-state, then from
the characteristic table, we find that the only way to make Q(f + 1) equal to 1 is to
make S = 1 and R = 0. If the flip-flop is to have a transition from the 1-state to the
O-state, we must have S = Q0 and R = 1.

The last condition that may occur is for the flip-flop to be in the 1-state and remain
in the 1-state. Certainly, R must be 0; we do not want to clear the flip-flop. However, §
may be either a 0 or a 1. If it is 0, the flip-flop does not change and remains in the 1-
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D Flip-Flop

T Flip-Flop
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state; if it is 1, it sets the flipflop to the 1-state as desired. Therefore, § is listed as a
don’t-care condition.

The excitation table for the JK flip-flop is shown in Table 6.10(b). When both present
state and next state are 0, the J input must remain at 0 and the X input can be either 0
or 1. Similarly, when both present state and next state are 1, the X input must remain at
0, while the J input can be 0 or 1. If the flip-flop is to have a transition from the 0-state
to the 1-state, J must be equal to 1, since the J input sets the flip-lop. However, input
K may be eitherOora 1. If K = 0, the J = 1 condition sets the flip-flop as required; if
K =1 and J = 1, the flipflop is complemented and goes from the O-state to the 1-
state as required. Therefore the K input is marked with a don’t-care condition for the
0-to-1 transition. For a transition from the 1-state to the O-state, we must have X = 1,
since the K input clears the flip-flop. However, the J input may be either 0 or 1, since
J = 0 has no effect, and J = 1 together with X = 1 complements the flip-flop with a
resultant transition from the 1-state to the O-state.

The excitation table for the JK flip-flop illustrates the advantage of using this type
when designing sequential circuits. The fact that it has so many don’t-care conditions
indicates that the combinational circuits for the input functions are likely to be simpler
because don’t-care terms usually simplify a function.

The excitation table for the D flip-flop is shown in Table 6-10(c). From the characteris-
tic table, Table 6-3, we note that the next state is always equal to the D input and inde-
pendent of the present state. Therefore, D must be 0 if Q(¢r + 1) has to be 0, and 1 if
Q(r + 1) has to be 1, regardless of the value of Q(¢).

The excitation table for the T flip-flop is shown in Table 6-10(d). From the characteris-
tic table, Table 6-3, we find that when input T = 1, the state of the flip-flop is comple-
mented; when T = 0, the state of the flip-flop remains unchanged. Therefore, when the
state of the flip-flop must remain the same, the requirement is that T = 0. When the
state of the flip-flop has to be complemented, T must equal 1.

Other Flip-Flops

The design procedure to be described in the next section can be used with any flip-flop.
It is necessary that the flip-flop characteristic table, from which it is possible to develop
a new excitation table, be known. The excitation table is then used to determine the
flip-flop input functions, as explained in the next section.
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6-7 DESIGN PROCEDURE

The design of a clocked sequential circuit starts from a set of specifications and culnni-
nates in a logic diagram or a list of Boolean functions from which the logic diagram can
be obtained. In contrast to a combinational circuit, which is fully specified by a truth
table, a sequential circuit requires a state table for its specification. The first step in the
design of sequential circuits is to obtain a state table or an equivalent representation,
such as a state diagram.

A synchronous sequential circuit is made up of flip-flops and combinational gates.
The design of the circuit consists of choosing the flip-fiops and then finding a combina-
tional gatc structure that, together with the flip-flops, produces a circuit that fulfills
the stated specifications. The number of flip-flops is determined from the number of
states needed in the circuit. The combinational circuit is derived from the state table by
methods presented in this chapter. In fact, once the type and number of flip-flops are
determined, the design process involves a transformation from the sequential-circuit
problem into a combinattonal-circuit problem. In this way, the techniques of combina-
tional-circuit design can be applied.

This section presents a procedure for the design of sequential circuits. Although in-
tended to serve as a guide for the beginner, this procedure can be shortened with expe-
rience. The procedure is first summarized by a list of consecutive recommended steps:

1. The waord description of the circuit behavior is stated. This may be accompanied
by a state diagram, a timing diagram, or other pertinent information.

2. From the given information about the circuit, obtain the state table.

3. The number of states may be reduced by state-reduction methods if the sequential
circult can be characterized by input—output relationships independent of the num-
ber of states.

4. Assign binary values to each state if the state table obtained in step 2 or 3 con-

tains letter symbols.

. Determine the number of flip-flops needed and assign a letter symbol to each.

Choose the type of flip-flop to be used.

From the state table, derive the circuit excitation and output tables.

W~ N n

. Using the map or any other simplification method, derive the circuit output func-
tions and the flip-flop input functions.
9. Draw the logic diagram.

The word specification of the circuit behavior usually assumes that the reader is fa-
miliar with digital logic terminology. It is necessary that the designer use intuition and
experience to arrive at the correet interpretation of the circuit specifications, because
word descriptions may be incomplete and inexact. However, once such a specification
has been set down and the state table obtained, it is possible to make use of the formal
procedure to design the circuit.

The reduction of the number of states and the assignment of binary values to the
states were discussed in Section 6-5. The examples that follow assume that the number
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of states and the binary assignment for the states are known. As a consequence, steps 3
and 4 of the design will not be considered in subsequent discussions.

It has already been mentioned that m flip-flops can represent up to 2™ distinct states.
A circuit may have unused binary states if the total number of states is less than 2. The
unused states are taken as don’t-care conditions during the design of the combinational-
circuit part of the circuit.

The type of flip-flop to be used may be included in the design specifications or may
depend on what is available to the designer. Many digital systems are constructed en-
tirely with JK flip-fiops because they are the most versatile available. When many types
of flip-flops are available, it is advisable to use the D flip-flop for applications requiring
transfer of data (such as shift registers), the T type for applications involving comple-
mentation (such as binary counters), and the JK type for general applications.

The external output information is specified in the output section of the state table.
From it we can derive the circuit output functions. The excitation table for the circuit is
similar to that of the individual flip-flops, except that the input conditions are dictated
by the information ‘available in the present-state and next-state columns of the state
table. The method of obtaining the excitation table and the simplified flip-flop input
functions is best illustrated by an example.

We wish to design the clocked sequential circuit whose state diagram is given in Fig.
6-23. The type of flip-flop to be used is JK.

The state diagram consists of four states with binary values already assigned. Since
the directed lines are marked with a single binary digit without a slash, we conclude
that there is one input variable and no output variables. (The state of the flip-flops may
be considered the outputs of the circuit). The two flip-flops needed to represent the four
states are designated A and B. The input variable is designated x.

The state table for this circuit, derived from the state diagram, is shown in Table 6-
11. Note that there is no output section for this circuit. We shall now show the proce-
dure for obtaining the excitation table and the combinational gate structure.

The derivation of the excitation table is facilitated if we arrange the state table in a
different form. This form is shown in Table 6-12, where the present state and input

FIGURE 6-23
State diagram for design example
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TABLE 6-11
State Table
Next State

Present State x =0 x=1
A B A B A B
0 0 0 0 0 l
0 I 1 0 0 1
1 0 1 0 | 1
1 1 1 I 0 0

variables are arranged in the form of a truth table. The next-state value for each
present-state and input conditions is copied from Table 6-11. The excitation table of a
circuit is a list of flip-flop input conditions that will cause the required state transitions
and is a function of the type of flip-flop used. Since this example specified JK flip-flops,
we need columns for the J and X inputs of flip-flops A (denoted by JA and KA) and B
{(denoted by /B and KB).

The excitation table for the JK flip-flop was derived in Table 6-10(b). This table is
now used to derive the excitation table of the circuit. For example, in the first row of
Table 6-12, we have a transition for flip-flop A from O in the present state to O in the
next state. In Table 6-10(b), we find that a transition of states from O to (} requires that
input J = 0 and input K = X. So 0 and X are copied in the first row under JA and KA,
respectively. Since the first row also shows a transition for flip-flop B from 0 in the
present state to O in the next state, 0 and X are copied in the first row under /B and KB.
The second row of Table 6-12 shows a transition for flip-flop B from 0 in the present

TABLE 6-12
Excitation Table
inputs of Outputs of

Combinational Circuit Combinational Circuit
Present
State Input Nexl State Flip-Flop Inputs
A g X A B A KA Jg KB
0 0 0 O ¢ 0 X 0 X
0 0 1 0 l 0 X 1 X
0 | ¢ 1 0 1 X X 1
0 | | 0 1 0 X X 0
1 0 0 1 0 X ( 0 X
1 0 1 1 1 X 0 I X
1 1 0 1 1 X 0 X 0
1 | 1 0 0 X 1 X |
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state to 1 in the next state. From Table 6.10(b), we find that a transition from 0 to 1
requires that input / = 1 and input K = X. So 1 and X are copied in the second row
under JB and KB, respectively. This process is continued for each row of the table and
for each flip-flop, with the input conditions as specified in Table 6-10(b) being copied
into the proper row of the particular flip-flop being considered.

Let us now pause and consider the information available in an excitation table such
as Table 6-12. We know that a sequential citcuit consists of a number of flip-flops and a
combinational circuit. Figure 6-24 shows the two JK flip-flops needed for the circuit
and a box to represent the combinational circuit. From the block diagram, it is clear
that the outputs of the combinational circuit go to flip-flop inputs and external outputs
(if specified). The inputs to the combinational circuit are the external inputs and the
present state values of the flip-flops. Moreover, the Boolean functions that specify a
combinational circuit are derived from a truth table that shows the input-output rela-
tions of the circuit. The truth table that describes the combinational circuit is available
in the excitation table. The combinational circuit inputs are specified under the present-
state and input columns, and the combinational-circuit outputs are specified under the
flip-flop input columns. Thus, an excitation table transforms a state diagram to the truth
table needed for the design of the combinational-circuit part of the sequential circuit.

The simplified Boolean functions for the combinational circuit can now be derived.
The inputs are the variables A, B, and x; the outputs are the variables JA, KA, JB, and

A’ A B B
o' Q Q Q
K AT K A J
l -
KA |J4 KB |IB
' N External
A [ outputs
(none)
Combinational
B . circuit
B
External
inputs
FIGURE 6-24

Block diagram of seguential circuit
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Maps for combinational circuit
KB. The information from the truth table is transferred into the maps of Fig. 6-25,
where the four simplified flip-flop input functions are derived:
JA = Bx' KA = Bx
JB = x KB = (A D x)

The logic diagram is drawn in Fig. 6-26 and consists of two flip-flops, two AND gates,
one exclusive-NOR gate, and one inverter.
The excitation table of a sequential circuit with m flip-flops, & inputs per flip-flop,

A
B
o Q Q' Q
K A T K A T
L l cr
:Q x
FIGURE 6-26

Logic diagram of sequential circuit
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and n external inputs consists of m + n columns for the present state and input vari-
ables and up to 2*" rows listed in some convenient binary count. The next-state sec-
tion has m columns, one for each flip-flop. The flip-fiop input values are listed in mk
columns, one for each input of each flip-flop. If the circuit contains j outputs, the table
must include j columns. The truth table of the combinational circuit is taken from the
excitation table by considering the m + n present-state and input columns as inputs and
the mk + j flip-flop input values and external outputs as outputs.

Design with D Flip-Flops

The time it takes to design a sequential circuit that uses D flip-flops can be shortened if
we utilize the fact that the next state of the flip-flop is equal to its D input prior to the
application of a clock pulse. This is shown in the excitation table of the D flip-flop
listed in Table 6-10(c). The excitation table clearly shows that D = Q( + 1), which
means that the next-state values in the state table specify the D input conditions di-
rectly, so there is no need for an excitation table as required with other types of flip-
flops.

The design procedure with D flip-flops will be demonstrated by means of an exam-
ple. We wish to design a clocked sequential circuit that operates according to the state
table shown in Table 6-13. This table is the same as the state table part of Table 6-12
except for an additional column that includes an output y. For this case, it is not neces-
sary to include the excitation table for flip-flop inputs DA and DB since DA = A t+ 1)
and DB = B{t + 1). The flip-flop input functions can be obtained directly from the
next-state columns of A and B and expressed in sum of minterms as follows:

DA(A,B,x)=2(2,4,5,6)
DB(A,B,x) =2(1,3,5,6)
y(A,B,x) = % (1,5)

TABLE 6-13

State Tabie for Design with D Flip-Flops
Present Next

State Input State Output
A B X A 8 3%

0 0 0 0 0 0

0 0 1 0 1 1

0 1 0 1 0 0

0 1 1 0 1 0

1 0 0 1 0 0

1 0 1 1 1 1

i 1 0 1 1 0

1 1 1 0 0 0




242 Chapter 6 Synchronous Sequential Logic

Bx —t—
6o o 11 10

o ] Ml

e

i

L

| —
X DB =A"x + B'x + ABx' ¥y =B
DA = AB'+ B!
FIGURE 6-27
Maps for input functions and output y
To—f
x [>o B
Ql
—V N 0
Q!

9

P

FIGURE 6-28
Logic diagram of a sequential circuit with £ flip-flops
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where A and B are the present-state values of flip-flops A and B, x is the input, and DA
and DB are the input functions. The minterms for output y are obtained from the output
column in the state table. '

The Boolean functions are simplified by means of the maps plotted in Fig. 6-27. The
simplified functions are

DA = AB' + Bx’
DB =A'x+ B'x + ABx’
y=B'x
The logic diagram of the sequential circuit is shown in Fig. 6-28.

Design with Unused States

A circuit with m flip-flops would have 2" states. There are occasions when a sequential
circuit may use less than this maximum number of states. States that are not used in
specifying the sequential circuit are not listed in the state table. When simplifying the
input functions to flip-flops, the unused states can be treated as don’t-care conditions.

Consider the state table shown in Table 6-14. There are five states listed in the table:
001, 010, 011, 100, and 101. The other three states, 000, 110, and 111, are not used.
When an input of O or 1 is included with these unused states, we obtain six minterms:
0, 1, 12, 13, 14, and 15. These six binary combinations are not listed in the table under
present state and input and are treated as don’t-care conditions.

The state table is extended into an excitation table with RS flip-flops. The flip-flop
input conditions are derived from the present-state and next-state values of the state
table. Since RS flip-flops are used, we need to refer to Table 6-10(a) for the excitation

TABLE 6-14

State Table with Unused States

Present Next

State Inp_ut State Flip-Flop inputs Output
A B C X A B C SA RA SB RB SC RC v
0 01 0 001 0 X 0 X X 0O 0
001 1 010 0 X 1 ¢ 0 1 0
010 0 011 O X Xx 01 0O 0
010 1 1 00 1 0 0 1 0 X 0
011 0 001 0O x 01 X O 0
011 1 1 00 1 0 ¢ 1 0 1 0
1 00 0 1 01 X 0 0 X 1 0 0
1 00 1 1 00 X 0 0 X 0 X 1
1 ¢ 1 0 001 01 0 X X 0 0
1 01 1 1 00 X 0 0 X 0 1 1
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conditions of this type of flip-flop. The three flip-flops are given variable names A, B,
and C. The input variable is x and the output variable is y. The excitation table of the
circuit provides all the information needed for the design of the sequential circuit.
The combinational-circuit part of the sequential circuit is simplified in the maps of
Fig. 6-29. There are seven maps in the diagram. Six maps are for simplifying the input
functions for the three RS flipflops. The seventh map is for simplifying the output y.
Each map has six X’s in the squares of the don’t-care minterms 0, [, 2, 13, 14, and 15.

C
{x A
AB 00 o1 1t 10
oof x | x x | x| x| [x] x x| 1]
01 S E X X X
; B
ntx [ XjxJx x x| x|y X lx|x]x
4
1wl x| x| x 1]
%{_J
X RA =Cx' S8 =A'B'x
54 =Bx
x| x X x| x (X x Vx| 1]
U i
L 1 | ¥
]! S
| X X
x bix | XA x| x ||x x |lxt x| x
Ytxlx]x 1 X ES
RB=BRC + Bx SC=x' RO =x
x| x
X !X x| ¥
o
v =Ax
FIGURE 6-29

Maps [or simpitfving the sequential circuit
i ,‘ ¥
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FIGURE 6-30
Logic diagram with RS flip-flops

The other don’t-care terms in the maps come from the X’s in the flip-flop input columns
of the table. The simplified functions are listed under each map. The logic diagram ob-
tained from these Boolean functions is shown in Fig. 6-30.

One factor neglected up to this point in the design is the initial state of a sequential
circuit. When power is first turned on in a digital system, one does not know in what
state the flip-flops will settle. It is customary to provide a master-reset input whose pur-
pose is to initialize the states of all flip-flops in the system. Typically, the master reset is
a signal applied to all flip-flops asynchronously before the clocked operations start. In
most cases, flip-flops are cleared to 0 by the master-reset signal, but some may be set to
1. For example, the circuit of Fig. 6.30 may initially be reset to a state ABC = 001,
since state 000 is not a valid state for this circuit.

But what if a circuit is not reset to an initial valid state? Or worse, what if, because
of a noise signal or any other unforeseen reason, the circuit finds itself in one of its in-
valid states? In that case, it is necessary to ensure that the circuit eventually goes into
one of the valid states so it can resume normal operation. Otherwise, if the sequential
circuit circulates among invalid states, there will be no way to bring it back to its in-
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tended sequence of state transitions. Although one can assume that this undesirable
condition is not supposed to occur, a careful designer must ensure that this situation
Never occurs.

It was stated previously that unused states in a sequential circuit can be treated as
don’t-care conditions. Once the circuit is designed, the m flip-flops in the system can be
in any one of 2" possible states. If some of these states were taken as don’t-care condi-
tions, the circuit must be investigated to determine the effect of these unused states.
The next state from invalid states can be determined from the analysis of the circuit. In
any case, it is always wise to analyze a circuit obtained from a design to ensure that no
mistakes were made during the design process.

Analysis of Previously Designed Circuit

We wish to analyze the sequential circuit of Fig. 6-30 to determine whether it operates
according to the original state table and also determine the effect of the unused states
on the circuit operation. The unused states are 000, 110, and 111. The apalysis of the
circuit can be done by the method outlined in Section 6-4. The maps of Fig. 6-29 may
also help in the analysis. What is needed here is 10 start with the circuit diagram of Fig.
6-30 and derive the state table or diagram. If the derived state table is identical to the
state-table part of Table 6-14, then we know that the design is correct. In addition, we
must determine the next states from the unused states 000, 110, and 111.

The maps of Fig. 6-29 can help in finding the next state from each of the unused
states. Take, for instance, the unused state 000. If the circuit, for some reason, happens
to be in the present state 000, an input x = 0 will transfer the circuit to some next state
and an input x = 1 will transfer it to another (or the same) next state. We first investi-
gate minterm ABCx = 0000. From the maps, we see that this minterm is not included
in any function except for SC, i.e., the set input of flip-flop C. Therefore, flip-flops A
and B will not change, but flip-flop C will be set to 1. Since the present state is
ABC = 000, the next state will be ABC = 001. The maps also show that minterm
ABCx = 0001 is included in the functions for §B and RC. Therefore, B will be set and
C will be cleared. Starting with ABC = 000 and setting B, we obtain the next state
ABC = 010 (C is already cleared). Investigation of the map for output y shows that y
will be O for these two minterms.

The result of the analysis procedure is shown in the state diagram of Fig. 6-31. The
circuit operates as intended, as long as it stays within the states 001, 010, 011, 100,
and 101. If it ever finds itself in one of the invalid states, 000, 110, or 111, it goes to
one of the valid states within one or two clock pulses. Thus, the circuit is self-correct-
ing, since it eventually goes to a valid state from which it continues to operate as re-
quired.

An undesirable situation would have occurred if the next state of 110 for x = 1 hap-
pened to be 111 and the next state of 111 for x = 0 or 1 happened to be 110, Then, if
the circuit starts from 110 or 111, it will circulate and stay between these two states
forever. Unused states that cause such undesirable behavior should be avoided; if they
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0/0

FIGURE 6-31
State diagram for the circuit of Fig. 6-30

are found to exist, the circuit should be redesigned. This can be done most easily by
specifying a valid next state for any unused state that is found to circulate among invalid
states.

6-8 DESIGN OF COUNTERS

A sequential circuit that goes through a prescribed sequence of states upon the applica-
tion of input pulses is called a counter. The input pulses, called count pulses, may be
clock pulses or they may originate from an external source and may occur at prescribed
intervals of time or at random. In a counter, the sequence of states may follow a binary
count or any other sequence of states. Counters are found in almost all equipment con-
taining digital logic. They are used for counting the number of occurrences of an event -
and are useful for generating timing sequences to control operations in a digital system.

Of the various sequences a counter may follow, the straight binary sequence is the
simplest and most straightforward. A counter that follows the binary sequence is called
a binary counter. An n-bit binary counter consists of n flip-flops and can count in bi-
nary from 0 to 2* — 1. As an example, the state diagram of a 3-bit counter is shown in
Fig. 6-32. As seen from the binary states indicated inside the circles, the flip-flop out-
puts repeat the binary count sequence with a return to 000 after 111. The directed lines
between circles are not marked with input—output values as in other state diagrams. Re-
member that state transitions in clocked sequential circuits occur during a clock pulse;
the flip-flops remain in their present states if ne pulse occurs. For this reason, the
clock-pulse variable CP does not appear explicitly as an input variable in a state dia-
gram or state table. From this point of view, the state diagram of a counter does not
have to show input—output values along the directed lines. The only input to the circuit
is the count pulse, and the outputs are directly specified by the present states of the flip-
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* (1)
*
FIGURE 6-32

Stare diagram of a 3-bit binary counter

flops. The next state of a counter depends entirely on its present state, and the state
transition occurs cvery time the pulse occurs.

Table 6-15 is the excitation table for the 3-bit binary counter. The three flip-flops
are given variable designations Az, A\, and Ao. Binary counters are most efficiently con-
structed with 7 flip-flops (or JK flip-flops with J and X tied together). The flip-flop ex-
citation for the 7 inputs is derived from the excitation table of the 7' flip-fiop and from
inspection of the state transition of the present state to the next state. As an illustration,
consider the flip-flop input entries for row 001. The present state here is 001 and the
next state is 010, which is the next count in the sequence. Comparing these two counts,
we note that Az goes from 0 to 0; so TA; is marked with a 0 because flip-flop A, must
remain unchanged when a clock pulse occurs. A, goes from 0 to 1; so TA, is marked
with a | because this flip-flop must be complemented in the next clock puise. Similarly,
Ap goes from 1 to 0, indicating that it must be complemented; so TA, is marked with a
1. The last row with present state 111 is compared with the first count 000, which is its

TAEBLE 6-15
Excitation Table for 3-Bit Counter
Present State Next State Flip-Flop Inputs
A A Ay A AL A TA; TA{ TAa
0 0 0 0 0 1 0 0 i
0 0 1 0o 1 0 O I 1
0 1 0 0 1 1 0 0 1
O 1 |1 10 0 1 1 |
I 0 0 1 0 1 0 0 1
I 0 1 I 1 0 0 1 I
| Y | 0 & 1
1 0 0 0 i
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FIGURE 6-33

Maps for a 3-bit binary counter

next state. Going from all 1’s to all s requires that all three flip-flops be comple-
mented.

The flip-flop input functions from the excitation tables are simplified in the maps of
Fig. 6-33. The Boolean functions listed under each map specify the combinational-
circuit part of the counter. Including these functions with the three flip-flops, we obtain
the logic diagram of the counter, as shown in Fig. 6-34.

Counter with Nonbinary Sequence

A counter with n flip-flops may have a binary sequence of less than 2" states. A BCD
counter counts the binary states from 0000 to 1001 and returns to 0000 to repeat the
sequence. Other counters may follow an arbitrary sequence that may not be the straight
binary sequence. In any case, the design procedure is the same. The state table is ob-
tained from the count sequence and the counter is designed using sequential-circuit de-
sign techniques. As an example, consider the counter specified in Table 6-16. The
count has a repeated sequence of six states, with flip-flops B and C repeating the binary
count 00, 01, 10, while flip-flop A alternates between 0 and 1 every three counts. The
count sequence is not straight binary and two states, 011 and 111, are not included in
the count. The choice of JK flip-flops results in the flip-flop input conditions listed in

A 2 A 1 A [
Q Q Q
A T A r A T
Count . l I
pulses
(I |
FIGURE 6-34

Logic diagram of a 3-bit binary counter
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TABLE 6-16
Excitation Table for Counter -

Present State Next State Fiip-Flop Inputs
A B s A g c A KA /8 KB JC KC
0 0 0 0 0 1 0 X 0 X | X
0 0 1 0 1 0 0 X 1 X X 1
0 1 0 1 0 0 l X X 1 0 X
1 0 0 1 0 1 X 0 0 X 1 X
.0 1 1 10 X 0 1 X X 1
1 1 0 0 0 0 X 1 X 1 0 X

the table. Inputs KB and KC have only 1’s and X’s in their columns, so these inputs are
always equal to 1. The other flip-flop input functions can be simplified using minterms 3
and 7 as don’t-care conditions. The simplified functions are

JA=B8 KA =8
JjB=C KB =1
JC =B’ KC =1

The logic diagram of the counter is shown in Fig. 6-35(a). Since there are two un-
used states, we analyze the circuit to determine their effect. If the circuit happens to be
in state 011 because of an error signal, the circuit goes to state 100 after the application

e

1
¢ 7 ¢ Q
K A L. L @ @
Count l l l
pulses
| (o))

(a) Logic diagram of counter (k) State diagram of counter

FIGURE 6-35

Logic and state diagrams



Problems 251

of a clock pulse. This is obtained by noting that while the circuit is in present state 011,
the outputs of the flip-flops are A =0, B =1, and C = 1. From the flip-flop input
functions, we obtain JA = KA = 1,JB = KB =1, JC = 0, and KC = 1. Therefore,
flip-flop A is complemented and goes to 1. Flip-flop B is also complemented and goes
to 0. Flip-flop C is reset to 0 because XC = 1. This results in next state 100. In a simi-
lar manner, we can evaluate the next state from present state 111 to be (00,

The state diagram including the unused states is shown in Fig. 6-35(b). If the circuit
ever goes to one of the unused states because of an error, the next count pulse transfers
it to one of the valid states and the circuit continues to count correctly. Thus, the coun-
ter is self-correcting. A self-correcting counter is one that if it happens to be in one of
the unused states, it eventually reaches the normal count sequence after one or more
clock pulses.
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PROBLEMS

6-1 Construct a D flip-flop that has the same characteristics as the one shown in Fig. 6-5, but
instead of using NAND gates, use NOR and AND gates. (Remember that a one-input NOR
gate is equivalent to an inverter.)

6-2 Construct a D flip-flop that has the same characteristics as the one shown in Fig. 6-3, but
instead of using NAND gates, use NOR gates.
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6-3

6-4
6-5

- 6-6

6-7

6-8

The D flip-flop shown in Fig. 6-5 can be constructed with only four NAND gates. This

can be done by removing gate number 5 from the circuit and, instead, connecting the out-

put of gate number 3 to the input of gate number 4. Draw the modified circuit and show

that it operates the same way as the original circuit.

Draw the logic diagram of a master—slave D flip-flop. Use NAND gates,

The D-type positive-edge-triggered flip-flop of Fig. 6-12 is modified by including an

asynchronous-clear input in the circuit. The asynchronous-clear input is connected to a

third input in gate 2 and also to a third input in gate 6.

(a) Draw the logic diagram of the flip-flop, including the asynchronous-clear input.

(b) Analyze the circuit and show that when the asynchronous-clear input is logic-0, the Q
output is cleared to 0 regardless of the values of the other two inputs. D and CP.

(c) Show that when the asynchronous-clear input is logic-1, it has no effect on the normal
operation of the circuit.

A sequential circuit with two D flip-flops, A and B; two inputs, x and y; and one output, z,

is specified by the following next-state and output equations:

A + 1) = x'y + xA
Bt +1}=x'B+ xA
z=8
(a) Draw the logic diagram of the circuit.

(b} Derive the state table.
(¢) Derive the state diagram.

A sequential circuit has three D flip-flops, A, B, and C, and one input, x. It is described by
the following flip-flop input functions:

DA =(BC"+ B'C)x + (BC + B'C")x’'
DB = A
DC =B

(a)} Derive the state table for the circuit,
(b) Draw two state diagrams: one for x = 0 and the other for x = |.

A sequential circuit has one flip-flop, ¢; two inputs, x and y; and one output, S. It consists
of a full-adder circuit connected to a D flip-flop, as shown in Fig. P6-8. Derive the state
table and state diagram of the sequential circuit.

X ——— ] k)
Full
P adder | C
Q
Q
D
FIGURE P6-8 9 cr
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,,""‘6-9 Derive the state table and the state diagram of the sequential circuit shown in Fig. P6-9,
Explain the function that the circuit performs.

4 a g |&

Q' Q [ Q

A T A T

| I -
FIGURE P6-9

6-10 A JN flip-flop has two inputs, J and N. Input J behaves like the J input of a JK flipflop and
input N behaves like the complement of the K input of a JK flip-flop (that is, N =K").
(2) Tabulate the characteristic table of the flip-flop (as in Table 6-3).
(b} Tabulate the excitation table of the flipflop (as in Table 6-10).
{c) Show that by connecting the two inputs together, one obtains a D Flip-fiop.

6-11 A sequential circuit has two JK flip-flops, one input x, and one output y. The logic dia-
' gram of the circuit is shown in Fig. P6-11. Derive the state table and state diagram of the

circuit.

‘—J Q A D(‘ﬁ J Q B

cpP

x u_/

FIGURE Pé-11
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6-12 A sequential circuit has two JK flip-flops, A and B; two inputs, x and y; and one output, z.

6-13

6-14

The flip-fiop input functions and the circuit output function are as follows:
JA = Bx + B'y’ KA = B'xy’
JB=A'x KB =A+ xy’

z = Axy + Bx'y’
{a) Draw the logic diagram of the circuit.
(b) Tabulate the state table.
{c) Derive the next-state equations for A and B.

Starting from state 00 in the state diagram of Fig. 6-17, determine the state transitions
and output sequence that will be generated when an input sequence of 010110111011110 is
applied.

Reduce the number of states in the following state table and tabulate the reduced state
table.

Present MNext state Qutput
State x=0 x=1 x=0 x=1
a f b 0 0
b d ¢ 0 0
¢ f ¢ 0 0
d g a 1 0
e d C 0 0
f f b 1 |
g g h ¢ |
h g a 1 0

Starting from state a of the state table in problem 6-14, find the output sequence generated
with an input sequence 01110010011.

Repeat Problem 6-15 using the reduced table of Problem 6-14. Show that the same output
sequence is obtained.

Substitute binary assignment 2 of Table 6-8 to the states in Table 6-7 and obtain the bi-
nary state table. Repeat with binary assignment 3.

Analyze the circuit of Fig. P6-18 and prove that it is equivalent to a T flip-flop.

FIGURE P6-18 CP
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6-19 Convert a D flip-flop to a JK flipflop by including input gates to the D flip-flop. The gates
needed for the input of the D flip-flop can be determined by means of sequential-circuit
design procedures. The sequential circuit to be considered will have one D flip-fiop and
two inputs, J and K.

6-20 Design a sequential circuit with two D flip-flops, A and B, and one input, x. When x = 0,
the state of the circuit remains the same. When x = 1, the circuit goes through the state
transitions from 00 to 01 to 11 to 10 back to 00, and repeats.

./ 6-21 Design a sequential circuit with two JK flip-flops, A and B, and two inputs, E and x. If

/ E =0, the circuit remains in the same state regardless of the value of x. When E = 1 and
x = 1, the circuit goes through the state transitions from 00 to 01 to 10 to 11 back to 00,
and repeats. When E = 1 and x = 0, the circuit goes through the state transitions from 00
to 11 to 10 to 01 back to 00, and repeats.

6-22 A sequential circuit has three flip-flops, A, B, C; one input, x; and one output, y. The state
diagram is shown in Fig. P6-22. The circuit is to be designed by treating the unused states
as don’t-care conditions. The final circuit must be analyzed to ensure that it is self-
correcting.

(a) Use D flip-flops in the design.
(b) Use JK flip-flops in the design.

FIGURE P6-22

/

-/ 6-23 Design the sequential circuit specified by the state diagram of Fig. 6-23 using RS flip-
fiops.

6-24 Design the sequential circuit specified by the state diagram of Fig. 6-23 using T flip-flops.

7
/’ 6-25 Design the foliowing nonbinary sequence counters as specified in each case. Treat the un-
used states as don’t-care conditions. Analyze the final circuit to ensure that it is self-cor-
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recting. If your design produces a nonself-correcting counter, you must modify the circuit

to make it self-correcting.

(a) Design a counter with the following repeated binary sequence: 0, 1, 2,3, 4, 5, 6, Use
JK flip-flops.

(b) Design a counter with the following repeated binary sequence: 0, 1, 2, 4, 6. Use D
flip-flops.

(c) Design a counter with the following repeated binary sequence: 0, 1, 3,5, 7. Use T
flip-flops.

(d) Design a counter with the following repeated binary sequence: 0, 1,3, 7,6, 4. Use T
ftip-flops.



