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The MATLAB programs given in the book and the Solutions Manual, answers to
problems, and answers to review questions can be found at the web site of the
book: http://www.prenhall.com/rao.

The programs and techniques presented in the book, solutions manual and the web
site are intended for use by students in learning the material. Although the material
has been tested, no warranty is implied as to their accuracy. Solutions to few
problems are missing in the Solutions Manual at this time; they will be added in
few weeks.

I would appreciate receiving any errors found in the book, solutions manual or the
web site of the book. The errors detected will be posted at the web site of the book.

Singiresu S. Rao

srao@miami.edu
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Chapter 1

Fundamentals of Vibration

Head
Head, Hi:j! ’nECK:__L_* _|_
i

u.;:per torso, upper torse
hips and legs S fna.l- -—-5.
P J Eoiumn e b —Ll upper torso
l__‘l‘_]..‘ Hips and 1639 A J— x 7 _]_
___egs @1 1 fﬁiﬂtl—\—‘
omomrm ' | Arms 1 leas
' Hips and le
T 75 ] p g
(‘) l_ejs.{-— o s*houlo!er
T -
77 T Lejsz-_ -3
(ii) T
(f]i)
Restraint Windshield
Seat Eelts
Instrument
panel
4
I ——Slant
: = footboard
90 Impact
force
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@ unbalanced forces

unbalanced forces

I Mass of frame &
Bess GF et l re::fproca:h'ng engine
PECI'PTOCG«{fHB x L . { 5
T engine & 1 Eﬂé'" ";-/A:?‘TP ay &
foundation block £’ stiffness of
£ ' bolts and

elastic Pa.cl
Mass of foundation

l block

12 . ____cla.manj &
| < " stiffness
of soil

R

(@) one degree of
freedom model (b) Two degree of

freedom model

<«—| mass of Lody

<—| mass of bocl.j

=3

stiffness L__—;i | mass of front &
of wheels

:uspehs;‘c:an

rear wf-meel.s

da.mpfnj
of

m gugPenS‘fon I:ﬂ
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“-mass of Fa.SS‘EhgerS'
plus seats

[

- - —

PV mass Y moment of inertia
of ]:aclg

ola..rnping > S ,--;CJG—“"P'."B 2 stiffness

stiffness O;F\:\‘ ’L—_——_—J E:I" ;/ of rear susPensfon
S’ror\f \-*T

suspe‘nsfo n

front rea.r
wheels wheels

cla.mpt'ng B S

stiffness of Sy
Sront wheels

- ——~damping g stiffness

”
s’ of rear wheels

i)

sheet metal

!

SOOVAN N ANNN NN

£
//1’///////////////////.f//////////////‘

Driveline
Bumper
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2K, k, k&
Ao £ o .:j_ w2 ¢ & - 4 %3 %3 . )
X
4 _ 1 + L e,
keg  Kegtky K5 :
_ 'kg 1’5 -+ kq, _ ‘kz‘ks'k ‘k5+?.1<|k3 ktfks - kikqu_ ks’ + 2 kikz 1(5 1(5
keﬁ & - 4

ks + Ky + Ee% ke %3z ‘k4+ KaKaKs +2 K k3 Ky +2 %K Kg 1k iy + Kk, kg +2H kg
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k)

From Frg.(e), x= 2 + a (%2— X1)
2,+4,

= fn. x, + -‘Ql *, (1) '
Q|+f2 ﬂ1+£2
Vertical :Farc.e. eZv),u".(n'Ln'um :Fro\m F"j (b)) :
F= Fl it Fg_ (2)
Moment e.zu.il.'lon‘um about c’ (Fig.cbd)) :
Fg, 22 = F, /QI (3>
Solution o_.F Ezs'. (27 e (3):
F| = F 22. i Fz 2! F E‘ (4‘)

ll“f" Q?_ 9\;"’ ‘QZ
D|-5F|a.—(‘.em2n'!7$ of SPr.‘njs *, a.m.a‘ 142 are sivez Lj
L L2 Fz F A )

T Ty 2T kT e, (i)
DfS|=lﬂ-C-2men+ of force F can be :f’cu.ncf using EZS'Cs)
n Eg.(1):

{a ' F L2 i 2\ - FQI

(49 4 (+t2) A

x*= 0o 4y (1,492)

- F (i:zkl +,Q; “2) (6)
@+ 92)2 %, K2
The eﬁ.u\ra_&m)t /srﬂu?wj constant of; the %-n 'n the
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divection of %, kg, 45 given by Ep- (63
o= L = €+ £2)° %, %,
e % 2 Py

E; k['f“ 22 Kz

(7)
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. Eguwaulence of Pcrl:enha,[ energies gives
2
ktia + % k,c?_e +3 ’ki(e 1) +.L1<2(92) +4 *a(efz) Lk_e

keﬁ-_- kfi-i- k{z -+ k'l £| = tzﬂ, -+ k3 12

L
‘e

K23 = for series sPrings > Ra and %3

) 1 ) Ko k?
! I L ; % -
1z '
Using €energy e,au.wculance | R)z
“g:‘ke@e?‘: Ky © +——1<.239+ Ke (ek) + L+ kg (o

 *, & 2
IR B
4+\k|kz+ Kakz + K3 Ky ( ’ ‘)
beam I b o 1

Bor S‘mPlU suPporfeci ’ ~
Lor load ot wmiddle, / 1 4 / ;}:lm

) 48 EI q.S(Z-OGJ;IO )(IO ) L o 2T~

(I 3

3 -4
= 12.-36 x!o N/m where I-‘-"J;(l'?-) (o+1) =10 .m‘!‘_

=7
-84
8y = original deflection = Td = 55‘2‘33: q_f = 396-8447 xlo ™
) 1 :36 x 10

when spring & s added, ‘ke@

K+ K4

() New al€§,€C+l'O‘n= f;i'. = §_@_ . A = 4 m3

3 = | 4’ ’kl
% 4 N7 §
e& ! = k+ k;
Sk = 3K = 37.08 %10 N/m
(b) New deflection = :3 31 e, = i P
2z 2 7 S
S k= K,z 1236 xlo-’ N/m = k+ K,
) New Aeoe{ecf{on — 2 = 3 & 3 = 4..13 = A 1
e 4 % 38, 3
k=1 K = 412 x 10" Nfm = k+ k&,
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For abar with fength L, Young s modulus E and
@ cyoss-section A, the axial sl:f_F:FneSs(-k) s given LJ

(1)
when cress -section is solid cireular with diameter d,
d; (2>
avrea =A; = A
when cross -section is sguare with side d .,
. (3D
orea = Az = d

when cross —section S hollow cireular with mean dio. d awd
walk thickness t =o-id, _ N
orea = Tdt = TTd (etd) =017 d (4

For SPe::ifa'ed vadue 0’6— k= 4 , cross-section orea
reiu.c‘ro_cl iS: A = _EEE. c (anfa_,.{:j 5D

Weight of bar :
wikh solid c:‘rZC.ula_r section: | . £ 0 3
WJ'-‘I‘__E‘-—L: clL with d =
y
Wi th hollow cireular section:
W:o'lTTalgL--:ho\'(—%—Ts)L = a-l.fCL (7)

2 = o-4 W
wi th ,s?/ua.re section:

2 c - --;-2'7?2“"!
Wg = AL = _‘_"_TFL---_’—T_—WI—

1]

8)

; ';I'\E S"\Duf{' with the 'f\o“aw cl‘rcu(a.\r croSS~ section
\a []

c;orres]aonals B minimum we:'ghf:-
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Sf:{ffness cf o c.a..m‘:l‘lever beam under e loencﬂfnﬁ
@ fovce ok e end : . 3EI (D

3E
For o Sold circular section with dia meter d,

C 2 64 C
I’:_‘E_é—'.-".:c = d‘{__-f_‘f__ OY-A: & (3)

ch T p—
2
we;‘gH of beawm= W, = 7_1'_4:_1_ _ 'I__I_‘_& sk
4 '
= 3.5449 L JC 4)

For = AOHOW cirevlar section with mean gb‘a_mg‘l'"erot

and woll thickness t=o-1d, weight of beam (wy)is:
Wy = s (doq"diq> L= '_’-_r_g {Col—{-{-)z—- (oi-f)zj'
| Z 5
_omh (4dt) = wdtl = whGdD
4 S
o-l'h‘ﬂ\j.%ri-c— — 8o e (s

—
—

For ov Agpens secion withk Aide 4, weight of the

beam (W3) 48:

wz= 420 = R f—_;‘i_f _ 4.5135 {Jc (6

By c_g‘-.-aga.h-u\-n Eps- (qﬁ,(S)mJLCG), the minimum we"gl-.'l:
beam corresponds te the bhollow etrhewdan cross- seetion.
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Spring Jerce is given by F= 800 x + 40 %° >
static evubbﬁwm of the rubber mOun‘l’t‘nj (X*> under

the weight of the elochiomic instrument is given by

3
F= 200 = §ao x* + 40 x*
oY 40 x’a + %00 x* — 200 zo0 (2D
'Tlne roo'ts 05 ‘H\e Cu_‘:;'c e&;_,a.tgn (27 Caomn ‘JEM :f-rom
MATLAB o4
'x*: 02492 - o+l2y6 = 4-477?-': (3)

Thus He stalic Gguilf!brl'um Fosift'on of the rubbey moun‘h'nj
is given by +the real root of g5.():
x* = 02492 in (4>

) Ezu‘-v:zleni' linear Apring constant of vubber mounting
o} its shakic eguilibrium position , using gp. (1:7),is:

ke, = SF = 866+ 126 o ) 1206 (0-2492)2
g 1% 'Z* = oo +
= go7 4521 b/in (s

(bj '.DES:(Ec_'h'on og TU.LLE-\"‘ 'moun{'{nj COTr&SPOhOlI'nj fo
e Q?J'“VM firean Apring constant is:

= __;; i 82304521 = @2yIT wn ®
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@ F(x)= 200x+ 50 x° + 10 %7 (1)
When the Spring unAerSOES‘ o shga&j deflection of
x* =0'5 in during the operation of the engine, the
fovce execrted on the Apring con be found o
F= 200(e5)+ 5o (o-5) + 10 (0-5)3 = n3.75 b (2D
EZU;VM Linear Spring constant af iff Af’ea&j
deflection is given by Ea.(l-v) :

_ dF
kei_ dx

2

i ¥
g = 200 t100 X + 30 x

®x = X

1

z
200 + loo (075) +30 (o°5)

]

253.75 Ib/in

1-11
PRELIMINARY VERSIIONIIJ:2/|2I.4/2010

LMl al~ L chilaiall A4is




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

(OJ x= down w'a.To‘ T

deflection

of point A, 2 (bY 2 (h-xo2
%, = resulting - (2) & a,-( ] s)
deformation 'L
of JFrma
Po{gsnt.aj.:l enerilj eguwa.-lfnce (j,__ ;c,S
ive —
4 T kg ¥ = 3 K%

2
‘keg = ‘k (_%_. ‘ b - L :
Bat %= 2 [ﬁ-—(b_zxj z - Ja"—(_{) ]

s fEEr | {0};{3&;%)}2 }% - 1]
2 - E [{3-%"—%* "—f—”)}l/z' _ 1]

— [{ _ XGRS b X }% _ 1]
=2\&- 7 (03-_7) z(a,_
Using the relation (1 + 9)1/2'

1 < we obtain
2 L 3 b =4
x:z(a.——) [* ) 1] z(ab _1/,_
2 2 [

_ a—->) _—
% =4 ( 2 4‘) -
(b) Here x = %z (Apring deflection)

o e =

2
el
. 3 a‘z

Y
_
ey
R \g{
-y
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Let == vertical
d:spfa,cemenf

of wass M,

'X/s: rESu.H:lnj
deformation of
ea—ch meclined

SPrt'n? .

From eguiva.lEnce of Fofe,n’c{a.l energy,

2
-;:«ezx":z(-,':kx}')_; «ez=3k(i:—)

etry , L- % - gt —2f8x s A

From georm J ( B 2/52! coslo{ ':_ 0 s 7.}' B _(Es.)
el - %; Ye

So,vfna (E:L), x = feos« [1 p o {1 — 7 oo ’; } -] (EZ)

Usinj the relation 1-8 =~ 1- —9- (EZ) can be rewritten os

. - zcw[it{i..(zf*x—* N (&)

zfz cos“

ﬁSS’U.mma x 'l:o be Srna,U. Wwe wse wminus 9.‘9n and ncalecf )(;‘
compared to 2L x; in (E3). This gives

xs

Cos of

x=

kR
57 4 = 3k ws X
¢

2
In o gimilay manner, Ce?/: 3 C cos &
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EZUEVGM Apring constant of the system ('keg> al
Foint A can be determined by cons;‘cler:'ng the wmowment
gguiln‘bn‘um of foxeces gbout the P,‘Vo{; Fos'nt o :

F(d)- R (e)-F(5) =0

_=F2 Fi o 4= «x _ 3
Pe 5 dag = 5= & == =g BY
:'kezx

. 'kea = 4.

L
4
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@ F CSPrinj force on mass)

A

(1, + %) (x=%0) + kq (x—a\i)

F= (k4 %;) (x=-%,)

I SO -

(i #2) (%0 =%) + 45 (- x —dy)
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B «-—kz(s“neﬂ)

Moment about the
pivot point O
T = moment
= ™y -é Sin @ -(’kl_ﬁl Su'n9>-§
= (k2 { Sin@) {

~ (mgf fl 2
( 2 “1"72—1"{)9
(1)
Deno‘:inj the E'&u.ivo..ﬂbwt {-Orgt'm’lﬂ-j Sdofl'nj consfant

o_F the sgs%em ol 'k{,, the moment T can be
e&laresse.o! ab

T = ké (=] (2)

Bj e.zua,’cg‘nj Ezsn(i) avd (2), we obtain

ke = ‘““jﬂ - *;ﬁ’z — %, 8" ()
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wWhen me reuvry (s a(:'s/ola_cecq bj an amount x (n one

Ie'j Og the maremeter (F"j- l-77>: the mercury
coluwmn w;“ uma(efgc a total cll'S’l:Ia..r_e_meht- of 2%.
The Tna.ani{‘uole of the Fforce , due fo tfe weigkt of the

displaced mereury , acts on the vest of the £lucd.
The resforinj force is given by

F= 2 A x (1
wheve 1" is the specific weight of mercury amd A is

the cross-sectional area of the manometer tube

1p keﬁ devotes the spring constant aggociale d

wiltk the restoring force, the restoring force can
be exl,resseal at

F - keg (2)

Ezua.'l:t'ons D) anrd (2) 3«'el0‘ the @-Zu.iva.(ehf /SFr.'nj
Ccnﬁ'ta-h't =34

«keg= 2 A (3D

P.3
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When the drum is c\e'slola.ceo! Lj oan amount = fom its
@ static ezuilibrs'um Fosf'&:‘on " the We,fjlﬂ": of the

;[um\ ( sea water) dt‘spla.c.ed is given by

= £.9 (‘ﬂ'd ) 2 (1)
where ¢ s the o\ens&g of sea woter omd g ir the
MMW due T gravity- The weight , W, given bj
Eg. (1) olto denctes the restoring force F. By expressing
the resf:or:‘na force o4

E = ’keg x (2)
whevre kgz denstes the e_gu:vw(e_nf Apring constant
associated with The restoring Jorce: Egua.h'ns (Y and

(7_7 , we obtain
2
*e = £ ? TE (3
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(2) = 2 N S
23 7 *k, + & m
2 3 w — 2
5 k
k= Arg = Zh 53 i%; k rigid

bar
From kinetic energy s

(rna.sslcs@
—rn,(E e) e z(mz-l-m)(f 9) 52

From Fﬁfen{'lai energy s

30 (8) 4 & g5 (L6) 4 2 1, 6% 4 #,(f6) = 2

s Jeﬂ = m, g, 3 (m2+rn>f:

keﬁ_kf +k23?2+k + K, fg.
1T
D

e e s ey _i_ g _J'_
0 BN 10—
i e e s g, -

r{

T
k,= EA . TEL (d+?t) *, = mEeDd
2 /qz 42
_ 4 t(d+%)
1(2: kl 9tV€S ’EZ-: Dcl
110
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@ @) S’Pr.‘na consStant (s{-;}fnesr) of 4{79,4 < i the axied

direction :

1

*; = A}Ei _ A}E ; (1)

Cb)

p 2 23 HF

X \\\‘:\\\‘ 1,
-t

The reaction ak any point aﬂmﬂﬁ the S'f:e[o[peaf Ahaft duet
an axial Sforce (F) a-&:’o{ne_gﬁ ak point 4 will be same as F.
Hence the AJpr.‘njs(sf:iff nesses) corresponding to the
three X‘LQFS 2,23 and 34 are o Le censidered og series
Springs: Inm view of Ea-(l) the ey...._va.ﬁv«jf /Spr:
constant given LJ Ep - (1+17) becomes

| | c RN TS T
_ = 4= 4 = — et BN
'ke_z k| k‘l k? E ( Al A2+ A3>
_— (E\A2A3+ﬂzA;A3+ £3 A A
= A Ay Az
or EA‘AQA;
fk = 2
7 LAz + L2 AAz + A3 AA, (2]

CR) sl:ePs behave as series springs.
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‘ke .—7 2 3
=2 '_V\Né/\/\/—' 3 Ezu,'vaJEh'l' Spring constants

; using Egs. (1-10) and (1-16).
: [T %
/ A\ AMA—
g — AN\ &
! % _.__.5 —> F
I— AN —— AN ——— L AMA—
/ & = * K
| —WMAMA— 5 5 T WWYWWA— ¢
| ke, teg =2
b *
e B -
keg, ® T %2 2
'kegl = 21¢
EAAYA AYAA A | ¢
{ ¢ 5 VWW .
= VVV\/\N kega-:ZK
%
ke?z Y
RN AN
1 5 b
k. = 5k %
&Bq 2 953-— 2K
C ~ /
"‘C & \ _ [ | _ 2 {
e s + S sk T o2x
s kef‘f keﬁa >
(o
Keg 5 = = F
T WAMNAMA—————e——> F
6
e = K = P 4
g " Keg
1-21
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L

| 4
= - G; 7D . i=1,2,3 (1)
Qv 32

(b) The reactive torpue ok amy Pcun.f‘ aia-nﬁ The Xféfafaeal
Ahaft due & am OW&—EA f:d’t&u.e T ot fthke freeed
will be T. Hence the torsional s{:ff,fnesses(xpn'nfx)
CorresFonclfng To the three Af‘elas (2,23 omd 34
are o be cons‘t‘olef‘ecl s JfLeyies Spra‘njs- I'n View
of Eg-(1), the eau(valerd: torsional Apring Corahond
given by Eg-(t-|77 becomes (Eg.({-(—f) s fo be
:‘n‘fer‘orefe_o’. Lor torsional Slarfan):

| ; | l 32 L Lz + A3
— = — = T T = — —_ 4 4
* ( 4 P, D
Keg Ke | Keo t3 TG\ P, 3
y 4 4 4 4 .k
349 ( ﬂl D, Dy + /Qz D" Dy + X; D, Dz)
Ta g .44
D D, Dg
oY ‘f‘ Lf'

4
TG D, D, Dg

4 4 § o4
32(!2.1)2" pf + f, D, P + 43 D/ D, )

i

ke

(z)

() sl‘e.Fs be have as Ageries /ﬁPrr‘ngs.
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dF
.(Cb) F & F/xo-’r- 2—;_—

~ 1100 & — 4000

(b)a.i' xX= 9 mm: p
Exact F, = 500X9+2 (3)" = 5958 N
5900 N

3 z
(w=-X) = (Soox-]—zx ) -1-(5‘00.{.5:()*.:(:-:0)

x= 10

Ag

A’:proxima,f:e F9 = {{o0 X9 — 4000 =
Error =-o-9735Z

(C) o x= (I mm: 3
Exect F, = 500 xil+ 2 (1Y = gle2 N

Approximate F, = (100 x Il — 4000 = §l00 N
Evror =+ 0:7596 /,

‘Pvr-.- Consfa.ht S - (Ei) 3 ij-'ferenf:;a.fion of (51? 9;\’65'
d?’ v o+ ? JL viT dv = o

df = - _1_'1_; dv  --- (&)

Cl‘na,nﬁe in volume when mass moves "j di, dv = _A.dx --- (53)
EaS(E?-) G..hci (Eg) giVe d?:: ?’fA Jx
v 2
Force due to pressure cka.njg = dF = ‘#"A = _L:';_’a‘_.cix
spring constant of air spring = 4 = 'j',FZ =(l fA7‘>.
v

Ezuiva,l.enf spring constants in diffent directions are
ks kg Kg Kg kg
-

K =
o (ksks-i- ks k7 + “e“v) J kg + Ko

ky k
keg.‘:(_...._—_k‘ K2 ) : “e4=(—-——3 4
If the force P mwoves bj x, spring /Lm:o;):eo{ . 8; underaoes o
displacement of x. = x cos g; (derivation as in problem 1.17).
s 2
Eguu'vwlence of Po'l:enffa.[ energy qgives ‘;f kez x" = 4 Z‘ Ke: X;
=1

4
ey = Z, (ke; s”0;)
i=1
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® W IT

kax -

Let the link OABC uh&erao o )Ema.u cm.?uln-h

A;Ls,?lwnﬂ.mi' e ab 7ff-|.own in above frsure- The

S‘Fn‘n_ﬂ reaction forces are alse (ndicoted in the ft'sure.
Ezui(t'bn‘u.m of moments about fhe pivet point O gives:

_k'x(_fg_) —kgx (1) - *kzx(?lag) + F(MDY)=o

or _ [k 2 ‘
F= -.:,’-l--i'-; o + ’kg)x (1>

If ke denotes the epuivalond spoiing consbamt
of the Link a_Sl.av-ﬁ the direction of F ot point C,

we ho..ve
F = ‘kea X (2>
Ezwi:.—m (1) omd (2) 9ive

_ fe 2 ka _ 1« 2. 3 %
fgp = o= t ook W3 B gt -;(24‘)4'( )

ax kegz '%" k (3)
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Spring constant of o helical Apring is
4
K = Gd .
g N D

()

Assuming the shear modulus of steel as G=7%3GP,
Eg- (1) gives, for p=o2m, d=0.005 ™ and N= (0,
p = (7793 x16° ) (o-005)"
g (10) (o-2)°

= 774414 N/m

1-25

PRELIMINARY VERSION 12/14/2010

.nn\ |||\||r|]\|\||-. ||4|n ﬂl\




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

@ (@) D and d: same for both helical springs
We:‘ghl‘ of a ‘F)EIFCOJ Apring (s:
2
W= o (Td)NY (1
where = specific weight of material of spring.
For o sfeel Apring with ); = 7¢°'%5 ’kN/mg, ‘e
weight is (for Ny = 10): z
W, = 71D (Eg_’) Ng |y = sz 4" (16) (765 <10 )
= 19-125 x 107 WD 4" (2)
For an cluuminum Apring with ¥, = 26:6 'kN/ma, the

@

weight & (For number of turns N ),
2 ' 2 3
w,, = WD(W;‘ Y No Yo = 7\'2120‘ Nos (26:6 x107)

3

= 665 %1 T DdN, (3D

Epualing (2> amd (3D, L
I9:12 6 x.fo" TT'ZD dz = 665 %t ™ D o‘z N

or N_ = 139:125 xio !

= 3

_ 6 '65x1p

(k) SFr-‘nj g_onsl'a.mi' of o 4-.e|{c.cz,\ ,S[or\'ns 'S

= GdY/END

For o Ateel /Spr;'ng with ¢ = 7933 GPa >

%y = C7??:u )A/{S(lo)]>}
099125 x10 4%/ p? L)
FOT N o,_ﬂ,uhmlnum A‘?r‘ﬂ-ﬁ Wl'll-'"' G = 26:-2 G PO"J

kw-(zé 2 x 0 )o\ /{ g (28.-75%4) D }
= - 1139 k1o 4 /57 (6 )
Egs-(5) a.ml (6> indicelz that the Spring covushamt o

steel Apring 48 0‘95‘:"2"5/ 139 = B-T7o46 times Ka.rger
thkan 'ﬂ'p-."—ﬂ;—oiu.'—'—u-q—&ﬁl&urd

PRELHVHN I'(Y RSION-12/14/2010
oc 1] glneer ot

= 287574 D)
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F A

Fz= d,x + 2%, (x—a)
dx+ 2tk (x—a)

L
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)

From Problem 1-29; % = P A with V= 104 For air
: v
Let p = 200 psi X X
: (200)(1-4) A A = 0.2679
. 2
LE'[Z d.‘a.meter o:F PfSton = d = g incI—L 5 A= -—E' (2) =3-14le n

A= AZ/O'ZG'?S = 36'840¢% En3

Let k= 2inch : %r_:pz(z): ¥ = D= 484289 nch

F=ax+bx®=2(10%) x +4 (107) x°

¥ dF ¥
Around x : F(x) zF(X*) + =y | x—x)
When x* = 1072 m, F(x') = 2 (10%) (107%) + 4 (107) (107°) =240 N
%}x; |- =a+3bx> =2 (10%) + 3 (4) (107) (107*) = 32000

Hence F(x) = 240 + 32000 (x - 0.01) = (32000 x - 80 ) N

Since the linearized spring constant is given by F(x) = keq x, we have ke, = 32,000
N/m.
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@F zL-—f-b,;xf,-i:i,Z

PrmgS‘ n Serces:

W = o s,+L,sl?' (1
W= a,8 +b, §} (2) —
5
W= kep Bst (3) N L
gsf_ = 8[ + 82 (4‘)
Solve Egs- (1) and (2) for § and 8§, 5
-
respec-{:fvelj. Substitute the result 5, :2—
n Eg.(4) ond then in Ep.(3) to |
Find  Keg - W
SPrEnjs N Pa-ro..LLeL : P
W = Fl + FZ "
= as Ss¢ + by SS{? +O.a2854=+ ‘:2 St
= Keg S5t .
’ 5
2 2
= e+ b S+, +by S
1‘"’% ;l;
1.29
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d
* = - ZSXJOGN/M ; '%?.G ; N = 1o
g D® N

W= TUTDNSf (E_‘-‘:!—l> where p= weight per unit volume

2 1
3C1=-L _t'i = = & ¢ i > o-4 Hz
ENTw 2Vam? ot Nt p

¥ 2
Using  G= 73.ix10° N/m? » f = 76000 N/m? , ¢= 981 m/sec?,

%?— = €,8,10 ; N=10,15.20 d =04, O-6y+ns values of

% and :F, are ccrnfam':ec(.

Combfna,‘l‘:l'on Of _;.?_

to % = 84606 x10 N/m ~and §1= 0 4801 Hz, can be
‘bﬁf—i&eh a3 an u,c,ceja'l:cb“e Jes‘:’gn.

=6, N=|0 and d=20 m, (_orrE'SFc-nc!i'nj
&

Total elongation (strain) is same in each material:

_ X
Es=Ea—-?

where x is the total elongation. Equation (1) can be expressed as

Total axial force is:

F=F3+Fa=GsAi+O-a.Aa

(5)

where F. and F, denote the axial forces acting on steel and aluminum, re.sPectively, and

A, and j& represent the cross-sectional areas of the two matena:ls. Equating F 1‘:0 keq X

where k z,‘denotes the equivalent spring constant of the bimetallic bar, we obtain from
eq

Egs. (3) to (5):

Eg x E, x
F=keqx=l 7 ]A-s+{ 7 }Aa.

Es A E; A,
or keq = 7 + 7

(6)
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Let the length of the
Srra‘nj be 4 . SPrl'rlj ‘S L
undeformed ok 6=0:
when tke end A of

the spring /s dis ploced
bj an ameunt o af
Ahown 1n the figure,
[Re spring is s{-rei‘chul
by the amount (m — 4 ) se that the force

in the spring () is given by
Fgs= & (gff-""'+‘if-2 - h) €

The component of the Apring Porce F/g a"Q‘aYﬁ e
direction of «x is given by

le

- _ F 3in © = [, ———= = k([ %" —4) %
r’Z" A . - A 4ﬂ;n__f_‘xi"- - - -
h o x

= 'k (i — ._._ﬁ_'.._——) 2 (2>
Vplex®

Eﬁ;aﬂﬁ'ﬂ (2) Ahows tHhat the Fforce - W
seholiomn (in the =- direfion) is mnonlinear - Lf
the vedafoen s linear, we coulc& uur;{-e

Fx= k = (3>
A Lo-rrﬂao.?ué’tmcr& EV‘@') o (3) sghows That
the Apning conkbnt X IS not a comslamt, buk

Jé‘_d?EmoLg on the &/yf{w x.

4 94
T-Jr
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From the given data, 1the force - deformation
relation ef the SPY;ﬂ.j o ,[,.e OL’[‘Q_{MA a3

Tensile fcrc.e(F);N o tco 250 330 ygo 570
DM@ cf& Awﬂﬁ

(x5 mm o 13 33 L4 €4 7€
?

((J«.D-Njﬂ in W)
The $orce - deformation relation is [D{oH'En ‘n ke

f\‘jure ‘
ne_o.x(j (1‘nea_r' wiﬁ'n the )Slort'nj cons+a.n+ given bj

Ahown helow- The velation can be Seen To be

P B2

— . N :7500N/m'
k=@ S =7 /o

F(ND
A

oo

400

200
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% r(x) = (0.1-0.05 x) m | —l_

2C
P ¢ Smm— & —p—— . - - 5 l =
x A W
IR
< im }-[
4 _4
= T 4 — area polar moment of inertia at section x = 1.5708 (0.1 — 0.05 x)* m
2

Knowing that the angle of twist, 0, between the ends of a uniform shaft of length €
f length dx can
under a torque T is given by g = a1’ the angle of twist for an element of leng

be expressed as

T L 1)
~7GJ (80 (10%)) 15708 (0.1 — 0.05 x)*

The total angle of twist can be determined by integrating Eq. (1) from x=0 to 1 as:

1 T dx _ T ] -1,. dx . 2)
6 = { (125664 (101)) (0.1 — 0.05 %" 12.5664 (107°) | ¥ (0.1 — 0.05 )

1 —0.05 g
But { 1 —0.05 x)* ) 05 0 0 1 — 0.05 x)* s (0.1 +7)

— 4.6667 (10*) wherey = —0.05 %

T (4.6667) (10%)

=T (0.3714 (107°)) rad
12.5664 (10'°)

Hence 0=

T 3
This gives ky = 5 = 2.6925 (10°) N-m/rad

()

The steel and aluminum hollow shafts can be treated as two torsional springs in parallel.

For a hollow shaft,

ky =57 O~
For the steel shaft, G = 80 (10°) Pa, ¢ = 5 m, D = 0.25 m, d = 0.15 m, and hence
ky, = 7 (8 (107) (0.25* — 0.15*) = 5.34072 (10%) N—m/rad

& 32 (5)

For the aluminum shaft, G = 26 (10°) P2, ¢ = 5 m, D = 0.15 m, d = 0.1 m, and

hence .

ki, = (28 (10°)) (0.15* — 0.10*) = 0.207395 (10%) N—m /rad
. 32 (5)

8y — BY N
koq = ki, + ki, = 5.34072 (10%) +0.20739 (10 ) = 5.54811 (10°) N—m/rad

UD) With G= 26 (’OSD ?GU: f'—" Sm, PzpiSm and d=o05m,

1.2
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. e
Ky, = = (26 xto )(3454_0¢54> 255255 x 1of N-m/ad
32 (5) .
6 € _
'kea = 1‘-{." +Ktz = 5.34072 x10 + 0255255 %16 = 5.595975 xio

N-m/rad

-~

sl s G d*
For helical spring: K = YT

_ (12x109(2%) _ ;34489 Ib/in
64 (10)(6%)

Spring 1: k;

(4x 10%)(1*) _ b

ing 2 ky = = — A2 =50.00 Ib/in

Spring 2 K2 = Sy (10)(5°)

(a) Spring 2 inside spring 1 (parallel): kg =k; + ky = 1,438.89 Ib /in
(b) Spring 2 on top of spring 1 (series):

1 _ 1y 1 _ktk
kg ki ke k; ko
which gives keq = 48.2625 Ib/in.
. 44
For oo helical spring, k= G "
; 64 n R
é
1z xi0 ) (1) .
k= = 86+ 506 Ub/in

¢4 (10) (6%)

k. = (‘fxms)(m‘i)z1 _ 3.125 %/I_n
27 e4(e)(5?)

- . £b /)
(@) Spring 2 nside spring 1: 4‘33"“ *, + Ky = 89-9%1 /i

(L) SPrl'nj 2 on 'toP a}’ SPl’!‘nﬁ 1= Ao = A & o -

1‘6& Ky Ka
de. = ky K2

. 425 ‘
g ek s §6-8aé (3 > = 3.0164 Uv/m,
Ll 86,808 + 3-125

ar
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EauEVm(ence of strain energies:

. 2 o
| 2 z z_l o
T hep ¥ = 5 kexg + 5K = gk F B0

2 .2 @
+"i *y Y sin 30

Le kef/"—g_—*k,-f-z'f’kz
with ™2 2 ¢ .
e BB g lo-e XE0xie) o ypgq7295 xio” Ly
l Q\ 00
and _ A E. _ T 2 2 ¢ .
K, = fz = 4 (7 - 5.572(30 R0 ) = GHEBES %1 u’/fn

- 3 (2.297295 vif) + + (212058 x1o?
4( X6 ) 4.( J

R
S

= 2.25311¢265 x:oG M‘/fn

Sim'llﬂ.-\;lg‘, the €6U~i\f‘bl2n{2 o\a,m‘sing CO'ﬂS"Za.hf cax be fcuhc] as

(Using eauivwlence of fcinetic energies):

Cop™ 2 it F 2= 2 (or) 45 (03) = 0375 Loosee/in,

6 :
Stainless steel: & = 30 xie® /in*, G=11:5x16 /i
For each tube:

— s e e e — —

= 0:30", d=o0.20", L= 50"
Axial stiffness= AE _ Tr(])z-ala)_r‘z_

%
6
= T (o-302-0'292> 30 ric = 27%0: 316 /Lb/m = "‘a:
Z 50
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Torsional stiffness= TG (D )
324
6 \ -
- ™ (11-5 %10 ) (0.3@4—0@3‘{) = 23.1942 M-In/fﬁ-dﬁk
32 (50)

. —— — m— m— e — — — omm — — e — — — o ——

Axial stiffness = £ 4_, = 16,681- 896 ,U:/fn

(=¥}

Torsional Sfi‘j—’{nES’S = ¢ %L = 139:1652 U:——t'h/ra,al

Assume small angles @ and 625 o, =(—tl)e

— horlécnfaaj- c:'n;[n’a.c_ernenf: of C.G. of mass ™y = 6T |
xz: vertical displacement of ¢.G. of mass m, = 6,7 = Py 6 "z/l’z
4 = #oriéont@[ cllslofa.-cemen{: of springs &, and f, = o (% +41) --
.= yaekia s displocement of Springs K3 and ky=9, 1= f L GJ/P

ngva.lence of H&inetic gnergies gives

z J-es(91>z= 2 (9|> $i5 2(92) + 4 ml(iI)a+ z ™, (’-‘2>2

Z

Jeg = N1+ T (h/f’?.) Fen e mny (?!/P:QZ
Eguivalence of Fo{enizral energies gives

Keg elz = < K ? + 3 Kay 7 + 3+ kg, o + 4 kiz o,
th”'\ k'z = K+ K, kng K3 kq./(*i‘f‘ k#‘)
9= 9|(r'+I'>’ 5 = 1’,17_ 91/{2 and B8, = g 9‘/?2
-.c keﬂ - (k|+ kz) |+2) -f- ( ) ?[ L + k_tl-f- kfz ;z.

2.

Erom ezwwmleme of kinetic energies,

. O
i £t = L x Lm x + X 30

mey = (£) + g+ & (1)

2
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@ Let é‘: = angular velocity of the motor (anu.t)
Angular velocities of different gear sets are:

""""""""" 2 e
J;'ﬂﬂ{-ﬁ'r 2 J’ ; J-ZJ ;3 : 3-4" J‘é : e : IZNJ J_ioa_,c‘

i n
3. R vos (ne N3\ : '.(.l“_l n3 . lan-t
____?‘____-J__E’.“E'ZQ__?_?:.(:'%_"_@)_:_____1_9‘__21__14_ PaN
Esuivalence of kinetic energies gives
i J- wiils i F o ; 2N s Z . P
2 %ep 8 = 2 Tmeier &0 +7 B Ty O + 3 Yuad QIMJ

g ‘Te@:: (Jmotor 1>+(‘T+ I3) ( ) (,J;“.g.;r;)(
S R +—( N 10&4)( — fﬂ'.:.‘)z

Nan
E?/u.IVarlen(_e of Kinetic energ les gives
3 Jep €1 = -;— Jp 81 + 5 % 9, where g, Qt(nz
2
= T (_‘2_1)
J-ez J—“" ik z nag
When point A moves by distance x =Xy, the walking beam rotates by the angle
<
9b — T
’ - xp €2
This corresponds to 2 linear motion of point B: xg = Oy €3 = A
and the angular rotation of crank can be found from the relation:
| . rﬁ « 2 6 L
xB=rcsin9c+€4cos¢=rcsmﬁc+£’4 1—};2—3111 3
4

For large values of £, compared to r. and for small values

..—-"
of x and 6., we have ) ?5
¢ XB xp €2 :
Xp =1 sin 0. =1 Gcor(9c=Tc_= T
The kinetic energy of the system can be expressed as g
.2 1 »2 1 +2
T=%mhxh+EJbe+?Jc96 AN
1 .2 1 .2 3 C,/
Equating thisto T = — meq x = 2 De Xy, we obtain Qc I xB
2 )
IR
Heg = f% “ | €5 e
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. .
When mass m is displaced by %, the bell crank lever rotates by the angle &y = o This

1
makes the center of the sphere displace by xs = 8, €,. Since the sphere rotates with out

slip, it rotates by an angle

Xs Qbfz__’“%
by =—=—"

1'5 1‘5 fl rS

The kinetic energy of the system can be expressed as

2 "
'z a i <
m5c2+'2'j3;6 +—'3',59,; 4 5 g

A lz
:—;_mr. +1 3, ( T ) +—(s g Vg ) (izr) Ems(zgl')

I. =
T =

S
Z

1 22 )
2 i i = — , we obtain
since for a sphere, Jg = T m, r:. Equating this to T : Ty %
P 3
IIIEq=m+ 0—(7%— 5 ms-——f%
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@) HELES} = dampig force of €= g (RamFOg iz0e
(= )
_)7-_[:“2 | d ‘ng force of ¢ = ¢ (7:'—2 - "')
F3 r—ec3 Feﬂ'-'- amping go ] %7
. N ey = F+Fat F3
W, > = 2
' L Ceg= G+ 2 C3
c Cp C . .
(b) 2 — e e Cham %0
- b b e ReeGen
x 2 . *
F' - . Fa= €3 (%y—%3)
T CE@ L] . L
6(‘*-1., = '5(,_,-—-:13 F K3 o- T2t X2 — %X
' F‘; Fa . _E.L
]—:C;eg_ = _'-:_3 - <z v =i
eﬁ { - 4 i = + 4
Since Feg = = Fz-'= Fs -

Cz C3
¢ <
%

(C)Eﬁua.‘f:ng the E.ner‘jles d.gg.Pa,t-gal n ou cgcle

c, 8 X
Trceawxl_WCw)(l+“cmwX —|-‘TB 3

where X,z ol,, Xz.- 61 and X3z= 6 4;

Fi Cei: c +C2 (5_2._ + G (
(Cl) Ezua..‘flnj 1’:!-72 Er‘l&r‘gles d srlpa..f:ec’ n @ cycfe,

Trcéegw 9; —TrCfiwe.{.Trcfzc.}ez_f.TrC{_gwe;

where g,= Gl(';-.iz) and 63 = 0 ('EL

nz
2

- n z n,

N ARl
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Damping constant desired = ¢ = 1 Ib-sec/in, viscosity of the fuid =
#=4 preyn =4 (107°%) Ib—sec/in?.

2 d
37TD36’(1+~—D—)

c=MuU
4 d3
- 11! Assuming x = D/d as the unknown with ¢ = 2 in,
i —id Eq. (1) can be written as
£ 3 2 -8 3T (2) 3 3 9
c=u[3—”—4—x—]u+;) or 1=(4(107) (=) %" (1 + ) (2)

This gives x> + 2 x> — 53,051.52 =0 . .
Usingga trial and error procedure, the solution of this cubic equation can be found as
x == 36.92. Using D = 3 in, we get d = 3/36.92 = 0.08126 in.
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{BTTDX (1+2—-)} D:

]

du'a.,mater oJC Pl‘S‘th
axial fe:-\j‘Hs of P:'s‘fon

radial clearance

4 43
/u: 45 /,1 reynous a

~

\

(from sk-‘jlej‘y mecha.m'ca.[
Engineering Dem‘gn)

Let d=o0.001” , D=2:4" and above eguation gives

5 -¢ 3T (2.4) £ 2 x0- 00‘)}
= (45 1+
(0 (45 x10 ){ (oo (

~
1

0.-6817 "7
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- D v
Ta.nsen'&fa/t vg(or_(ty of inner cylinder = £ @ w
For small d, vate of change of velocity of ,

i 1. Wip7
f(u:a‘ s -4_2 _ __D_ ) ; = __—_ 12 T
dr ER s Ei17
shear stress between Cj‘-‘n.cleﬁ' is 2_4 - d b ¥
v _ D 1= =2l
TR Ty 2 Ga ===}
d sh force is dr=lhz=|p
wne shear oer i s po (1) 7 ;-;;////,/
F= ¢-Area = ¢ m™0({-4) = > d

Torgue developed = Me= F. 2

dA=dr. rde
For smell 4, rate of change of ~r

Vefacf-!-j 0:)(’ QOIm'J in vcr'lri‘a:d( direction is
dv _ re

dy B h é_-u_ /Uf'w
Shear stress is ©T= /“dy =

Force on area dA = dF = 7 dA

FBYZME Letween bottom surfaces of r_jlfnc!e,rs is

Meo = f c[m .c!A W here Am&,_, AE ¢

area 4

w TP
el i
-XF m_&z = T f f 3 dr de = €4 L

I}

;gﬁiez d¢ 48

3 D
Do (l-h) ™
Total torgue = My = Mg+ My, = f"4 d : N €4 A

Ce (.JI}/Z > we get c!a.m‘afnj constant:
Wf":DZ (’Q_i‘> + ™ M :D3
2 d 32h

EX?Y_ES’S'I‘I"IB mf ol C_t v =

C-I::
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. .2
F=a5c+bfc2 ——;1F5x+0.2x
P ~ ko) + = |1, G = o)
dF ;
At %o =5 m/s, F(%p) =5 (5) + 0.2 (25) =30 N, §|i0=(5 +0.4x) |5 =7 and hence

F(fc)=30+7(f:—-5)=75c—5. . ‘ .
Thus the linearized damping constant is given by F(X) =7 X =1Ceq X O Cgqg =7 N—s/m.

Damping constant due to skin friction drag is:

c =100 €% d (1)

Damping constant of a plate-type damper is:
_ kA 9
Cp = h ( )

where A — area of plates and h = distance between the plates. If the area of plates (A)
in Fig. 142 is taken to be same as the area of the plate shown in Fig, 1.107, e have A =
¢ d. Equating (1) and (2) gives

€ d

100 p €2 g (3)

1

from which the clearance between the plates can be determined as h = T

@

3 s i
h &~

When i = 0.3445 Pa-s, { = 0.1 m, h = 0.001 m, a = 0..02 m, and r = 0.005 m:

a — 2
c=—-—““"{(a—£>2-r2} -k

6 7 (0.3445) (0.1)
T oy

0.02% — 0.0052
B s 2 —0.001
{(0.02 0.0005)" — 0.005 0.02 — 0.0005

— 4,205.6394 N—s/m

1-43

PRELIMINARY VERSIIONIIJ:2/|2I.4/2010

LMl al~ L chilaiall A4is




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

2 . ‘
YO |
BN PR

' 2
Basic data: -f= le cm, ’ﬁ=o-t em, aw= 2em;, T=¢g:65 em,

lu-:: o344S

_Da,m,:fnj constant with Ea.s:‘c a(a,,i'a.r ?

c= 4,205-.6230 N-5/m

(w) r cl—mmgea‘ te 4 em; mMew c= 2,617.792¢ N-f/m
(k) h changed to 0:05 em; new c= 35,,60.8%10 N-5/m

(c) ¥ clnama&o‘ to 4 ¢cm3 new c= 38,754-58¢60 N—-S/m
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v L8 = .
;: S+24¢ = Ae" = A cosO+ + A Ané@
=5

A ces & 2 5 ez_' _ 52+22,' :5‘3652
Asine= 2 A=J(A C"se) + (Asne) =V
ASin & -1
Amse) tam (£ 2) = 21,8014’
@11=1+2£ =Chi+0.oa. 5 'XZ2_= 341 :bi-{-bzi
-£=;-:|_+7-z = (aai-o-l:i)-r-i.(avz-f-"z): 4-214

=Ae® = Acose+ i Asine
= V47'+ (—z)?' = 4.47214

_ -l =2y _ _26-5654°
6= tan (+) _ - 26-56

2 = (3-4i), 2z, = (1 +21i) _
=12, —zy = (3-4i)-(1+2)=2-6i=A¢’

o

where A = V 2% 4 (—6)? = 6.3246 and 6§ = tan™ [_TG] = tan™! (—3) = — 1.2490 rad

72 =142, 2o =3 —4i
p=12; 79 = (1 +2i)(3-4i) =11 +2i = A&’

eﬁ

where A = V112 4+ 22 =11.1803 and 6 = tan™! (2/11) = 0.1798 rad
. 1+2{ _ (1+2f)(3+43) _—5+10i — 02+04i=Ad’
Zy 3—4i  (3—4i)3+41) 25

where A = V/(—0.2)2 + (0.4) = 0.4472

2nd 0 — tan? [ﬂi

- tan~! (—2) = - 1.1071 rad
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x(t) =X cos wt, y(t) =Y cos (wt + @)
2

(2) F = cog? wt, -%-22- = cos? (wt + 4')),

Xy
ZXY cos¢=2coswt<?os(wt+¢)cos¢
| X T, Xy
X2 Y? XY
=cos® Wt + cos® (Wt + @) — 2 cos wt cos ¢ cos (Wt + &) (1)

cos ¢

Noting that cos? o = % (1 4+ cos 2 o), Eq. (1) can be rewritten as

2 2
X2 L3

Xy
<ty Tixy ee?

1 1 1 1
=E+ECOSQWt+-§-+§-cos(2wt+2¢)_2coswtcos¢cos(wt+¢)

2 2
—2cos wtcos @ cos (wt + @)

=1-+cos(2wt+ ¢)cosd—2coswtcos ¢dcos(wt + ¢)

=1+_;_{2cos 2wt+2wt+20¢ - 2wt—2wt—2¢;}

=1—I—cos(2wt+¢)cos¢——2cosq5{—;— [cos(wt—}-gb—wt)-I-cos(wt-’r-qﬁ—l—wt)]]

=1-i-cosqbcos(2wt+g33)—cos¢{cos¢+cos(2wt—l—¢)}

=1 —cos? ¢ =sin? ¢ 7 (2)
(b) When ¢ = 0, Eq. (2) reduces to

2
L SR - ¢ _[x Y] )

xz | Y2 XY |X Y
which gives X = i—% . This indicates that the locus of the resultant motion is a

straight line. When ¢ = %’ Eq. (2) reduces to

2 2
bR
X ¥

which denotes an ellipse with its major and minor axes along x and y directions,

respectively. When ¢ = 7, Eq. (2) reduces to that of a straight line as in the case
of  =0.

=1
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Equation for resultant motion:
;:+—¥2-——2XY cost ¢ =sin? ¢ (1)
When y = 0, Eq. (1) reduces to % = sin? ¢ and hence:
(2)

x =+ X sin ¢ = =+ 6.2 = OS in figure
v = gin? ¢ and hence:

When x = 0, Eq. (1) reduces to

y =+ Ysin ¢ =+ 6.0 =0T in figure  (3)
It can be seen that .
OR =X cos ¢ = 7.6 in figure (4)
0S _Xsing _ng=22 _08158 or ¢=39.2072° (5)
OR Xcos¢ 7.6

From Egs. (2) and (4), we find
X ="V (Xsin ¢) + (X cos ¢)* = V(6.2) + (7.6)* = 9.8082 mm

Equations (3) and (5) give
6.0

s'm(,ﬁ=

A0 = 99,4918 mm
sin 39.2072°
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(@) =x(t) = l):oo cos (50'|5+°¢') % where A is in mm ---- (E4)
A

x(0) = Toos €95 X = o0r003 , A cos of = 3 """(Ez)
%(0)= - 30A sinw= 1, A sin & = -20 ----(E3)

i/2
A={(Acosx)® 4 (A sin nt)z}/ = 20-2237 ™m
- -1 sin o -1 o
o = (L"‘__L._. - _ G- ) = - 81. - -1.4219 rad
tan o ) = ten ( cce) 81-4692 =-14219r
x(t) = 20-2237 cos (50t - 1.4219) wm

(b) cos (A+B) = CoS A cos B — sin A sin B
Eg'(Ei) can be expressecl as x(t)= A cos 5ot.cos x — A sin Sot.sin«
= Ay cos wt + A sin wt
where w=50, Aj=Acosa, A,=-Asin«
i wE) = (3 coS Sot + 20 sin sat) i

x(t) = Ay cos ot + A, sin wt )
%’E.(t) = _ A @ sin @t + Ay cos &t Eld-f‘; = — A8 cos ot - Ay sin ot

AL %

2 -

Hence =) is «w sfmple far monic wmotion .

() Using trigonometric relations:
@ x,(t) = % (cos 3t cos 1 - sin3t sin 1)
2x,(£) =10 (cos 3t cos 2 — sin3t sin 2)

x(*) = x4(8) + x,_({.-) = cos 3t (5 cos 1 + 10 cos z)_ sin 3t(s sin 1 4+ 10 Sin 2)
If x(t)= A cos (Ot + o) = Acos st cos  — Asin wt sin |

~ W x(t) where @* is a constant

(=3, A oS & = 5 coSi1+ 10 cos?2 = —1:4593,
ASng = 5 4in il +10 sin2 = 413.3003

1
A= J(Acos x)? + (Asinx) = 13:3802 ] |
~1 (ASin® N\ _ tan"t(-9-1104) = 96-2640 = 1:68 rad

o = tan A COF . ) ]
Angle between x4 (%) and =(t) is 96:-2640 - 57:3" = 38.564
(b) Using vector addition : Im , x(®)

Fer an arbif‘ra,rj value of

wtu), har monic motions
%24 (£) and z,(t) can be shown
as in the figure. From
vector addition, we find

2(t) = 13.38 cos(wt +1-68)

Re
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C) Using ‘complex numbers:

e L@t _ pe{s e*(“{'w“i)}
%, (8) = Re {Ai e } = ——
x,(t) = Re {Az e‘(w“”’z) - Re {Lo e }

1§ x(t) = Refa e (¥FF T,

A cos(3t +*) = A4 cos (3t+1) + Ag ces (3t +2)
i A (cos 3t cos & - Sin 3t sin o(): 5 (cos 3t cos 1 — sin 3t- sin ﬂ.)
+10 (Cas 3t. cos 2 — Sin3t. sin2)

e AcoSc:(_SC.os‘i-f-ld cos 2 , ASind = 5 sinl + (05Sin2

A= 13.3802 , o= 4:68 rad A
x(t) = Re {13-3802 e"(a }

x(t)= 10 sin (Lt +60°) = x,(t) + %a(t) )
) where XxX4(t) = 5 s.n(wt+ao) and %, (t) = A sin (wt+ <°)

5 (sin wt cos 367+ cos ot sin 30°)
+ A (sin t. cos «° + cos wt-sin « )
(o Cos 60" = 5§ Cos 304+ Acos *° ;3 A cos x° = 006699

10 (Sm wt cos 60 4+ cos ot sin 50)

jo sin go° = 5 sin 30+ A sin «° A Sin «° = 6-1603
A= \10-66952-& 6-[6032' = ¢.-1966
o = tan ! ( €1603/0.0639) = 837938
X, (£)= 61966 sin (wt + 83-7938°)
O %)= 5 cos T+ sinTt
1.86 _ 0
= 5 cos _-r?r{_ (i+4—§|n 1;:-1:) 13((
From the nature of the
graph of =(t), i /
can be feen that x(t) ‘ | | 3
is FErfoAa'c with « 0 1 2 : 2
-'h'me_ Periacl O‘JC T = 4-
If  x(t) is harmoenic , X(t) = —w? x®(t)
Here x(t) = 2 cosat + cos 3t
Consfa_n{: 'Hme.r 'JC({')

%(t)= -8 cos 2t —9 cos 3t &
r(t) is not harmonic
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z(t) = coslz-t - cos Tt

1.88

z
x(t) = - I"‘g_2 cos -Tz—r\‘: + T cos Tt # - constant times =(¥)
5 x(t) is not  harmonic
x(t) = x4() + x,(t) = 3 sin 30t + 3 sin 29t
Since Sim A 4+ Sin B= 2 Sin ﬂilg cos A;B .
x(t) = (6 cos .“.:Z-)sin 525-’- £ kx(t) sl;n 53¢ ccost

1 2
This ezua.{‘fon shows 6r . - S . ) ¢ {/
that the G-“‘P’-H'Hde [\ n ’ N, ﬂ ﬁ\ /!
(6 cos%) varies with o ‘Mf\ af Bt

T ’\J \!’

time between a, maXimum /U \U U \\J U \
V] b N / N

Va,l_ue, of 6 and a« s

o
~ Vz ~ -
minimum VGLLH-E of O, -6~ ~ ~

The GTEEUED of s amplitudes

oscillation (beat

;Fre?/uenc‘xj) e = 4.

Note: Beat freguency is twice the freguency of the term

------- 6 cos_{zl since two peaks pass in each cycle of (6 coS%-

The resultant motion of two harmonic motions having identical amplitudes (X) but
slightly different frequencies (wand w + éw) is given by Eq. (1.67):

dw t dwt
wt+ 5 ]cos [——-2—]

Thus the maximum amplitude of the resultant motion is equal to 2X and the beat
frequency is equal to éw. From Fig. 1113, We find that 2X =~ 5 mm or X = 2.5 mm

x(t) =2 X cos

and
&. = L. e 27 = 0.374 rad/sec
2 Thask Tharger 2 (12.6 — 4.2)
) 29 27
or §w = 0.748 rad/sec and w + g = = 6.2832 rad/sec
2 Tsmaller

Hence w — 6.2832 - 0.3740 = 5.9092 rad/sec. Thus the amplitudes of the two

motions = X = 2.5 mm and their frequencies are w = 5.9092 rad /sec and w + dw
— 5.9092 + 0.7480 = 6.6572 rad/sec.

A= 005 m ¢ = o HF = ¢2-832 ra.cf/sec

eviod =T = 20 _ _2T  _ 5.1 sec

P o 62-832

moaeximum ve[oci":j = AW = 0:05 x 62:832 = 3-l4l¢ 'rn/s

maximum acceleration = Aw? = ¢.05 (612_-832’.)2 = (97-393 wm/s?
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« = 15 Cps = 94248 rad/ sec i
x = RS 0-5(9:831) = 4-905 m/s’- = AW
ma.x

A= amplitude = 4- 905/(94. 048) = 0:0005522 ™

xmu = Max. ve[ocd:j = AW = 0-05204 "“/S

z
'y = swt
Z:ACOS‘@f, Komax = A= 0:25 mm x W A co

ra_d/s)z
x® x = ACBL-‘—' 04 ZF = 392 4 ""“"‘/sz J (,,92 = 2914‘/A= 15696 (

ma-
operating speed of pump= = 25:2837 rad/s = (9:9395 Ypm
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1
T 2
2Tt i g 227
x(t) = X sin T 2 Fms =17 {X sun T &
471t
; 1 — cos =
27 ;
Using sin = = , we obtain
1 . ]
2 T
2 T 11 47rtdt2=£__t__i7-sm4 lo
ers_—_ —TJ- E——-—COS T T 2 2 47r T
0

V = x 'E . %

For even fu.ncttons, x t)

—————————————————— t _ t S t Jt
From Ez,-(:l‘..'?a)_, by, = -%-‘ os x(t) sin nt .dt -—-—S;Z( ) sinna

( ) sin net - dt +fx({:) sin nat. c!{l

z ---- (Eq)
Since  Sin (—nwt) = — Sin (nc.st) odd funcffon of T the
product  of x(£) ond sin net is an odd Function.

Further, for an odd function pE), FEt)= - £(£), and
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-

= -f “re) A+ j‘;(f) & = o ~==—{EP)
Eaua.{:lons (Ei) g,nd €,) Lea.d fo L, 0.

Also, since cos net is an even function, we get
% . (%
o, = _zf_ f x(t) cos net dt = - fgc({-) cos neot dt
_1:712 o

For_odd_functions, = (=€) = - x (). »
From E&g- (1+72) an = .%- f‘x({:) cos nest dt ='?t=' jx({,) cos nwt dt
o § _%
Since cos nwt is an even function, cos(-nwt)= cos (nest) >

the Produc.f of =(t) and cos net is an odd function.
Hence @y, =0.

Further, §ince  sin not is an o:u function, =x(£) sin Nt is
an even function and  hence

T
‘bn = —% f/;:({;) sin nwt dt
[s]

4\"‘(""‘)
z _—
~A , 08 52‘ A " »
x () = A ,T<tc? (@) o %
2 -A
| \'x.(é)
<% . o
z K Lt
x(®) = % .t_._3£5 (b) - ; 3
. _.M
‘tf-.’C' ,1\x(f)
| ZA
; stf 78 _
x@) = 72 (c) g = = ¥
2A, £t =T &
e 4.’(&)
2A,; ox £% % y ZA ,
x(f): o Y 3T () r i p
» &S 7T 4 E
3T 2T s T
2A, = -
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@) x(-t) =-=(t) odd function , hence @ = a@p=0
- 2 o h
L": % j?(('b) sin net Lt ='%.'["'A £5(n net-dt + A i/-‘-'fn nwt . J
? 2
-2 cos ndt ‘ntﬂf Ve 2 A (_, cos ncﬁ‘b)
= —(Ef( o) * T TFAB
= cos NTT — cos O — coS 2'nTt')
[~ =]
A sin (Z'n--l) (.v.?t
x(t) = 4- 'n%:i (@n-1)
» ')C(—f) = x(t) , even function , hence bo=o0
2 (F LT () a) 7w ale), |-
°’°“z-‘fo“(t)dt"f[ﬁ" o Ty, 2%
T
O = 7T I x(t) cos neot.dk
) %% 7 -
= _2._/:\___ sin nwt — sin nwat + Sin nwt ]
Tndd o Ty 31‘:4
- A T2 sin % - 2 sin T + sin 7-'"“] = 4%11' For N=L53
" nel -4%«,-,- for n=3,7,1t,---
4A = (=) 2T (n-0t
Z#t) = —= cos ——m—
T =1 (?.n-i)
T
T
© o= 2 (%) db = [0+ 2 o, 1=20
T
2 ¢ 4 A nest
O’n=‘fo(-t) cos nwt dt = = Sin ),d/ a
= — 4A  [cos nuwt\"
bn‘_‘% f;x(f) Sin nwt At = s (0 L )'L"/Z
= = AR cos 2Tn — cos 'th'>
= nwt _ z-n/r‘
B e =t sin (i)t with &
Lox@)y = - 48 = Gt (zn-1)
(al) J((—'L') =x(t), even function , hence b, =
3
iy = %fi("’-’)&t —"[?-A ("‘"0>+2A —Z’)] 2A
(=]
L + n nedt
@y, = % j.x(‘b) s nwt dt = "nasr]:Gm nap) (n > :}
o
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. m
= _j'_é_ (an _E_ZT_T_- 4+ sin 27T — sin 3—%-—)
nwsT
4 o0 (__‘>rw+1 2m(zn-1)t S ?-77/?.
) x('t): —ﬁ' P COS ? Wt
) n=1 (2?1-1)
x(t) = [ A sin 17{;* o=t < %
@ {0 » T2t = ¥
z , »
¢ PC‘/Z t el 22T
. 21T = 2A - . § —
OJO:-Z—'IDCU:) Jt:..z'f—é—j’ gm——-;t-_- Jt_'?_(i‘rw z A
(> o}
= ZA
T
o Y
Qy = £ j":(t) cos nest dE = zA j S‘i‘nz—T%t-COs' nat . dt = (Eﬂ.)
T
X ° sin ('rn-f-n)w‘f: + Sin (m—n) wt )
Using the relation sin mwt. cos net = -
Eg-(Ei) can be rewritten as
T/es
@y = —‘;,l 5 [sfn (14n) @t + Sin (L=ni) ﬁ?t] dt
o -'T/CJ
when n= i, Q"i-; % vr sin 2&9'& ch = 0
iy
cos(1+h)63f cos (i-n)ost:] Vs
when n=2,3,4,... n= __[ (4+n) W (1-n @ 4
A 1- Cos(4+mT  L-cos (:L-n)ﬂ]
= 4w —
o if n is oclc!
- 24 o (5 even
- |§
(n=L)(n+ 1) T
Similarly z A 72 -
L“ =-—%— yx(t) sin nwt dt = = -5- £in cos n
o
= A S‘f/z[ms(:pn)caf— cﬁ(i+n)c&t]cbb
T
T/ A
when n=1, I,i.—_ __%, 5' {c‘,',t e 26.9*) dt = =
o A [sin (1-m)ot sin (1+n) Wt s .
Whew =2, 35 S o bn = = (1-n) (1+n) & :\o
i A i cos mt
x(t) = g + A sin ot o ZA i
T T ol
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At | o=tz T
x(t) = ‘

- 2At Tt < T

T-{-ZA: 2

AT L av] = 4
73 z T
. ‘ ot dt
Wy = 7 j-x(f) cos M
° v
% 2A ¢
= 2 j’”f 2A t cos nst dt -|-f< = "‘ZA) cos nwt dt
[
| o & (7
2 __o_A t sin nwt L o8 nc.st}
=7 T nw .
- 2 4
: wt 1% _ Sin neot
— _2_%6_ {{: 51:29091: & CO:—-—-—}_ZSz }z'/ + ZA ( e ),%
2
As T= %" >
2 AS - AR T AL o5 nﬂ
o= T [:Tr\nzc.s2 cos T - "5at T arer O T Tae
4A _ -
= ZA snm - = 2“_2 3 m= 1. 3! 55 -
72 n
n? o
0 ] n= Fl 2 s
° %
b’“ = % .r"(*) sin nwt dE = % [[ Z‘-%A- t sin nowt dt
o o

+ fz‘(—- 2___?_4& = ZA) sin nwt df]

%
2 | 2A { £c05nc.9t+ s;n“m}’%
=F| 7 ) 2,92
E' ?'J naB n 9 o
_2A J_ tcos nwt e sin nat & + 2A (_ cos ncﬁt) ]
T no = ) 'C'/z
) [..-’;\&—9 cosS nT + %ﬁ&' ces thT-—‘—&E ces nT\'_.lﬁ. cos 7_m'r+ cos n«;r] =0
= = n
™
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A f'_‘bl g: _&z_ cos neot
x(t) = 2 Tl'z ﬂ:i’a,s)...n
@ 4-/}:{: , o< t < %
x(t) - 4AL Lop , T2t 2 BT
i.—c—t - 4A —34'_—3 <t < 7
3T/
% 2| T4 4A
- 2 2| 4A £ + = £
GJO-—E,—J;QC(‘&) A't I f E‘ - +( ~ 7 +2A ’C’A_

-
T
I:c.
n—N
|
>

£y )3%]

T
Ory = —ZE fx(t) cos nwt dt = i[i,f-j ¢ cos nat -dt

o

3T/
4A %t cos nust dt 2 A /4 nwt dt
= f% + f.%‘ cos
g
+ 4A ff t cosnwt dt - 4A cos neot dt ]
3T/4 34

2 [ 4A {¢ sinnwt . o8 nwt 174 A [y Sinndt | cos nust 3T/
:-:E,- "'7:_{ nes % }o = i —— ey ?_./4

(sin nusf:)B% 4A {'t sin nwt cos nust

= c.st
3= _4_A(S‘mn
ne % + = nu n*w? }3% 3?:/
nT /A A _ 2A nt (2A
=c.9[3n—— o s na:)"’ o5 — mmare e Lﬂ
T [ 3A  2A  3A L 4A sm_zA .__)
oo MT (L TA 2 ARy e 3 (- N T s

2A 2 A _
4+ cos 2Tn (T‘_nlw)— cos O('ﬂ‘n"r..'!)] s
i o
; % "
Ln = -é?‘,— j x(f) sin nest dt = %[i}éj‘ t sin net. dt - %J"f; sin nwt .4t
© [o} icd

EX T e .
+ ?.AJ /‘:}n nest . At + 4A J’ t s not . dt 4Af/51n net cl‘f]

T
Z 1% 4
%= i
4A ———— sin nwt - —t— ces nwit _ 54_-__ $in ‘n&?t
= ¢ | % | 7o T . 2
3T _ 3T = 37T
F T e t\3t= 2= A 1 .
t - L - Ref NOL VTS 28 4R [ =~ sin not
-;Ewsnw },E=__'r'r_ 28 nw o T + T vt
+ T e
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L 7=
£ vt cos nest x
B “ net } = 3TC - 4-A (- na )3‘:‘.’ = 3N
T w T T
anT e §f m is even
A (T BT =
" 2 (—-i) % if nois odd
Tens
i n-1
Ko N wt
n=4,3:5;
z(t)= A(A-F) - 0% t g%
T
5 t tl
- L - % - 2A (¢ _
QJOS—,E.S‘I(‘!:)&?!::._%_I(‘S. _c)guc__c( ZT)O—A
0 z%
¢ £ 4t - 2A/ S nwt ¢ sin not _ cos neot
Q, = - f‘x(-f:) CesS nos = —-'E’-. = = =
(o]
= .
0 2 A ¢cos nuit £ cos nwt sin nzwzt /5‘9
bn = %j x(t) S0 nwt dt = = T nw T n@ T n*es o
o
_ A
" - sin nwt
- A A Stn_wi:
“ o ®(E)= 3 £ T “Zsli n

'The truncated series of k terms can be denoted as

1.112 _ ) .
i(t)=f—;-+Eé-,ncosnwt+2bnsinnwt (1)
n=1 n=1

with X(t) denoting an approximation to the exact x(t) given by Eq. (1.70). The
error to be minimized is given by

E = ﬂ/jw e?(t) dt (2)
—mfw
where e(t) = x(t) — X(t) (3)

and x(t) is the exact value (with infinite series on the right hand side.o? E_q. (1]1)
Treating E as a function of the unknowns 2, and by, it can be minimized by

EE m /OJ ] ( )

ag,n —fw

T fw
0B _ - —Sc"t} —sinnwt|dt=0 (5)
Bgn ? —{/w{ (t) () [ ]
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Rearranging Eq. (4) gives

7w 7 fw 3
[ x(t)cosnwtdt= [ x(t) cosn wtdt (6)
—nfw —rfw

Using orthogonalty property, the right hand side of Eq. (6) can be expressed as

0 forms=n

wfw 7)
[ X(t)cosnwtdb=12, 7 (
—— form=n
- fw -
This leads to
wfw En T
[ x(t)cosnwtdt=— (8)
w
—mfw
7 fw ;
or En=—07ri f/ x(t) cosn wtdt ; =0 15 By aos K (9)
—mfw
In a similar manner, we can derive:
T/w
b, =2 | x(t)snnwtdt ; n=1,2 .,k (10)
—mfw
i . (E.3) and
It can be observed that Egs. (9) and (10) are simlar to those of Egs. (E.3)
(E.4).

! Er n= | o nz2__________ T
g T i o T N t 5-“-t-
¢t 1E ) amt: o DEE Tty L MR ko STED o, i ST

i E Ez cas:_g_z- ke °'3’-:: e | o i £ a2 0:32

) ¥ ] l !l

' ! 1 \ ! .

1 jo0z ' 9 | #3149 4442 6 3639 6. 3640 | 3.t bl E 3 49
2 1004 | 13 E 9192 4 9.1924 |+ o0:0000 I[3:0000 : -7 1724 F-(?723
3 1006 il? | 65056 {G. 7060 E-iz-ozo? 1210208 : 15:70579 — 6:5057
4 :0-08 :29 '! 00000 2‘?-0000:_29,0000 0.0000 ;M-ooao
5 10110 |43 |-16:4556 39.7267!-30.4053 =30+ 4057139.7271 -~ (6:454%
6 ;042- :59 ;—#l‘-"l“?‘s_ 4!' 7'?" : 0'0003 ‘:_-5_'_?,79930| 4"7{97 4|.7!??
7 lowth 163 1-58-2045 24.1087 | 445482 —44-5472/-24.001  58.2040
8 !0-‘6 ‘.57 | —57-0c00 010000 ! 57:0000 0.0000 : 57.0000 P
i) EO-IS i49 :_45-2700 —~{8:7518 | 34 6477 346487 :—18 71505 —45.2705
lo jo-20 ; 35 3-2‘!"7"‘95 ~24.7487) g.0000 35-c0c0 | 247493 —24.7482
(1]o-22 {35 (-13.393¢ -32.3359 |-24.7493 24.7482 | 32.3354 (3.3950
12 (o.24 ! 41 : 0ioooe —4l+0000 |~ 4l.0000 o:00o00 il g.E0a e 41,0000
13 10:26 | 47 E 17-9866  —43.4221 | —33.23233 _aa.zsq?:-qa-qz:ﬁ (79847
l4 !0‘28 i 4’ : ZS'??VT "28"?‘?“ ]I 0r0000 —4l-0000 | __28‘??05 —'28'9?23
151030 | 13 jl2:0(05 —4.9747 . 21927 =921 ! 4.9755 —l2-0l02
(6 10-32 : 7 : 7:0000 o-0000 | 7.0000 O-oooo! 7.0000 0.0000
b o s o e s ey e e e S e e e s o
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s () 555 -166:7377 -31:3278 116552 —9(-5984 —~43-2234 26.528]
i=1
- —li-44%8 _-5.4029 3.3535
—20-3487 —3-760 —1:456%7 —1i-%
z()s‘i 75 =20
=1
L bressure :

fSFEEd: oo er 1 P s ’a(-f)

In a minute, a Pain+ will

A=
be su.LJ'ect'e:( ts the Pm“
maximum pressure . A=
lbma.xz' (0a pst, {oo xk= |
T 5T 2T

400 ‘Hmes. Hence o % -?‘—:—' 'Hme,t
Pen‘acl-_- T o= j_o_ =0.l5 sec.
400
1,(%)2{/’* , 0ozt < %
s By =t =T
- 2 v 2 4 _ A _
== jo. P(E) afi"-‘-zTA(f)o = 5 = 5o psi
2 T
2 2A (sin mwt A o pi
= = 5 ;,(-&) cos mwt dt = = ( e )o = n —
o
. 2z 2A cos mwt\T4 A mT
Evaluation of ap, and bm: )
------ g Sy e e
S i s S5 S i i 53 b o e o e e R g s s
I g-n-
OJI:;A-SM—T{:_%: E a.-1=..z/_:—r.s;'n7f_—_o E aJ3'-;TFsm—_2—
= 308309 pst 7 = —fo-6lo3 psi
|r A : - _A ENLEN
b= ._T%(Cg—sj?"_o | BQ_:—; (G:s*n‘-;) E by _n_(Ca”-T 3 )
= 309309 psi | =31.8309 kSt ___|_ __F 10-6193 | L
’P(f’) = a_;g + Z (a_,m cos mw": + bh‘: Sin m&?f) P.ﬂ'
m=1
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speed =200 rpm A pressure , ()
In o rm‘nuf:e, as Fafrﬂl' will

. A=

be subjected 1, the P

maximum ]aress'u.'re » A=

Pma.x: (0o ]—:51') 200 xG = o

lzooffmes. Hence o ? 5.‘: 27T T {'I.I‘ﬂe,t

ENE
+

Per:‘od: T = _£9 _—5.05 sec.

=y
1’({) - { A y 0 = t < Af
o 3 % = f = T
-2 7 2 4 /4 A :
Q, = T jo- 'P(f) dt = = ('&)o = 5 = 50 psi
_ 2z 1% _ 2A (srn m st \ T A . mT
Wy = = _S;‘b(-é) cos mo?t dt = — ] = = sin =

C
T (=
Lm: —é‘ J; P("‘-‘) simnmwt & = - 2? ke mwf) A = __A_. cos T—EE - l)

m &3 3 Tm
Evaluation of ap, and bm
—— — ——--“———-—----_--"l—-‘——-"_-_—-.'-"'-—-_-‘—"-—'——-l"—h‘-‘—-ﬂ_-—'————_———ﬂ
m =1 1 m=12 ! =3
K o e s ——— ——— ey i S
e B e s e i e v A e - -
A oo T \ A T
= 2 Sn — = A Qs = sin 0 =0 = 1= Sin —/
| T ! 2 — 2 Erse. 1 3 3T 2

= 31-8309 pst

- (T

= 31. §309 pse

'P('{—') - a_g + m%' (aam cos mat + Em Sin mc&f) PS':

1
l
| = ~fgegley puf
! A 37
b oo sl fep@Tr =y o bg= — (el 5 -
e h forme) | by A )
. 1
= _%l_-_&B_O_‘?__E{ L o

L o e v P s

= lo«glo3_ psi

8

' | n=1 : n=2 I me=.3
o ! L N e s e E P e o s e e s S T S E = s T
4| 'E‘: I Mf *- t k! gmt;! | 511;‘{.: et
1 1 h ! 27T Sin 2 EC 5 Lt ' ,___| =
| ; M 0% S ! " " ootz | M, izt t ouol 2! 2 M 012} T 002
L L i -
= T 1 . | . 1
1! 0.0005 | J70 | 743:7627 119929102 :CCG 8391 :385’-00{0:544-4712 1544 4731
'
2,0.00l0 | 80 | 70(.4802 '40'5 oo 7 .404 7988 :701--‘1&312: 0.0000 | §lorgo00
! 1
350-00‘5 ; 850 : 60102398 IGO( o417 | 016000 ;350‘0000:—60('01-(4236'0[.03‘73
+ :U-OD2O E 3'0 : ! |

HEL T TE ;793 0845 |~455-0041 | 78808081~ F10:0000 | 010000
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| 'o.025, 9.00 1 8.69  2.33 779 450 6.36  6.36

2 Vo.050) 17.001 14.72 8.50 ' 8.50 14.72 1 0.00 17.00

3 'o.075! 23.00 ' 16.26 [16.26 1 0.00 23.00 T_16.26  16.26

L lo.ccol 25.00 1 12.50 |21.65 1-12.50 21.65 1 -25.00  0.00

5 ‘o.iZS" 26.00 ' 6.73 [25.11 | -22.52 13.00 , -18.38 -18.38

6 (50, 28.00 ) 0.00 |28.00 (-28.00  0.00 ' 0.00 -28.00

7 o 1751 33.00 ' -8.54 [31.88 1-28.58 -16.50 . 23.33 -23.33

8 .g 200! 35.00 | -17.50 |30.31 ;-17.50 -30.31, 35.00  0.00

9 lor225! 34.00 ! -24.04 Lza.oa ,  0.00 -34.00 ! 24.04 24.04

10 'o0.250, 29.00 | -25.11 |14.50 | 14.50 -25.11 . 0.00 _29.00

11 s 75! 24.00 ! -23.18 1’6 21 ' 20.78 =12.00 ! -16.97  16.97

12 !0.300, 26.00 | -26.00 _0.00 . 26.00 _ 0.00 , -26.00  0.00

13 10.325! 32.00 | =30.91 | -8.28 1 27.71 16.00 ' -22. 22.63 -22.63

14 10,350 40.00 ! -34.64 Tzo .00 | 20.00 34.64 . 0.00. -40.00.

15 10.375 ! 18.00 i -12.73 12.73 « 0.00 18.00 12,73 -12.73

16 'o.400'! 8.00 ! -4.00 |[-6.93 ' -4.00 6.93 . 8.00 0.00

17 :o,qzs'. -5.00 |, 1.29 | 4.83 | .33 -2.50 . -3.54 -3.54

18 19.450' -14.00 ' 0.00 |14.00 ' 14.00  0.00 . _0.00 -14.00--

19 :0,475'. -28.00 , -7.25 | 27.05 \"24.25  14.00 ! 19.80 -19.80

20 1g¢.500 ' -37.00 , -18.50 | 32.04 1 18.50 32.04 ;| 37.00 0.00

21 0,525, -33.00 ! -23.33 | 23.33 : 0.00 33.00 : 23.33 23.34

22 10,550 ' -29.00 ' -25.11 | 14.50 1=-14.50 25.11 [ 0.00 29.00

o : 1
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23 ' g.575 | -22.00 ; -21.25  5.69 1-19.05 11.00 i -15.56 15.56
iy ] i 0.0
2% 1o.600; 0.00 ! 0.00 0.00 ! 0.00 0.0 0.00 0

=() 239.00 -241.90 282.30  39.72 147.18  45.26  —4.88
z

19.92 -20.16 2353 3.31 12.:26 3.77 —0.41

%FPrograml.m
$Program for calling the subroutine FORIER

%Run "Programl.m" in MATLAB Command Window. Programl.m and forier.m should be
24in the same file folder, and sét the path to this folder
4Following 6 lines contain problem-dependent data
n=16; :
m=3;
time=0.32;
x=[9 13 17 29 43 59 &3 57 49 35 35 41 47 41 13 .7];
£=0.02:0.02:0.32;
%end of problem-dependent data
%Following line calls subroutine forier.m
[azero,a,b,xsin,xcos]=forier(n,m,time,x,t);
¢following outputs data
fprintf ('Fourier series expansion of the function x(t)\n\n');
fprintf ('‘Data:\n\n'};
fprintf ('Number of data points in one cycle = %3.0f Nfreny;
fprintf (’ \n');
fprintf (‘Number of Fourier Coefficients required = %3.0f \n’,m);
fprintf(f \n’); ,
fprintf (‘Time period = %8.6e \n\n',time);
fprintf(’Station i )
fprintf (‘Time at station i: t(i) ")
Eprinef (v (i) atb £(1)*)
for i=1l:n -
fprintf ('\n %B8d%25.6e%27.6e ’,i,t(i),x(i});
end
fpridntf (' \n\n’);
fprintf (‘Results of Fourier analysis:\n\n’);
fprintf ('azero=%8.6e \n\n’,azero);
fprintf ('values of i al(i) bi{LINR" ) ;
for i=l:m
fprintf (’%10.0g %8.6e%20.6e \n’',i,a(i),b(i));
end '
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function [azero,a,b,xsin,xcos]=forier(n,m, time,x,t)
pi=3.1416;
sumz=0.0;
for i=l:n
sumz=sumz+x (i) ;
end
azero=2.0*sumz/n;
for ii=1l:m
sums=0.0;
sumc=0.0;
for i=l:n
theta=2.0*pi*t (i) *ii/time;
xcos (1)=x(1i) *cos (theta) ;
xsin(i)=x(i) *sin(theta) ;
sums=sums+xsin (i) ;
sumc=sumc+xcos (1) ;
end
a(ii)=2.0%*sumc/n;
b(ii)=2.0*sums/n;
end

>> programl
Fourier series expansion of the function x(t)

Data:
Number of data points in one cycle = 16
Number of Fourier Coefficients required = 3

Time pericd = 3.200000e-001

Station i Time at station i: t(i) x(i) at £(i)
1 2.000000e-002 9.000000e+000
2 4,000000e-002 1.300000e+001
3 6.000000e-002 1.700000e+001
4 8.000000e-002 2.500000e+001
5 1.000000e-001 4.,300000e+001
6 1.200000e-001 5.900000e+001
7 1.400000e-001 §.300000e+001
8 1.600000e-001 5.700000e+001
9 1.800000e-001 4.500000e+001
10 2.000000e-001 3.500000e+001

11 2.200000e-001 3.500000e+001
12 2.400000e-001 4,100000e+001
13 2.600000e-001 4.700000e+001
14 2.800000e-001 4.,100000e+001
15 3.000000e-001 1.300000e+001
16 3.200000e-001 7.000000e+000

Results of Fourier analysis:

azero=6.975000e+001

values of 1 al(i) b(i)
al -2.084870e+001 -3.915885=e+000
2 -1.456887e+000 -1.144979e+001
3 -5.402500e+000 3.353473e+000
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g Exl 119.m
for i = 1: 101
£(i) = 0.32*%(i-1)/100; . . .
x(i) = 34.875 - 20.8487%cos (19.635*t (1)) - 3.9160*=2in(19.635*t(1i)) ...
- 1.4569*cos(39.27*t (1)) - 11.4498*sin(39.27*t (1)) ...
- 5.4029*cos(58.905*t (1)) + 3.3535%sin(58.905%t (1))
end
plot(t,x)

xlabel('t’);
ylabel(’x(t)’);

70 T T T T T T

x(t)

! 1 1 1 1
00 0.$05 0.1 0.15 0.2 0.25 0.3 0.35
1
$ BEx1 _1.120.m
u = 0.3445;
1. = 32
ho = 0.3
al = 2;
0 = 0.5

% First case, r changes
for i = 1:101
r(i) = 0.5 + (i-1)*0.5/100;
cl(i) = ( 6*pi*u*l/(h0~3) ) * ( (a0 - h0/2)"2 - r(i)"2 )..
* ( (a0”2-r(i)~2)/(a0-h0/2) - hO );
end
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% Second case, h changes
for i = 1:101
h(i) = 0.05 + (i-1)*0.05/100;
e2(i) = ( 6*pi*u*1/(h(i}*3) ) * ( (a0 - h(i)/2)"*2 - x0"2 })...
* ( (a0~2-r072)/(a0-h(i)/2) - h(i) ); '
end
% Third case, a changes
for i = 1:101
a(i) = 2 + (i-1)*2/100;
c3(i) = ( 6*pi*u*l/(h0~3) ) * ( (a(i) - h0/2)"2 - x0"2 )...
* ( (a(i)~2-r0~2)/(a(i)-h0/2) - h0 );
end
subplot (311) ;
plotlr,cl);
xlabel(’'x’");
ylabel(’c(x)’);
subplot (312) ;
plot(h,c2);
xlabel(‘h’);
ylabel(’c(h)');
subplot (313) ;
plot{a,c3);
xlabel('a’);
vliabel('c(a) ') ;

c(r)

w
T
1

06 065 07 075 08 08 08 085 1

B2 ol
(9]
m
o
ot
(4]

8.051031055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.1
i h

T T T T T T T T
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s Ex1 121.m
for i = 1:101
x(i) = (i-1)*4/100;

ka(i) = 1000*x(i) = 100*x(i)"2;
kb(i) = 500 + 500 *x(i)"2;

end

plot (x,ka);

hold on

plot(x, kb, F==%);
xlabel(’'x'); .
ylabel (‘ka: solid line kb: dash line’);
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o
T
N
\
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I
\
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-
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% Ex1_122.m

for 1 = 1:201
£(i) = (i-1}*30/200;
%1 (i) = 3*=sin(30*t(i));
x2 (1) = 3*sin(29*t(i));
x(1) = x1{i) + x2(i);

end

plot(t,x);

xlabel ('t’');

vlabel('x');
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x?___ r+1—-‘rca$6—ﬂcos¢f=r+1—-rcas&5‘t —141'5;*’155 (El)
But 1Sl'n¢’ = v fin @ , cos #; 6-— -;—: S‘l‘nzwt>é (Ez)
Using (Ez) n (Eg), 'XP:. r+£ -~ T o5 fati = 4 (i— —%; Sz'nzﬁtji (E3>
Let -E‘ = Sh"ia—“- (4 _é.) . US'llnj Vi-€ = 1—“!7_‘ € q (E;) becomes

xrg:: r(H-E% _T(Cosﬁﬁf+4_—r‘£Cos z_ca‘l.') (E‘f>
1 r -
(O'B Eg-(E4) gives '}?: Xp= T (f+ —Zrz>-_~_ —-T‘(Cos cat g !TC"SZ“’{:)
- (Es>
H ‘% i e Siveslls }F = —r s @t Sharmonic motion.

(L‘)'TB have a.mpiff’uale of ,sécancl barmonic smaller then zhat
of first harmonic in Eg- (Es), We need to have

L
I C | - T = & L@ e 6.25
Z T = zs5-, e g — z5 7 T w7

Once the a.mph‘{:ude of sewnd harmonic s smaller by a
factor of 25, the amplitudes of higher harmonics arising

from the expansion of saqa_re-roa%— term in (E;) axe ex}:e.c.te_ol
+o be still smaller.
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Unbalanced force developed =P = 2m «? t cos wt, range of force = 0 - 100 N,
range of frequency = 25 - 50 Hz = 157.08 - 314.16 rad/sec.

Parameters to be determined: m, r, w.

et r = 0.1 m. To generate 100 N force at 25 Hz, set:

P,.. = 100 = 2 m (157.08)? (0.1)
which gives
100
m = 3
2 (157.08) (0.1)
To generate 100 N force at 50 Hz, set:
P_.. =100 =2 m (314.16) (0.1)

— 0.0202641 kg = 20.2641 g

which yields

m = L = 0.0050660 kg = 5.0660 g

2 (314.16)% (0.1)

Goal: Weight to be maintained at 10 + 0.1 Ib /min

Parameters to be determined: Angular velocity of crank (w), lengths of crank and
connecting rod, dimensions of the wedge, dimensions of the orifice in the hopper,
dimensions of the actuating rod, and dimensions of the lever arrangement.

Given: Density of the material in the hopper.

Procedure:

Select w based on available motor. Determine the dimensions of the orifice in the
hopper which delivers approximately 10 lb/min (assuming continuous flow of
material ). For trial dimensions of the wedge, determine the increase/decrease in
the size (diameter) of the orifice. Choose the final dimensions of the wedge such
that the material flow rate delivered by the orifice lies within the specified range.

Force to be applied = 200 lb, frequency = 50 Hz = 314.16 rad/sec.

Procedure:

1. Select a motor that provides, either directly or through a gear system, the
desired frequency. Assume that it is connected to the cam.

2. p,S’etermine the sizes and dimensions of the plate cam and the roller.
3. Choose the dimensions of the follower.

4. Select the weight as 200 Ib. From the geometry, determine the range of
displacement (vertical motion) of the weight.

5. Determine the force exerted due to the falling weight.

1.70
PRELIMI\I/I\I@RY MERS.ION 12/14/2010

) \ViITI angmpperf




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Considerations to be taken in the design of vibratory bowl fee)‘ders:
1. Suitable design of the electromagnet and its coil.
9. Radius of the bowl and the pitch of the spiral (helical) delivery track.

3. Tooling to be fixed along the spiral track to reject the defective or out-of-
tolerance or incorrectly oriented parts.

4. Design of elastic supports.

5. Size and location of the outlet.

AE
Axial spring constant of each tube = I == .
Let diameter of each tube be 0.01 m (1 cm) with thickness 0.001 m (1 mm). Then

A=T (D2 —-d%)= % (0.01% = 0.008%) = 28.27 (107°) m’
4

This gives

(28.27 (107%)) (2.07 (10'"))
2

Since 76 tubes are in parallel, we have the total axial stiffness as:

keq = 76 k = (76) (29.26 (10%)) = 222.38 (10%) N/m

k =

=29.26 (10°) N/m

The polar area moment of inertia of each tube is
T 4y _ -8 4
J = 3% (D* — d*) = = (0.01* — 0.008) = 580 (10 ) m
Torsional stiffness of each tube is given by
GJ _ (79.6154 (10°)) (580 (107%))
4 "2
For 76 tubes in parallel, equivalent torsional stiffness will be:

ke, = (76) (231 (10%)) = 17.56 (10°) N—m/rad

=231 (10%) N—m/rad
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Chapter 2

Free Vibration of Single Degree
of Freedom Systems

£

£, = Sx©0 : ™ :
¢ 4 /2 _2__93'-)1/2 _ 442945 ra.cl/sgc = 7-0497 Hy
W ———) = =

g xw
&t
™ = o2t VE/2T
> = @21 séc = 2T - »
’ T ?___2_’.._',7-‘-—>
G () aem = emfm _ 2m w2 2T/ _ o.1715 sec.
ew = = s —=
non Knew J 1.5k \f"g‘?
= -2.970 sec.
amdm _ 2mim _ o (o 21f% ___5—-; 0
WD) () = T © TEE osx
new Jknew JO-E*

= ’ = V&/62. 332
@wn.—. 62.832 radfsec = [, = J—/Gz

' decreases.
when spring constant is reduced , 9,

s Ikncu 'k-'goo
(&9 - 0:55 W, = 34.'5'5‘?6 ra.J/S’ec =
n ) new
f { —~ 800
k- 800 4 £2.936 = 34_.5'576 y « 4(8 = piS5
*

2
4« — 800 _ (0,5:,-) - 0-3025
'k .

k= 114679534 N/m

k/ 23 8322 _ 146-9534
Jm = E/GZ"B"’?- > W= 39478602

m = 0°:2905 Kg,

- -.'= 10000 N/m
K= 'oo/ aooo i/ 2K
% o %
’4: f4 & 4 x 10" ) 3 10 &g
w“ = _% = ( )

2%
= £3-2456 ra,c[/scc |

T = 2K = 5_2_9175'—6 - 0.0993 sec oo N

n = W, 6324
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_ 2000
@ ™= 386.4

Let w, = 7.5 rad/sec.

—\/keq

keq = m W {2000](7 5)* =201.1491 Ib/in =4k
eq— n

386.4

where k is the stiffness of the air spring.

291.1491 _ 79 7873 Ib/in.

Thus k = 1
A cos (@at —%) %= @, A sin(Wt=4),
x = co n =l > ]
:i = —w:A Co?d (Cﬂht —-#o)
@) W, A 4 m/gec i Tw= %= 2sec, 9, = 3:14l6 rad/sec
& & = 0 & n n
A = 0'4-/C«9n = 0-03183 m

@) % = x(t=P) = A cos (—@,) = o002 m

cos(-¢) = =3~ = 0-6283

o £ . 0724°
B) %, = x(t=°) = -G, A sin(-%4) = - 0-4 sin (- 5107 4y
o
= 0.07779 Wfsec
© x| = wrA = (3-14—16)2 (0-03183) = 0-314151 m/sec
max
( ) For small a.ngula.r rotation of bar P& a,l:ou.tz 2
L k)., @4 = 3k 62) + &+ w. @L)
2 kfz+k£f)/g2
e (kn_vea = ( v & 3

Lef: ‘keﬁz avgra.fu- Srl‘fﬂj cansfa.n'{: alt @ -

|
| {
—_

pa—

eg —(-;:)ef, k3 {.k (——-—> + «z }k;

e G‘”-) g

(‘krz)eg"' ] )"" k2 ( )'*' k3

33
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' 2
z 4
+« -‘k‘ ® 2 l[ -+ *® FA ¥ 3 z
WO = ___.‘.@.- = 2 2 g" )
n = ™ m(k]f|+‘kz'€1+k3 :

2000 K§ 5 8y = 002 T
o e S~ 2 - 22. 1472 rad/ sec
Wy = (?/Sst) =

A}

0-02

d from

Let = be measure .
! the Pasi{:t'on of mass ok w!;l.c.k
the springs are unstretched.

W sin &

Ezua:h'on of motion 1S

W
i = —d(zt B (et ) Uy
+ W sin o e (E')

4, + Kz
here S (ki + k) = W S e- =>ca,,=\)-";"-
whe S m;+<k‘+kz>1=o

thus Eg- (Er) becomes

™ (0.05) (30 (10%))
AMB 4 —
k]_ e T

s 30 (12)

ko
— 163.6250 lb/in

4 By M — 136.3542 1b/in
ke ==~ 0
2 .
= b /m
136.3542 = 299.9792 T
e S i tion of motion is:
- , 2 d from the unstretched length of the springs. The equation
t x be measure .
N mx=—(k +k2)(x+55t)+Wsm8
= W sin @
Where (k]_ + kg) 651: ) )
e, mx+ (ki +ky)x=0

. . ¥
Thus the natural frequency of vibration of the cart is given DY
us

prm——— s
ky + ke M — 4.8148 rad/sec
Wy = = 5000
1 m

.

it i ibratory
Pl ot TP, the upit in a vibra
. — N. To be able to use opieic |
@ Weight of electronic chassis -—1-315122 of 0 - 5 Hz, its natural frequency must be
frequency

—_—

i — 10 HZ ==
environment with a frequency be Wy

y . T 1

62.832 rad/sec. Since
-~ Kea _ g2.832
Wy = =

2-3
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g0 that k = spring constant of each sp

Assuming the mater
m, we find

2 _ | 590} (62.832)" = 20.1857 (104) N/m =4k
keq =T &n = |7, o |
ring = 50,464.25 N/m. For 2 helical spring,
G &
g nD?

k =
d = 0.005

5 — 5 and
ial of springs as steel with G = 80 (10°) Pa, n

80 (10%) (0.005)*
k = 50,464.25 = ) D°

This gives

_ 0.0201492 m = 2.91492 cm
, _ 1250 (107) = 24,770.0 (107 %) or D =0.02

= T50464.25

@(

1) with springs K, and K, :

t: —
Let Yo, , Jp be deflections o :

of beawm aj.- distances @
f'rorn Jcixeol Enc;

WP - L og, Btk Rk Y
é@('?-)e& 1 = Z L R

b, !

7
o (‘km.)eg = Kk (% "+ L2 (_El%_g______ x__———i‘_”_l

&
=

\

o

«(3ET) & Gl-a)*+ %2 (3ET) RECIEDY " ]
- —;fg{k.af (31-@) 4 o b (ZE b)* + (2 EZ }

(il) without springs 4, and *p

’kbea.m — 3 £ 1:3
On = \Tm -y |
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PP P

" fs’ of
Let =,5 *2 = das?[a,ce.-man .
@ ) | pulleys 2 Hprl Puyq
i KB I
x= 2%+ 2 %2 = (I)P P x[ 1 .
_ 4ension n Yope. "
Le.t P A g Puue:j i f‘!\ T T -1-—
For Eﬂul Librium © fo i 1 P“ua,
2P =4 % —--- (&2) 4
*y Ky k= 2%k
For ezmln(:r-um of Fuuey 2, i -
2p= 4, kg  —--- (E3) L
! 5 . T - PP
where Jﬂ:?ﬁ:‘{- e 2k 3 k= 2%
Gmﬂ\ 4y = e+ K= 2%
P
Combining EgS’ (&0 (2?) +2 (?-P = 4P(z4c - %
x= 2% +2%2 7 2 o the ggs-l;gm:
(=]
= & wivalent spring constan
Let ‘keﬁ 17} e ﬁ-
ey ‘:O'ﬂ af mats Wi mz + Keg * =0

Egua.:h'on o

S _

For a dispiac;rﬁent of x of mass m, pulleys
@ 1,2 and 3 undergo displacements of 2x, 4%

ely. The equation of motion

and 8x, respectiv

of mass m can be written as

| )

where Fp =2F; =4 F, =8F; as shown in figure.

Since F5 = (8¥) k Eq. (1) can be rewritten as
1n 3= y

(2)

mii+8F3 =8(8k)=’—0

from which we can find

2 3
b4k _g E (3)
e = m m

2-5
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@) W= J4/M
@“ﬂ o, = AR/ ™

tial corlcl hon_S__ g £>
.I_rl\l;"llg‘c ity of _,Fa,U.mg mass m = V= J?.? ( :
eloc:

at static %ugllbrt‘uﬂ'\ PoS‘L‘l‘.‘IGn-
=0
; weight _ mZ

* - & «

€7

: x = m
COHSErVa-'bi'C_In a_-F mome.ﬂ'l:um (M*"'") .o g zgi
?‘(_a::. rx_(—t'::ﬁ) = —_—

- srn(w,,t + £

: 2 .2 - g-,f
’ m'g L T I
R ("" - 16 ®* N 24 (M+™)

d Ko wn >
an ¢a tml ')to (r‘i 4 (M -{-m)

— 0 at static equilibrium

Xy = x(t=0) =-

-

complete solution: x(F)=

= 50 ft/sec — 600 in/sec.

| x
(a) Velocity of anvil = ¥
position. i me

Xg = X(t=0) = — keq 3
Conservation of momentum: .
(M +m)% =mY¥ o x0=x(t=0)=M+m
Natural frequency: -
“o T M4+m

Complete solution:

x(t) = Ag sin (wo t+ Po)

where 1 .

2 2 z
) m? v
: - e
w

n

- i L gVM4m l
= e i =t _IE_E_ ___il:———- Mﬁ_}‘}?i)—] = tan —m_
G = tan~! —_—-__Xo =tan” |— — T =

2-6
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6.4, M= 100/386.4, k= 100, we find
M)

1
Since v = 600, ™ = 12/38 2 :
_ 12088 R pCACLD)] 3864 1 —173081n
12 (600)
86.4 :
5o = \4 (11208 (38(3.4)\ +& 3364 | 112 (400)

A\ — —0.0934 deg
386.4 112 \ —tan~! (— 0.01734)
()bo = tva-n_ i

386.4 (600) 400
(=0) =

LIRS = p— x
: ilibri position: X0 =
=5 tatic equilibrium
(b) x = 0 at s

momentum gives: o

—_— —

=

Mxp=m7V or 1.10=5§(t=0) M

0. Conservation of

Complete solution:

x(t) = A.o sin (wy t + 90)

where
)3 - - 12 (600) V3864 _ 1 g314in
2 2 =
i+ %o ={m 5 (11\(/1} = irMm 3864 \/ 4 (100) (100)
Ag =T¥0 TG M2 4
n

w
-1 f’i__!_‘- —tan~t (0) =0

(suclcle.'n[j

ibra.-fioﬂ = Th= (T

2-7

PRELIMIRARNS\EEREIESNNEDR/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson

Education, Inc., Upper Saddle River, NJ 07458.

B

Ligd 3 Jm-ri

= 12.56Gc 4 J_n?

52:6381 N/m

Hence

1 (0.01)2] 9.07 (101!) = 4.0644 (10°) N/m
4

B |~

B8
é;oﬁi__‘*(l;_)- — 1029.53 kg

@ b= 2{ sin &
Neg{&cf mao.SSes

(@) 'kez_ & (

4£z—bz

)+l

\/?: \fkg cosec” 9
(b) w, \/:2; since Keg =

ﬂi_ 4!2 S'i'nla)
402 sin*e0

Apa

Fyrom solution )
( 0; Probtem 1.8

o e

=€cosﬁvl——£§—___'+

1 2
1 g _ 1 2 L~k
E_keqx_.2kly +2 9 ¥

where

1
ya{fcost|l—

x sin 0

—~

cos

Wcosz f—x2 +2¢xsin 0 — & cos 0

1 2¢xsin b
2 oo 2 €%costl

=xtan 0

9 ¢ x sin 0

— ¢ cos 0
2% cos® 8

‘—é’cos&
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Thus ke, can be expressed as

Equation of motion:

Natural frequency:

e ——

@ (2)

(b)

- i i ies.
Neglect masses of rigid links. Let x = displacement of W. Springs are In serl
eglect m

Equation of motion:

Natual frequency:

2
Xg =X -B—
Equivalent spring constant:
1 2 _
—2— keq X =
2 ) i
or keq =2 k|l—| =2 o
Equation of motion:
mX +kegxX=
Natural frequency:
2
Wy = ..._—m = b2 - 5 B
2.9
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Fi
F2
° 4
F;=F3= kl"w+s n o { 45°
- cos 135 x
FZ'-' Fq... 'kzx 50 F M'agﬂ 'kl ™ ‘kz
force a.ioﬂj % = Fy&f &= =iz °
g +F o545’ + Ry of13° 3 fa
o
= 2% (% cos*45° + Ky ws*1357)
<, k2 \ _
*%5 "'I;__ = 2 “5_‘* '_z') -
guotion of motion® T

€

Let <. denote the cmgle
made ‘.by, i Apring with
vespect & X axis

; + o;
th r= cluS‘fla..CE-men ‘
mo-sS the diracton
J“fy':n.iw‘ "H' e .
i kea‘-—" C.?)Aiw:lbwt Apring
constant, The 32}‘-‘-\/0-&/"'-"—9'

(4 -d-) .
2 _ }; ki {‘Z ca'S(e i }
Lrg® =4 2

2
. el . n @ A AL
¢ om ) = B K@ A )
"ke@ = z 'k;_ £os ‘ P i
c=1 T 2 g
% Cdsln(- KO + M &, e )
— ’ki( “
i=1

© oy (AC &&-6)
coh oA Fim Xi
+2 Z C
o
) = C:Sh = keg .
Netural freguency . ’ . | -
For S, te be in:ledaena\enf of &> =
ard L A A =0
(E) and (Ez) con be rewritten as
‘

6 1 _ 4 cos 2;
¢ 7 o . gok ?_c(‘,)z = ‘k;(-;_' T < )
i (2T

Z & ) =1
i=1 6 = 0
. sim 2, =
4 L= Kk
an
o Ny
e zejkc"s?'d*:o T
t <
=1 (E)
- 4
q.mA_ Zc. k; gin 2-0(4'. = &
i=1
~A 4N
z=T0
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E become
Tn the yresen'!: e,xo:mp(e (EB) and ( 4) s
n i .
K, cof 240° + k3 o5 2%z + k, cos 420°+ Kz
f, cos 60" + Kz c°
+ Ky w8 (360 + 2e3) =€ o o
I [e] mn
3 sin 240 + %3 Sin 23 + k, Sin 420 + Tz
%, Sin €0 + *2 ) :
4+ k3 sin (360 + 7—"(3) = . “-(E;)
2«3 = 9 2 kg cof 253 = Kz~
fen A&y — k2 + 2 #3 cos 2«3 } ;

; _ 43 (*2 —k)-(E
NENE 3 —J3' K, +2 Kz sin 2alg = © 213 sSin 2o0g = V3 ( 2 l) ( 6)
3 1 3 2

Souaring (Egj and (Eg) and adding,
‘ 2 (1+3)
4 1‘3?- = (- 1) l .
o k3 = £ (k- k1) = feg = | B
Dl'vfoll'n.g (Eg ) bj (E;) 3
h‘u‘l ?-D('; = ﬁ
L 3 = "-lz ‘taﬂ‘\-‘i (ﬁ) =

Ty

. —

H-:®——+“—L—4

160 Ib—sec® 4 _ 10 Ib/inch.
@ ™= 3g6.4 inch ,

Velocity of jumper 23 he falls through 200 ft:

= 8811 in/sec
V 4) (200 (12)) = 1,361
mgh=}—mv or v=V2gh ~V2 (386.4) (

2

ic equilibrium position: |
prose s x(t=0) =0, %o = x(t=0) = 1,361.8811 in /sec
xo =

Response of jumper: x(t) = Ag sin (wq b+ do)
where
1T % io \/E 1361.8811 —977.1281 in
X0 o -
el B 10
A-O = 1Xp + wn Wy
and

2-11
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is gi e Problem 2.26):
frequency of a vibrating rope 18 given by (se
T

tural |

The na o = ‘
“ = mab h |

g of the rope on bot _

1 ] ]

T (80 + 160)
120 | (g0) (160)

R

386.4

where T =

gides of the mass. For 1

2
—\/T (0.060375)

e _ 100 _ ;6563147 Ib
T1
e L ]
WBEH Ww=o0, tota |
' Vertt‘cﬂ»t- Jneight: 2+ h . =
total =
when (95F 0 :
VErfl'Ca.-L f\e,\'alﬂt=(zﬁ cos 8+ ) g
; I
spring force = 'k[zf+ { - (21 ws 8+ )] .

1

24:1(1- o’ e)

Fe er’tfca.[. eeu.fmarium of mass ™.
" _ 1, e - (&)

AL : = T?_) sin &
izantal e wilibriwm = (Ti+
For horize (F ? Ty sin ,e)/srn 3 - (e

mg +

= ,
L3 as
From (Ez_) , () o te ‘expres _
FE-Ty SMOY coso = Tt °
w ( e o cos ©
’ ) ot © mg + w63 |
L T = g+ fe = — i o
e 1 - e “91-1 | e
> ""‘3"[;,,,9 - T—-E-—" Sin
RoTisne | mrO- TR
T2= - - sn 8
sin €
mlcﬁz _ m3
. 2 2 CoS ©
A e
_ gkl (1- wse)= 2N cos
spring fore€ = e (i wse -3
'Z.KE + ™ - (53)
= 2
cos © 2l + mi 8
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h 'b‘ Aef ,-. ez{,\, Y m t‘oﬂ f 'ﬂ"la.s': TTt .
T [#] n o \.llL (§¥) POSI l Q
1§ W

oseillations ot WW

second low gives —

w + kYy=0 o 9. = | ™
= i each b
F = centrifugal force acting on

P .

2
grN| _. 25 |18 _%.’Lli\ — 0.004471 N®
Fomre =mT | 5o | ~ 9sl (100)

(1) gives:

For small
Newton's

all. Equilibrium

governor in rpm. Equation

where N = speed of the

= 81.9140 rpm
0.004471 N? (0.2) = -1%0— (0.12) or N

T e

m about the vertical position.

ball ar
(b) Consider 2 small displacement of the ba

Equilibrium about point O gives: - 2
’ (mbz)'ﬂ.-\-(kasinﬁ)acos =

6. sin 0 = 0 and cos g ~ 1, and hence Eq. (2) gives
g of §,sin V.~

1lue
For small va mbz'é—{—ka?e:o

be determined 23
from which the natural frequency can T
2 2
kal g . (012 9811 _ 375851 rad/sec
“n ={ 12 =1(10)" |g20| 25
m
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~le,

‘= — OO’:‘LJ as = {,Lz.f-
50 J_z_, i
when each wire stretches by x,, let tke
resulting vertical displacement of The
plat form be x -

05 + Xg =

i {h%z[f {(a+a-;}‘ 'i]

For small %, «* is negligible ca-n»fa.ﬂ_tﬁq £ ofx and Vive =1+ £
and hence . : ’
_ 2, a1+ b= __ _ _ — x
*g = R+ z [ ('F‘z"'%f:) ] r——{.‘+ _'?L_ '

Potential energy e,zw‘va.(e,nce gives

_ak,g‘8 _4.(,_1< ";) 2
2 KX
eﬁ 4 & %) = (1‘+ m)
ﬂ;"‘" ‘keaxzo | ) )
2 2T _ TFJFQ"(?-{; +a.)
U= o, @‘%/M>T/z % 2%

Equation of motion:

m¥x =3 F;
ie, (LApX=—2(Axpg)
2g

i.e., x+Tx—0

where A = cross-sectional area of the tube and

— density of mercury. Thus the

natural frequency is given by:

2-14
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d of blades = 300
¢ cross section for all segments of the cable. Spee
same area 0O

_ 31.416 rad/sec.
2
y _ =(2 (31.416))° = (62.832)

—_ — =
wn

= = = B m
k m wi 250 (62.832)2 98.6965 (10 ) N/
eq

. —_—

Stiffness of cable segments:

Agsume
rpm = 5 Hz

(1)

E_ A(207) (10°) _ 907 (10°) AN/m

— —
PSS

kpo = oo

1
AR A(207) (10°) _ g7.5817 (10°) A N/m

_BAd o e

2.1213

A 07071 M
-1 (0,701
o=ton (2221)
- 19.4710°
i . ) is given by:
he total sttiffness of the four inclined cables (k) is gt
The tota
7 %) A N/m
e =44(§7015)8:?7§ (10°) A cos? 19.4T10° = 346.9581 (10°) b/
- . incli ig given DY:
Equivalent stiffness of vertical and inclined cables 15
quiva
1
TR
1€
keq Fe k-PO km
i-e-, keq = kPO +klc g _A_ o A N/m (2)
i o (109) b (346‘9581 o ) - n the area of cross section of cables as:

1) and (2), we obtai

- 2
_9_8_-_6?__._-%(194—)— —7.6126 (10 8% i
= 129.6494 (10°)

-

Equating Keq given by Eas. (

A
- ——

2-15
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ky

1 ky
1§k 1% 40825 5 5000
'-2-;1_' m -+ 5000

1 {kl }2 -5 ; —=4 (71')2 (25) = 986.9651
B | m

— 4 (m)* (16.6668) = 657.9822

Using k1 = _A_“E]_?i we obtain
: k, AB _ A(207)(10°) _gg6.9651 N
m -—
® ?e., A =9.5359 (107°) m
Alse ky, _ ABE __ _657.9822
5000 G Gm 5000 -

1.e. —-————-—'m+5000

Using Egs. (1) and (2), we obtain
A —0.5359 (107°) m
i.e.,
i.e.,
Equations (1) and (3) yield
A —0.5350 (107°) m = 9.53

Lcng{tudfna-l. Vibration:

@ Let Wi =

W,

Pa.ﬂ: of weight W coxried by

W, @
bl

z= E[cnaa.,{'fon of lengﬁn @ = e (f .
- (W-Ww1 -
shorfem‘ng of f.enjf:h b= (‘"_TEE),_F

‘y::
W, = W(l-—da)
Since x= ¢ 1 _.___2——-- |
or static Je-f{ecfta‘n of

x = elonﬁa.%for\

Considerng the shaft of fen

s system, ) i e )1/2
_____—-—-—'—_";3

‘/:—f - we (L-

spring -mos

O =

2-16

— 5.3573 (107°)

—4 2
59 (107°) (10000.1573) = 0.9536 (107°) m

lenjfk a
- W—-Wy = Wel'jl\t cavried by lengﬂn b

oth o with end mass

= 5 (107°
_6.3573 (107°) m + 31.:138)6 (107%)
3.1786 (107°) m = 31.7865 (10
: m = 10000.1573 kg

(3)

of shaft

E= Younyir rnaclu!.u.s

§ cross- section

|
;
I A= aveéas o
1

= mdY
Wa.-(l—af)
187’\3‘“‘! G = .__——-———-—AEL
Wy g as &
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Transverse vibration: e . cff-center o
spring constant of & f.‘xed-—afm
sex g2 _ 3er b
———'—'--— —
o b o (I-a) +
[ pasle e e (4
Bz X =

o o (Q_.a_,)a — moment of mertia

-

TorS{OnwL vibration:
X : o
If f’gw'ﬁee[. s gwen
torgues offereci by Qenaths o and b axve

TP
Total resisting torgue = My = GJ(E* b)e

a:njula.r alef-’{ecffO‘n 8, res(Sb‘nj

GT6 and _@_3;_6-
@

il i i h T .T.‘---éf = Fola.r
£ = =T kK where = 33 . _
"= EC = (0-' . ) moment of inertic

1y

1({7 _ G-ET i—-{--i;-)}
g V?: {‘5—;’ [ b

Pola,r moment

of imevtior of the {ljw[-nee,t.

where Jo = moss

nd (see Problem 2.38) =

— equivalent mass of a uniform beam at the free e
o 0.283 | _ 2107
33 33 _0.31

33 _ 33 1y (1)(150%12) 5o,
120 = 140 { ( 386.4

Stiffness of tower (beam) at free end: 1
3
3 (30 x 10°) (= (1) (1*)
3EI

- fkad = 0.001286 Ib/in
ko =5 7 (150 x 12)°

Length of each cable:

— OA = 19.7990 ft
= ¢t . AB=0B —OA

= OB = \/5 15 =21.2132 ft .

o= Ve =1l 2 L AR? = A/ 100% + 19.7990° = 101.9412 ft

=N/ TA
e AT _ 100 _ 50508 , §=78.8008°
tan 0 = 35"~ 79.7990

Axial stiffness of each cable:

AE _ (05)(30x 10°) _ 19961.971 Ib/in
k==~ T (1019412 x 12)

) due to 2 horizontal displacement of x of tower:

Axial extension of each cable (v

2-17
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= 2 2 ¢ xcos
o =2 +x2 —28xcos (180° — ) =6 +x i

2 2
' x
or £1="¢ 1+&?—\ +2-2-c039

1 x }—2§—c039\—-f
=€+xaos@—€=xcos€

Equivalent stiffness of each cable in horizontal direction:
q

2
Ye| —kcos®d
L 2-—=—1—k %% or keq==k‘—-—} =
Eky 2 *q ‘x

c e

This gives
k.. =(12261.971) cos? 78.8008° = 462.5419 1b /in
eqe

In order to use the relation

2
Kk Ji
kqud = kb + 4 €q, YL
we find
2 =

Y11 FLI(BL—Li) 3EI -E}_EET—-I—)-
= 6E 1 FL3 2 L
T 100% (3 (150) —100) _ ¢ 5185

_100° (3 U150 = 2

- 2 (150)°

Thus

2
+ 4k, (0.5185)° = 0.001286 + 4 (462.5419) (0.5185)
Kegus =0 T %00 T 497.4045 Ib/in

% F
Natural frequency: ;@ T,x

1 1
e * (4974045 |2 _ 40,0114 rad/sec
wn =1 =1 0.3107
end

e ——

2-18
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g —88=1241n

(: ::) Sides of the sign:
AB =Vs.g? 1 8.8° _1244111 ; BC—30—8
Area = 30 (30) —4 (— (8.8) (8.8)) = 745.12 in?

Weight density of steel = 0.283 b /in® le-5-8 "y

L 5
Thickness = = in
i

- b !
Weight of sign = (0. 283)(——)(7 45.12)=26.64 1 b 8_£_
10.19 1
Weight of sign post = (72) (2) (-—) (0.283) =
r beam) L,

Stiffness of sign post (cantileve -
k= =
n of the sign post:

nts of inertia of the cross sectio
3 s 4
1 8 = = int
Loy - &

= —

Iy =12 %

Area mome

Bending stiffnesses of the sign post:

— 40.1877 Ib/in

0 (10%) (=) '
3B L _ f_(?__(____)E_(—:is—ti——- —0.6279 1b/in

kyy =73 793
)

Torsional stiffness of the sign post:

2-19
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4
a b3 b _ b
ky = 5. 7 0.63 " { 12&4]
(See Ref: N. H. Cook, Mechanics of Materials for Design, McGraw-Hill, New York, 1984,
p. 342).
Thus
(1) () 1 (3"
ki = 5.33 8’ t(11.5 (10%) 11 — (0.63) (3) |{ — 8
4
72 12 (1)

= 1531.7938 lb—in/rad

Natural frequency for bending in xz plane:

Y1
1 40.1877 |3
Wyy = {kxz }2 =41926.64 | =24.1434 rad/sec
m 386.4

Natural frequency for bending in yz plane:

0.6279 |3
Wy = {k”’ } =112664| ¢ =3.0178 rad/sec

—

386.4

By approximating the shape of the sign as a square of side 30 in (instead of an octagon),
we can find its mass moment of inertia as:

Lo = 133 (b h +h® b) = {g;:i] [30] [303 (%) - (%)3 (30)] = 24.7189

Natural torsional frequency:

1 1
= _.kl % = 1531.7638 | * = 7.8720 rad/sec
“ =11, 24.7189

Thus the mode of vibration (close to resonance) is torsion in xy plane.

Let L= 4.
@) Pivoted: e es

4 (=3 )= g3
* 4' kCa{uwn = ,f [
es ( mn§$
s ﬁ; el O‘E coiu
Let mg,cfi = e&&uﬁu malis Loe /sdj_ 2'&/{_
va.tcﬂ" -moffan : ( =+ meaq: 1) x + 'K =

o
12 E T
Natural freguency of I’iangan'tal v.bra.fnan- e,c_,:;

2-20
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__-,-F
Fixed ‘
(b) . C'e the J‘ot'nt between colurmn a-na' [adoor ll ‘h/z
:l”;s not permi% ro%a—t:‘on F ea.ch coaj_mn ‘AJLQ' :
L:ELL bend with inflection laal‘n+ mi ‘,

y ncj )
khen force F is O,theo{ ot endS

¥
—
g_/ )3 F,Q; “
= 2 g2y o &
" 3EIL [2ET ) 4,QEI
ZEL E = 4’ kcp{umn - 13
«Co[umn = —'——-3-" 5 'ke_?/

m ot foF end
Let = effective mass of each column

W mep,) %+ Kep % T © 16T
(- . - + E}-'gFZ - —

EBuﬁr'L'*"’” of motion ( 7 S {;a,?. vibration = = ﬂ3<1‘£+ m‘ff%

Natural freguency of 4‘0“3"“ ¢

; > E;I) >
rpegtive M (due to_self_ weighb): ™ Ml
Egpective Tl o--—-— v F
p i art o =¥
() Let meffiz Ef_-fec'l:nve PJ o - .
mass of beam (m) ok énd . %

hus vibrating inertia force ot end
Thu

s due te (m"{- ‘me!-fi)' ‘ byation came OF +he
Assume Aejcfec.{'n’on shape Ju.rmj \; n

static alegfle.ci'x‘on SL\GL};E with a T

sz (3F_—74> .
here Y(‘X): - n—
- = Y ws(wnt—;d) W
y,('x,t) =

cETI
3 b d Iec{n'on
= I % wkere Yo: F! :_-mg_x.tr eff
[ s "\'@T " (347 3€I Ch
24 1
x,t) = 18 {3 2L %) cos (w,.,t—-;d)
T ZP beam = Max- work ‘pj force F
Max . strain enerjy ojlg = -
: JiFYO:_‘Z'FYO Jclaea—m
metic energy due to cl:'s{'ribuieoQ mass o ,
Max - ket -
=L B fl ?ztx,t)} d= + -;:(;Lm”) M
=z 1 J i .
2 z m' 3
2 2 33 +‘__L CJ“ Ya
= _“z- Gg'ﬂ YO (_1..2;-5"7‘ 2
= —Ei‘ m = 02357 ™
Meppt = 140
2-21
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e S

(b) Le,'i: Y(%) = an+ ¥z x+ g X+ d:; / YO

Y(O)_ P O‘Y (O)"O . ‘{(ﬂ):‘(o, ,2_;(1):0 F
This lea.als to ¥ (x) = 3‘2: o éjq_?gx

Y(x,t)= Yo (3 .?-E—; -2 7;—) cos (W,

Maximum Strain energy ax ma (Es)
G EI YO " 2 '3- > 4
= = ™ J’ (
ﬂ _L M ‘fo + <+ ( Q )Yo Wy
Max. kinetic energy = (E€>
- {3
2 —
13 . = 0.3714 ™ B B

. ts:
Stiffnesses of segmen T (92 _175%) =0.7363 in
yir 2m dz) = — (2 d
A-l = —Z (Dl 1 4

K A B £913l§%—(—1-0—-)— _ §1.3583 (10*) Ib/in
W L1
X (D —df) == (1 5? _ 1.25%) = 0.5400 in®
2 B o
4A’ Fa _(9_?;499)_(.];(1—)- 54.0 (10*) Ib/in
7 L2 10

2 2 _.03436111
A3= (Da dz)____(l — 000 )

Ag Es Qj}_%‘i)_ilﬁ’_l _ 42.9516 (10*) Ib/in
8

1.

et
— 0.0162977 ( or keq - 2122 (10 ) Ib/in

tural frequency: _
N V V o § \/ MM”M — 2578.9157 ra.d/sec
- - 10
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|
] %
fe— £ 1. { ] : *
% = — + - ' s ==
bﬁmN\f-"'\N\;V_‘ kfotal k ol :. i i 4k
FL i sk kel L L
T ! K73 27
W : =—+ Lt L -1
t,(_ﬂ , lﬂ_ —"l ‘kfoﬁa.-l- Ky "3 4k k3 k
2, "*!““—— . = __
3

‘h= ZT\_F WJ‘IETE eﬂ 4 & + é’—k=-;£f<
o B = 3m _ ZTTJ""[ ; 2.8

16

w
Let p= coefficient of Friction - %G}Tw ot
|

e — c{.‘gF’a.c&mEnf o_.,f C-G., af

A
block }—;—1
F,,Fz':.- net reactions between |
reller and block on . l =
lcff axd n‘jkt sides . l‘——
Reactions at left and rig ht due to static load W are

w (C -?C)/p_c a.hd W (c+ x)/?_c res‘,aecfl velj

M= moment about G due fo motion of block = (M Fg_—/‘Fp)a;_ i
Reactions ak lbﬁ/{' arrd n‘gH: to balonce m= m _ /“ﬂ-(:a' l)

2c 2c
= W__c—_z__ __f‘_(F'F> . - W(ct+=x po (Fp- FD
B = (?.C 2 /:c z=Fid , K 2 - 22
Subtraction 9ives F.?."F _ _‘%_’_‘ ” /ﬂ-_ (FZ—F.)
Restorin JCOrCe, = (Fz.—' ') = ( ___/i_&j_i-)
e 5 /A C—/‘La‘
Egua.i‘.ow- of motion : s W .

(=P
W, = B el =
W(c—/—\aa) P

SoLv.‘nj this, we 3e'lf @ = [C “9/(? + 0"6‘9;)]
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Problem 2.41, (F __F-|> _ /2_:1:
From wlkh oq_,{' Sprian’: /" FA

Restoring force

0 restoring faree = E®%
o pWE 4+ 2k
Total restoring force = = - B
v, g (_/’f__.. + 2% )x =
E&ua;t'ron of motion: 3 e + ==

(pw + 2k (c-pe)l? }Vz
= =
st { (c-—/uo-) w
Solutron of this 68ua.’c'a‘orv gives

W We — 2%9¢ )
=(/L—W

II E -] Il ] . -] )
( )

= 10000.0 (386.4) _ 35 8887 rad/sec
~ 10000.0 (386-4)
Wy = -I_\/I_ = 3000.0

by a distance (¥o)
th tomobile is dropped, the electromagnet moves up y
(b) When the au

. . ibrium Ositi.on- J tomﬂbﬂ-e
from 1t: S::-:at:feflg:;;}:1(eloxiation of cable) under the weight of au
%o = static

Wauto 4 2000 L. 021

—

X 10000

);loe::ﬂ(’zant motion of electromagnet (+x upwards):

x(t) = Ag sin (wp b+ ®o)

where 1
. Wl
oL —xo = 0.2
2 r _—x_o .
=1x8 + | —
A.O 0 )
A
Xg Wh " e
- N — OO —
and ¢0=tan1 : = tan™! (©0)

= .8887 ¢
Hence x(t) = 0.2 sin (35.8887 t + 90°) = 0.2 cos 35.8
¢) Maximum x(t): o
. x(t) | mex = A0 = 0.2 in

: i f electromagnet
tension in cable during motion = k x(t) | max + Weigh o
aximum
lii 10000 (0.2) + 3000 = 5,000 1b.

.

e
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%, %, %
* ) \—
.
. *,7¢ ey

f motion:
(a) Newton’s second law ©

g e
k, x =mX Of mF 4k +ke) X
F(t.)=—-k1x- 9

© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
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(b) D’Alembert’s principle:

“_0
* ki x—kgx—m*
—mx=0or 1 -
F(t) In'l'-.‘hlls mii—l—(kl +k2)x 0

(c) Principle of virtual work:

gl

(kT k)X ox
tual work done by the spring forces (k1
Virtua

i =-(m¥ a]l forces
done by the inertia force Ehe tlta.l virtual work done by
Virtual work tl: rnciple of virtual work,
i P
According to t0€

: ) =
must be equal to ;:ro . +k2)x5x=0 _ . e
——mii — K1

i rgy:
(d) Principle of conservation of ene gy

i .2
=—mX
T = kinetic energy = 5 m

‘ j = t 2 — t .t' — lc 2 =4 2

=0 = = nst-a.nt
r+U Ly + L (k1 LB =R

% ko) x =0
-€—1-'(T+U)=0 or IIlX+(k1+ 2)
dt

»(%)

3
2-25
PRELIMIRARNS\EEREIESNNEDR/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic

mechanical, photocopying, recording, or likewise. Forlnformatlon regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Equation of motion:

Mass m: mg—-T=mxX (1)
Pulley Jo: Jo §=Tr—kar(6+0)4r (2)

where 6, = angular deflection of the pulley under the weight, mg, given by:
B8 3
mgr=k(4drf)4r or Ho—lsrk (3)

Substituting Eqs. (1) and (3) into (2), we obtain

. o mg 4
J00=(mg-—mx)r—-k16r2(9+mrk) (4)

Usingx =rfandX=r 8, Eq. (4) becomes
(Jo +mr?) §+ (16" k)0 =0

Consider the springs connected to the pulleys (by rope)

to be in series. Then

LI | = or keg = 2 k

keq Kk Tk 8

Let the displacement of mass m be x. T

Then fhe extension of the rope (springs T

connected to the pulleys) = 2 x. From —

the free body diagram, the equation of T T
motion of mass m: L 2 ()

mX+2kx+keg(2x)=0

or mii+—3—-kx=0

T — kinetic energy = Tmass T Tpulley

. .9
=—]'—m}':2+lJ092=—1-(mr2+J0)9
2 2 2

1 1 2 _ 1 2\ g2
U = potential energy = — kx? = ry k(4rb)° = > k (16 r*) ¢
Using Ed? (T + U) =0 gives

(mr? +Jo) 6+ (16" k)6 =0

1 2 1 -2
T = kinetic energy=—2—mx +§-J0 g
1

U = potential energy = 5 k x?

22
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= — S S 4 X. Hence
g

o2 y=Z(16K)%
T=l@+)E T L (161)

gystem as: J
0\ e _
(m+-r—2—)x+16kx 0

?
l czoss--se‘c{fon: Sem X 58‘-'1 ! )
A :
T = |

a -.'0-2‘“4
. feoam e
en by (from Appendix B):

’ v o
to a load P at C, deflection at point C is &1
Due to 2

. <{+a
(x) PE—4 {a(sx-f)-(x-fﬂ,féx_
Y&) = TgEIL

P a? ¢ +2)
YC=Y(x=€+a’)= 3E1€(

f cross gection of beam:

t of inertia © ] 4
o .05)° = 52.0833 (107%) m

1
— — (0.05) (0
1=T2 (

Equivalent gtiffness:

3BE1Y¢ 3 (207 (10%)) (52.0833 (10~%)) (0.8)
P o

(0.2)* (0.8 + 0.2)
_ 6.4687 (10%) N/m

a? (€ +32)

=

ke~ Yo

Natural frequency:

‘ #
6
100) _ ad /sec
'\/ B '\/ 6.4687 (10°) _ 3596872 rad/
= = 50
Wy = =

4 . b

A7

2\4_—-’——" =0/ 8m __————v-\ﬁwﬂ-z-m—r\

| i he deflect
m Appendix B, the def ‘
f::d P at the free end, is given by:

2-27
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__Pa 12 _¢x— -2—{-5-11(::—-{’)3 s ¢<x<{f+a
Y& =gE1e 3

Using a = 0.2, ¢{=08x=12a+ ¢ = 1.0, and
- 4
_ L (0.05) (0.05)° = 52.0833 (107°) m
12

we obtain

P (0.2) ‘12 —0s8(1)? — (%'_ﬁé. +1) (0.2)3]
(08) ‘

Y = 4 (207 (10°)) (52.0833 (107%))
— P (9.895652 (107%))

_ P _ 10105448 (10*) N/m

4 yc

1

1 —
keq |7 _ ] 10.1054 (10%) |* _ 449.5642 rad/sec
< B r=ni 50

m

. ’i.t = § m/S
Da:bcu: 4= Eoo N/m;'m'-'-'Z’kgs om0l m, °
A
W, = J’k/m = (5'00/2)2:_7 15.8114 ra_cﬂ/g-

x, .
Ez,(2-l9) : x (t) = ), cos &, £ 4 = sin w,t

n

sin 15:8114 t

= g.| cos |5 gli4 t +<[5’ T

S x (k) =00l cos I5-BIIA t +0:3162 sin 15.8114 1T m
3 (£)= - 15811 Sin 5.8114 1 + 5 cos 15.804 ¢ w/s

e

! a— ] S. |5'8!’Lf t
% ()= —24. 9994 co3 I5.8114 t 79.6570 Sin <z

Date: w,= 10 m—"‘/s: %, = 005 mMm, %o = 1 m/s
.Res[oonse of unJa..mPeJ s:ije\m

X

wh
= 0:05 coS (ot +(T%> sin 101
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(e-1)

o x (t) = 0.5 cos 1ot 4 o-l sin (0F m

%(t)=z —0:5 sin 1ot 4+ ¢85 (0t r/s (E-2>
55(1’:): -5 cos lot - 10 sin lot m/sz (E-a)

Plotting of Egs. (e:1) to (£:9):

% Ex2_52.m

for i = 1: 1001
£(i) = (i-1)*5/1000; _ _
x(i) = 0.05 * cos(1l0*t(i)) + 0-1*51n(%0*t(1))?
dx (i) = -0.5*sin(10*t(i)) + cos(10*t(i));
ddx (i) = -5*cos(10*t(i)) - 10*sin(10*t (1)) ;

end

plotlb, x);

hold on;

plob(E, d%; *~="1)3

plot(t, ddx, ':');
xlabel(’'t’); )
ylabel ('x(t), dx(t), ddx(t)");

title(’Solid lime: x(t) Dashed lime: dx(t) Dotted line: ddx(E)’);

Solid line: x(t) Dashed line: dx(t) Dotted line: ddx(t)
15 . - - - T T ' '

10+

x(t), dx(t), ddx(t)

2=29
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4 ' ::Lra.&
2 ra..af/s, Szol, X,=0° oirn,sﬁa

@ 'Da.i‘au (Jd =
i o) 1
Initial conditions ¢
\’ > =2/ fi-0.0l
Wy = |'Tz Wy > Pn= “d {=5 /\/—/

. 2.010) rad/s
£y s (273), (2075) 1% .

T e | e )

Wd

(e-1)

¢ = «t-:,, .0 ] S n O. ( . )
a ” - - i E :
~ o k f .

' = I
2 %+ + o0:2al0! 'xa) — 5.000
%o+ (2ot 2

(';‘a*'a'zo‘o‘ ’)(a> = fa'n’l: 0-735"”
- (ot T
2o
.5
x (e:5)
LI (a'zo 4+ 0.20101 o) = (5 76 8 )

. inte (£-4) yields
SULS{ituHon of E%,(E 5) (E.g)

®,= g.007864 ™

Egs- (€ ) omd (E-5) 9ive )

i, ,. 0139233 ™/s
'w;!:l-,owl: PmSSengers, Gz'l)
. = ..1_<.- = B0 ra.dﬁ, = k= 400 mM
™m
weth jno..ssengers, (E,z)
& _ \7.32 red/s
= _————_—-— —
(w")l - L -]
£
Sauatiﬂj EZ (E- 2), W€ ge (Ela)
% _(32) =299-9824
m+ 500
Using k= 400 ™M in (e- 3) gives
| = (4926481 %3

—_—
Iy
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; = Yi/s
e *o o1 oT %, = o) WOn 4 /
0 \ ‘ " -
't D " SG'ZEH , G'_'-' i1+5 #IOG PS\ 5 S’: 0282 /|n
Pasto- - = O |
@ $= 193 Hz , %= 26+ 4 “'/m G
o\‘fG' 44 (ll'leo) gc 4
& te =
k= Spring Yo '“—""'3, 3 R o (0-56253) o
A _6
or 4 26.4 (8) (0:56257) - 5.2686 x10 (e-1)
~ - 1.5 x106°
* 3

z —
wd )y wPN P =
W[’\Q\'e W = —-—4"’ ) f

2
- 5.391393 N 4d

26.4 (286-4) o5

2
©-391392 N d

Hewnce uf‘. =

or N 42 = 00174925
Ezs- (E.\) ond (E-z) }jn'e.lol
4

N = — — 6 — _-———-————“—‘dz
3.2686 %10
-G
. 176 % 10
or 46 = o087 4 k
= | .
oYy d = 0.91l037 %o = o-asll03'7 e

0:174925 _
0‘7-
2-31
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; o Wb/ a3
Datw: ‘D:a-SGZ'S",G':L.xm‘ psi, p=o! / in
@ 5‘— |53 HzZ > 'k: 264 Lb/|n

4 4 3
4 = spring rate = "é"'gg__' = 2" (& xff; L = 264
= g p° N ? (o.5625 )N
3 1 E-l
or 44 _ 26*4(8)(0‘5625)_ = 9.3972¢66 * e S
N T a4 % 16°
L [* 3

¢ = }re@uenqy = 5 v

—rz Z
'y IiAz I = __.l— 0-5625)(0‘l> Ncl
where W (__.-)"HDN f (

]

0\2-

Hence g 4 264 (386:4) ISP
z 5.138792 N d

or Na\*:o.qsazso

Eg 5" (- 1) ond (E2) yield

&2

o}
)" ony8AZ2T,
_//’_—-*_a- = CLZ

Bl & 9-39‘7266 YY) ,

ax O[G B 4'63;;75 & 42

Y A = o-129127 inch

0 —

Hence N = — Az

By nejlech‘nj the effect >

of self wst'jht of the

an be
the natural freguwencd of the system ¢

4¢
a&Presseal as e £

2=32
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) nd
= maoss of the mochine, & |
e T’:"' stiffness of the cantilever bheam :

-

2E1
< = -—-'g‘g'

? d T2
L= lenj-\tk ; BEF Moung § modulusg, an

- ‘nertia of the Leam $Section:

ore s moment o{-

)
5 Xlo
ASSuminj E= 30 *106 Psi for steel ond 10

Fsl‘ Lor oluminum, WE have

6 o
_ (3 Goxw ) T2
(wﬂ)skeel Sl——

o £°
& A
3 (10.5%!10 )_T:}z
e 3
(wﬂvduminum % .. R
Ratio of na-qurwl ;ereauencies:
% |
(wn)s'l:eel o 30 )2 . LpSod = ——
(w")a[umivum 0.5

'S reduced to 59.161/,

used t‘hSl‘:Ea.,o( of ‘S'Lee'..

i

Thus the \na.‘\:urax fre?/u.encvj
Og its vodue g aluminum s

2-33
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@ For {ree vibration, a’d’d”j Newtons

) second faw of motion :
‘mg‘@. + ijinQ:o (E'lv

F s 2 a:nju[a.r OQl'SFlO-CP.mE.n’I'S, E?,.(E-i)
oY m

reduces To (E.z)
mld+mgeo =o

oY é R 09:9 =0 (5.3)

where W, = ,3; ' (E*4-)

{
Solution of E@' (5.3) ('S :

sin 0.9,,,{' (E5>

lar dis F{a.,ce ment

.

g(t) = 6, cos .t + o
where @, and éo denote the angu oo
and amgular Ve(och':d o4 tc-o. The a..w\F(ntu e of

mokion s given by

. - )
@ = a5 + (eo 3?' }" (E-6
1o+ (3, _ ]
USinj @ = 615 rad , 60,=0 and e,= 1 ra.ol/g, 7
(E-€) gives

05 = é_g 5 B P PN raJ/s
Fn WO
2-34
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Driven

The system of Fig. (A)

can be drawn in

e wivalent form as

D im Fig(®) u;tzr;me
both pulleys have

QO ™™
adius T we rnotice in 250 ;m ¢ o G : F‘
o o ! 9.
'r:( (B) that vibration r.a-n fake 9
Ig.ce. in only one wey uu..{:t- one
)uuh‘e,j moving clockuwis€

the other moving counter clockwise:
wWher Fu“egs‘ rotate in

I3 P
OPPOS‘.{:E' dl‘rec;bllons, %‘; = _5?.- - I' FI'S . B ---------- - -

: cce , which has f.ﬁe o
T:,em i fon either pulley & - ke (€1 2) e YT g
. Ve toysional Aprng constant of =@k % . =5 = -
= . . 5 '
wheve :-t: E?).-a'ta'" of motion 26 (Z5Y = ®fa N
the system:

- J.e (8 +9, =0 E i =12T rad,
Y 1’4 (e "f‘e ).-O 37- z‘. -L-( | ) l”‘o g (E‘) SIVES 2 'fol (4]
J;el -+ %+ ] 2 2

5 sa+t (Ee)gm0) K= 454:7935 N
] Ji)e=° o+ % (7 :
ie 559:"‘1‘{:(”"3:;)6‘ e 3

- -

aA©

1
|
1\
1
L]
'
1

1

I

i ible motion ($
: i i+ The other possi L
Either of these WL TECL S Lrotation of phe 010 o g
% -—-—""""T'-'- L e i hole (o5 vigl gy
0= { £ ( T 2 ) } N ! Whe

! a.‘l:ura.l.
Vo . , Thes will heve o :'\
m - dicection oF meve e section 5.7
ki )2. 5 ?_(.L)?-= golzs B-m ) freguency
s (speed Tatio) = 0714
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- 2 \
- T \ B \mq cos 8
2T 4.4185 %
e n il

Y o

il e + (kaf'-t—m?f) g =0

' = : § sne =0 3
) mlPé 4 wasmor T

z
1<¢+m£

{ sin ® =0 wl 6+ (k2 - rng,ﬂ) o=0
- T"‘g mn

i 1 .
() mlz 6 + ka sSné

Kka - rng,f
W, = ol
m ﬁ.‘skesl’ natural freguency:

con figuration (b) has the
= P«\uminu.m rod

4" Qo =

-—F i
\..:————— S’_—’—"'l 'l:lm‘c.Knes‘S:m=i

= 1.5820
m — mass of a panel = (5x12) (3% 12) (1) (386 4)

— m (.2 2
J. = mass moment of ine tia of panel about x—axis = - |2 -5}
0 s f inertia of panel is =5 (

12

. 4
T g4 =T (1)* =0.098175 in
I, = polar moment of inertia of rod = 32 d ™ (1)

2-36
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GI, (3.8 (10%) (0.098175) _ 31089 (10¢) Ib—in/rad
ky = 7 - 12
1

1 2
{k“ }7 - {_339_89_(194_)-}2 — 13.4841 rad /sec
wn =17, | 170.9878
0
.Io = polar moment of inertia of cross section of shaft AB
_ 7 gt = (1)* =0.098175 in*
32 32 Gl

k; = torsional stiffness of shaft AB = —

_ (12 (10%)) (0.098175) _ 1¢ 635 (10%) Ib—in/rad

J, = mass moment of inertia of the three blades about y—axis
o 2
1

2| = m &% = |——| (12) =0.7453
—3hlee=3|3 28| =™ 7 |3504 (12)
Torsional natural frequency:
1
1 —
ke |2 _ M ? o 513.2747 radsec
“ =17, T | 0.7453

0= i i ing = 1.0 kg-—mz.

J mass moment of inertia of the ring :

) I,, = polar moment of inertia of the cross section of steel shaft
S

-8 4
=T (a4 —dh) = % (0.05¢ — 0.04*) = 36.2266 (107°) m
32

I, = polar moment of inertia of cross section of brass shaft

m 4 4 — . 6 10—8 m4
= _3’% (a4, — dfy) = 55 (0.04* —0.03 ) = 17.1806 (107%)

ki, = torsional stiffness of steel shaft

Gy Ls _ (80 (10%) (36.2266 (10°*)) _ 14490.64 N—m/rad

¢ 2

ky, = torsional stiffness of brass shaft

Gp Lob _ (40 (10%)) (17.1806 (107%)) _ 3436.12 N—m/rad

kteq = kts + ktb = 17,925.76 N—-m/rad

Torsional natural frequency:

fa ]
Kty _ A\ /1792878 _ 1338908 rad/sec
U.)n = —j-;_ - 1

Natural time period:

2m 27

™ = o~ 133.8908

= 0.04693 sec

2.37
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1S
Kfnetn'c enerqy of SijEm i

Z

3 2 { /Ez-

g = AL Ltml 6
T=Ta+ Lob=z(3m£)e+g_

e system- is
?Z#:Zf‘ﬂia;“:ﬂgh: jcrod ! acli through & cenﬁﬂr) ',

U = Urd + Ybt = 3 righ (1-cot )+ £ 5] (45 ©),
: - |
E&uo.{?fon O:F motion : l

- AR GRS DI S
F¥ E (Mm+ 5
-3 A
haft = ‘_f_f_i’j = I (""’5)4 _ ¢i-3594 x0T
|For the shadt, = T2 = - el
ad (0.793 X 10 643594 =10 = 243290 /
k= T T z A
i : D
For the A.sc,Jz MmD ___(f%ﬁ)%_ e
° y : D (o-1) 10 kg9-m
(7.83 xw®) T ( = 75 o 87 9
32
v 0Pk Yo _ 47.7902 ra.cl/sec
k 24329 00 > _
WDy E = ( 76-8710

I'_‘.LL 5+(*“9°‘+ )

_—-——-‘-'
l" q
2 % gk?’ 9
@WJ-Q"‘Z:"“’Q"'Q _
d 9
Wy, =

w L*

o e i

2-38

PREL | M#MRYE RGFDN 4i2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

o e /e) +10 (zooo) (5)" + 9 (1000)

rad
/’L_,/f-——/ 5.1547 Sec
5(0) (2:8V) (% . & :
1o (5)°

2 2
: =lmR+m R
a; = -2!.- ™ R » J'c 2 m t )
' Let a.ngu.\a;r olfspla..ce,men =
n of motion:

Eﬂua.;t'lo

rd
+ %, (R+w)9+kz(2+m)e =0

: e ./ iy
\/(’k + k2) (R+ o) (k‘-i—li:)nERRz ) D
ith the value

=
will Lbe ma ximum when

Hl'i m = l -5 = 4—' < = 3'
e f&n&ulu = 81. 81 m/se
n

“gguation of wiokion: 1a) mf__-f-gn';‘”""'
5y 6 =k~ (12 )%~ ste) & —
S °° . )—-—mf % a4 18

z
Ty )e =0
.o k a_,+ g
mﬂze-{'—(*t‘l‘ i

{ (kg + k,_a. + ke 15) }’-/2

mg.,f;- 7_9,!:2
Jo J o*+ 2b

g b “'i (a.""+2.b‘)(29) -29b(4b)
W 2 -
%EE =1 (a?-a-zb" @+ 26")
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=23 b"-‘: Bl J‘:-‘-_Z_-

a
wn) - [ *? 7T _ V4
I,-:. - m/ﬁ 3,~ve5’ l'ma,gl'na.rj va,l.u.e for GSn. L o
Since Wnx=0 when b=0 , we have (,Sn/ma-x = T
£ * e-a-‘g-
k(o) ( ,[4)
/J_ = ,.‘._‘_."",;1‘-.6__. =

Let & be measured from static equilibrium position so that gravity force need not
be considered.

(a) Newton’s second law of motion:

Jo =—3k(9“4—)z"'k(9—;1—)(4) or Jo 7
(b) D’Alembert’s principle:
3¢,,3¢

M) —Jo §=0 or —3k(@ ) (H-k@)

—J,6=0
’ ) —Jo

o %@+%kﬁ9=0
(c) Principle of virtual work:

Virtual work done by spring force:
€y ¢ 3¢\ (3% 5
W, = -3k (6 5) (5 8) —k (0 =) (- #)

inerti — - (Jp ) 8
Virtual work done by inertia moment (Jo
S;tting total virtual work done by all forces/moments equal to zero, Wwe
obtain

Jo'é+%-k€29=o
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i ibratory inertia
middle. Thus vibra

f beam (m) at mi

part of mass O

(M + mef) Assume a deflection shape:
ﬂ .

Let meg = et ction shape due to load at

ot middle is due o

g t — ¢) where Y(x) = static defle

yix,t) = Y(x) cos (“a
middle given by:
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F—”LM%//J EI“

¢
X _4 X 0<xs3
Y(")"'Y"\S? 453\’ 2

i beam at middle = -Z—S-—E-—.:['
i deflection of the
where Yo = maximuim

2
M

gy

s 1 I'M
=211l 2 jjrz(x,t)\mudx 5 [Vmsx
2 7 4
£
m‘”%zj (x)dx-!———w2Y oM
=77
2% g+ Ly Mol
o [RE -9—1;—-—}-16—-—-24? .
=7 < ¢ e 2
T 1 oitendt o
mLU%Y(z) 9 }{_3 +16 x __24 X ‘02 + 2Y0M 2
=7

17 = 0.4857 m
his shows that Mef = Z&° m =04

’_’T’——_____,_ﬁ"——//
bout P,

For smell a;ngula.r rotation of bor P& & ou

'For Sme

L2
L (kidey, O 1) 2L (et) + L 4, (0 22)
.k _ ‘k 2, *2-22
(ki)ep = iz

. -
A k axe in serte )
Since (km)ea an 3

2
(k Ve, ¥3 4, K3 g7 + k2 %3 1a
12 ei’/ _ =
= _ - Y — — "
‘kea * 1‘1212.4_ Ko 27_ + %3 13
(‘kl'z)e@* 3 L
L 22, Us= potential energi=z T
T = kinetic energy = 2
I& x = X cosS C:jﬂt‘» )
= Xl Umax = i— k&z, X
T = -5‘: ™m 0‘9?’\ 2
ma-*t
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K ks F+ tg %z do
Tma_x = Uma,.x 5:\/35' w.n - ) ¥3 Ay ; =
m(k A5+ Ko de + K3 ks )
When mass m moves bj %, ek
spring k, deflects by %/ -
o N
T= kKinetic energy =-;—_m (x)
: 2
U = Po{'enhal energy = 2{_%(,_*)(3;_> } Tm
- L 4 xz x

-8 *,=2%
For +ay monic metion,

2
2 Z =
max — ‘2"??!1 &9:' X 5 ' Uh’lﬂ.‘x = ? = X

T?na.x — Urrm..x gives s, = ’Z%

Refer to the figure of solution of problem 2.24

A pz
T = -'z-'m %z Uz-;j[zk,(stdf-‘;a)+11<z<"c-°5'35)]

2

2

For harmonic motion,

( 4 &
Tmax = ",:'rn &9,.,2' Xz' . Umax = . (e + z) X
Tmax = Umax gives @, = ‘k.-:—n‘kz_
kinetic energy (K.E) = + m 22
Potential energy (P-E-) s L Tx+ tTx = work Jore i

&
JI'SPIG-C‘"M mass m by distance x against The total Force

(tension) of T, + T3. __
'T| = —:7 T, T2 = 2—;— T :Frorn So,u.{'tbn o_-F P’ro“em 2.26

{ e 2
Max. KE = +m w2x , Max. PE =3 T(++ F)x

Tga.-{-b): Tﬂ

mab 'ma-a(f—-a.,)

Mox - K.-E. = Max. P'E gives
Sy =

r B
& 2 . 2 | g 2 1 s 2
T = k'E- = -—é—JA ="'z_(a-€'!'n‘\d)e =-1—(,2rn1+m__—3‘)6
2
.L('mf ) -2
U-P.E-=mgal(1—cose)+2-(z"<°<l+z1~'9€z)+z t @
i 2 _ 2K
with cos@ = 1-%6 x;=§e and %= 2- 0O
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z 2 z
> R’z+«£r§2.e+-‘z“te

z 3 @2.
g .z L (o kL@ +L%y
=£Ye" , Upes = + L 87+ 5
=]

rad  gor giver
— 4-5' 154-7 sec da{:w

.. =

= ) z
’ -2 -.o.. |
since Jdo = T“lz'/a- fe— @& -
o~ when prism iS displaced by : ¥ A:'\— T
from ezuif.fl:rium FOSH:l'O;‘z the I
t s pl ilibri [ I EP

= F 9 abx = restoring force 4 l

- a

Mass of prism= ™= fwa'bk -——"‘_‘/

Of motion:

estoring forece =°
o

Ezua,f:'an
mx + T ; L =
wbh = + Jo 722 ~

e J:}aal: Ty (B1)

WOy = fwwb h fw f - P n
ind dent of cross —sect© Ehe B
Since W8y 5 In ePen wooaen ‘L |

fo\r [+ ) Ct"r‘C-u.La..l’

remains same GVen \
.2 i} mR2 + _1_ 1:[1}3.2 6
=-§ 2
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- y = U) = 0, we obtain
where x; = {R +2) §. Using (T +0)

(E‘z-mR2)'é+(k1+k2) R +a)f 0=0

: ad — Yineti ;
'Let x(t) be measured from static equilibrium position of mass. T = kinetic energy
of the system:

-2 ]_ Jo oy

2 1 _ a0
+—2—109-—-— m+r2 X

1
=—m
x 2

ince 0 = angular velocity of pulley. U= potential energy of the system:
sin =—= 1

- | M-

= 2=-l-k 16 x°
U-——2'kY 2 ( )

1

i i T + U) =0 leads to:
sincey=0(4r)=4x= deflection of spring. =+ (T +0U)

Jo ..
m¥+ 5 i+18kx=0
T

This gives the natural frequency:

16 k r?

W, = e
b mr2+Jo
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- 0.5 Hz =
' vaccum = o
For pendu(-u-m ’ Wn= J% " / 2 m
’ _ q.8/1w% = 0.9940
f= §m* =

viscous medium =

2 2/ 1— 0%l - . 52
5% = _%i‘_i’i- . () s
Wz
° =0

E&ua;h'on of motion:

P g_(miz) W, =

- ¢. 2080

q94) () =
2 (1) (07749 )

cc{:

_ g.5013
|.3694: Ck‘ &

2T 2 o ge.goos

7! 28204 } = Al 73
_[@ot
; {(2-3904) pa T
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is doubled. T ew = 0-8358

"y IT Vs _ 21r(0r8353) . = 9.565¢
b (x‘,u.. I N Ji- (0.8358)*

. 52— 14265.362

ve xg‘__’.‘

(b If c(a.mPa‘ng

(o) If damping

is {.g(\re,a', Y = 0:2090
27 Juew  pm(0:2090)  _ y.3428

“—x-é‘ = 1 e T
b (xj*' - J-f'— T2, ‘F_ (c:-za.‘?ct)z

x.
S =2 = 3.929¢

Xj+1 : U
(t) X e—Tf-B,.t sin C«-‘)d-t where Wy = 1—T "
x =

@ For maximum orf minimum O:F x({;)‘
p dx X é-“rw.,t (_Tc.g“ sin Wyt + 8y ces cq“:) = 7

_T:...__._

e e-*rus“’c + o for finite £
-—Twn $in w‘l-t + 034 cos w‘l‘t = 0

=7/

- ‘l‘,‘a.n CDJ'E =

Using the relation

g

tan Wyt _ % ('L—TZ/T) =2 7
Sin w“t = = J:.+ tan CJJ":‘ - \/: +( :L;T" >2

we obtain
sin Wyt = Jl—-‘?‘ , cos Wt =T

d
an oy
sin wdt= - Ji—‘r" , cos wg't | Z
'n @9yt

8 —Twn‘t z 2
d2-x e 7 e
when §in w&t = i— T" and ces GSJ*l: = Ty
s, t
T &9:' Ji—-—‘ﬁ‘ < O

A% . % e

dE™ 2 ds to maximum of =(t).
L osin ot = J1-T* correspon

o Tt sed tof ks =T

when sin 0t = —
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T
sz _ T n b3 ey
o X e 69, J1-T > 0
sin (_,54-{_- = - 1 - T" Cc:'rresf:onclf to minimum of -z(t)

Enveloping curves:

Let the curve
posSSing 'i:hroujh the
maximum (or minimum)

fofn ts be

REV Sy =, (¢t
- 1 ()

‘-‘

-—

-TB,t - x, (t)
Z(f,’): ¢ e " 1 z
For maximum tpoinfs, 'tma..a‘-‘ sin (JL—TZ)
&2
a.nJ - w“ fmu - T&Sn tma.r.
cC e = X e sin 09y tymax
e a2 x JI5T
T At
Pyt & - 1i— = e
s e it (VT
S'fmila.'rlg for minimum Fo-nt'S‘, twig = )
and “
E P, Tt
C E-T bsn tm-n - X e T an C'Sd t‘mu’n

e. ¢ =
* .xz({-)

- X Ji-71* .
—_ w,n
- X Ji-3* € T

x(t) = [xo + (ie"' W x°)f] e "

For x, >0, groph of

Eg-(Eﬂ—) 0

is shown for diffevent x, -

-t

—_——— (Ej_)

we assume I.G"?O as it is the
onlj case that gives a moximum.

For maximum of =x(t),
" (A, @) Gat + Ref =0

%o

ili_ - W
wx €
t, =

)

(al'l (*O + "’h xo)

PREL | MM RGN difl14/2010

L
N —
. -
® ) -
<0

e o

—— - ——



© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458. ’

%l%: = - éw"t {26, %, + 00 % - Gn (%, + B Xa) }""(E’)

(€,) and (E;) 9ive

1*x =-...u t"'{c.s-»,-a-w - w“(,to_,.wx)f: }
dt" t‘—'{-m
e, ( %o ) . 2
= _g On\ O (%, +Wnxe) { GoXo + W %o | —--- (Eg)
. ) a’_
For %g> o0 and X, 7 O ‘I{;E’- < 0
Hence +t, given by Eg. (E2) covresponds o @ waximum of =x(t) .
(- ) ;( "'w" tl’ﬂ
- + x + 63,-, xo © - } e
xlt=b"‘ B {xo ’ . 0., (1‘0-{" (43 xﬁ)

- (x + ___- e (%1: Wy * ) —-——(Es)

@ Epuation (2.92) can be exprcsse.cl as _ _1_ O (__"ﬁ:_
For hal{,c?cﬂr., m= % and hence S—ZL(_--ZL\(OG

e - =3.7542
Necessary dawmping ratio T, is 3.794
I = 2 - 3.79422
° (@r)' + 85 {mty 37948
= 05169

a) ,
(Ib- T= %‘S‘a = 0.3877, the overshoot can be determined by

finding 8§ from Ep-(2-85)*
2T _2W (0-3877) :o )
i

5= -
IS & \/ ~ 0:3877*
ﬁ“(ﬁf— - 1.32135
XL
F 3

- 1132135 = 0.26G775 X,
x% - /e

a,
oversheoot s ze-evvsg

= 26427

b .
(I} T = —T = o0.64Gl1, & is given bj

Y aw (0064610 g - 2 Ev-<1i_>
z

J'-— /T— (0-6461)2'1
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Xo = 14,2888 s
x g

A ')
. overshoot = 7/,

(i) (a) Viscous da.mpmg (b) Coulomb damping. e
L

(iii) (a) Ta = 0.2 sec, f; = 5 Hz, wg = 31416 rad/sec.
(b) 7, = 0.2 sec, £ =

g-0700 *o

5 Hz, wp, = 31.416 rad/sec. R

@) (&) =< |

x1+1

= 00081 = et .
| =04 = V. = -
o Xi+1 V1 S-z
or 39.9590 ¢ =0.4804 or (= 0.1096

Since Wg = @n Vl—-gz,weﬁnd

" 31416 _ 31,6065 rad/sec .

Y ~ V0.98798 ' o

k =m w; { ] (31. 6065)2 =5.0016 (10*) N/m ;
n

c —
Ce 21110-’:;

Hence ¢ = 2 m Wy ¢ =2 (-::'—qp—) (31.6065) (0. 1096) = 353.1164 N—s/m
e =

(b) From Eq. (2.135);

k=mul = _529_ (31.416)* = 5.0304 (10%) N/m _
n

Using N=W = 500 N,

0.002 k _ (0.002) (5.0304 (10%))
AW 4 (500)

‘ h ey 2 _ 1000 N-A/m
(a,) Ce= 2 ykm = so00 % 50

(by ¢= /2 = 500 N““/"‘ lb'%_.‘;" /i-(%.)z

W I-72 = W
500
() From Ez-(Z-gs), 8= % ('5-,_-.;) = ( )

= 0.0503
p, =

Wy

1
W

= 8:6603 ra.d/sec

3.6603 \ 1% 50
=3.6276
2000 ‘kg Vo= ';‘-o = (o m/sec > k= 40,000 N/m
m =
2.104) ¢ = 20,000 N- sec/m
2-50
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[«‘: |4_-_°_9.9-9- = A dTEL rad/sec
Wn= \w 2000

J = - m
C. = 2¥km = 95,298 221 N - Sec
c =

= - 0.7906 o! fec
iy T 44721 \]:-— (0-7906)2 = 2.7384 % /
9, = w | — = :

d n

sec
Ty = 21'r/094 = 22945

| ,72> gives
» y =_=lo m/sec, Eg - (2
(o) For %, =0 &N )

2
— TWat Z, ____ sin wJ1— T ¢
%{t) = € - r’_AJ-—TQ'

\ TL € = 2
1 sin W N' T
At ’xma,x > wnt - A -O'YUA _ .
_ . 7306 (/%) (2 O 1-0548
= "\ 2,734
v A max (4 o
by t= 4= 2.2945/4 = O '

200 cyclesfmin = 20:344 rod/sec , y=180 <4
s, =

| | * G416 \Z _ .4359
y I gz = 011 kg—-m ~ i-(LJJ )2- = fj e 20-94—4—_5
a JI-<% Wn» 57 B
Since WU T & ) c
- e —

.. e
Ce)eri 2 Jp On 9)
23, WaT= 2(02)(20-944)C 43>

[=}

3.65 19 N—'ﬂ"-/‘./ra-c! .
6 =0, O
be used to obtan a(¢) for &

Ee.(ZJZ) ‘-9"“- T o= 2T = o.3333 sec ,

cad and t7 d 51 i ot }

() é-jw“t 6, {* ek + T ¢ x 03333

T 18,8496 x 0°

(0'4'359)(7-0'94‘*)@"”’) (0.034-91.) { cos
(<

Cy

1"

= 20 = 0'034'91

]

0: 4359 X 20°94% in 13.8496 k03333 §
8. 3496

0. 001665 rad =

' boy { - b of 5 cm (8=
| Assume that the bllc?;cle a;i;}:z tgya.n | itial dowmwar 4 displacemen
@ ) will be su

the mass (Meq) ¥ .
0 assumed ab point A):

Keq T50000) (9:81). _ 247614 rad/see
— = 800
Wy = ~
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soo _
ce=2muwy =2 |goT (24.7614) = 4038.5566 N—s/m

¢ 1 00.0
$= <. _ 4038.5566

wy =w, V1—¢ =24.7614 /1 — 0.24762 = 23.9905 rad /sec
- n

= 0.2476 (underdamping)

Response of the system:
x(t) =X e " sin (wq t +9)
1
[ 2 ?
X + ¢ Wy Xg
where X =1{x§ +
Wq
2
) ( 5) 2|2
4) (0.0
. (0.2476) (24.761 - =0.051607 m
=1(0.05)" + 23.9905
(
| %ow g 0.05 (23.9905) — 75.6645°
and ¢ =tan S trmgEl {0.2476 (24.7614) (0.05)
n

Thus the displacement of the boy (positive downward) in vertical direction is given
by
x(t) = 0.051607 e~ 8.1309 t gin (23.9905 t + 75.6645°) m

Reduction in amplitude of viscously damped free vibration in one cycle = 0.5 in.

T
- X _ 80 _ ) 000p; In - =0.08701 = {
xg 55 X2 1—-¢
fe., 0.007571 (1 —¢*) —39.478602 ¢ or ¢ =0.013847
| Ty = o2 sec.—.% P 9y = 31-4l6 ra.d/sec
From Eg. (2. 92) &= _% w10 = 0:04605
0-046CS

F’T“__‘ T = 0:007329
(e & \/7”) c.04605°

When Ja.mpmj (s neglec{'e.c! -
WS = GSJ/JI"F_' = 31.417 rad/sec 5 T G, = 019999 Sec
n =

Prcpor{'mha-l decrease in perod = fE 2_00;_19959) = 0:00005
7‘_3Far rcfma.,uj Ja,mped SyitemJ EZ (‘2. 80) SlVeS‘
_wh
x@)= & { %, - ;co oot - wl ot } )
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Let tm = time at which ==
Here #,=0 and %o = initial recoil velocity. By setting
x (t) =0, Eg: (EZ) gives

¢ = cur,
xma.x a.nc{ x o oc

™ C.Bn(;co.;.asn xo) W, io n
with Ey. (E3) For tm and A, =0 > (E,) gives
. — 5y ém 5 -1

4 = % t = %o &

max o ™ e
‘e %y = Bp Xmax € = n (0:5) (2-7183) (&,)
. d
USing %, = (0 m/sec, ¢Sy, = “/(o.; x 2:7183) = 7+ 3575 =

When wmass of gun is 500 g,
the stiffness of the SF‘n‘nﬁzl'S’
k= 5 m = G.3575) (500) = 27,066 -403 N/

|4 = 5000 N/m ) Cc= 0+2 N—S/mrn = 200 N—-‘g/'m
= 2\‘1(111 = 25000 m
m = 2 -‘kg
€Iy = \"k/rn = \’5000/2 = 50 r'a..a'/sec
Loga.ri'}:ﬁrm'c deerément = S . &7 T:. _ men
f= 5
c= o 3033 (0:2) = Go- 66 N=5/m
ﬁS'Surnf'nj N, & a.no' ";’o = i'rﬂ/s,

—

<
ey = — = 0+3033
t-e T c, M\A

_yw.t .
x(-t') = eT Xo sinm |—‘3‘z wﬁ‘t
w, J1-71*
For H X ) -t o~ -"-/2 a..'ﬂJ Sin J"‘" Tz clsn'b ~ 1
ma. > n ~
- - _ _ 03033 (‘ﬂ'/z) i (1) - 001303 m
max = € 50 \Ji-—o»Boza
-‘ For an overdamped system, Eg-(Z-Sl) gives
Wyt —wht
@ x (t) = epjpwnt (cpe? + ¢, € =2 ' (1)
USI‘n3 the r'e’a,'h‘ans etx — cosh 9 £ sinh = (Eg)
EE’(E') can be rewritten as
x(t) = e—Tw"t (C_,. cosh @yt + C, sinh G.?{l:) (&3)

2-53
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Differentiating (E;),
. -7t
x(t)= e

o..hc‘ C'4 = C',..- Cz.

[63 &.94 Slln.“\ Clsdt + le CL;J COSA Ud-t ]
- =

Initial conditions x(+=z0) = %y and x(t=0) = x, with (E;)
and (E4) give -

Cz3=% , 4= (%o + 7000 %o /sy
Thus (E3) becomes

(ES)

_Yw,t
x(t)= x, € L (CQSA Wyt + TGC;:" Sinh &%ﬁ:)
%, Taat (E
—CE‘J" c fn'tl('l ngl't 6)
(i) when %, =0, Ey- (E¢) gives
_T(—'Bnt T On .
x(£)= =, e (Cask @t + =, sinh cuz,t) D
Since e Tt , cosh at T W

)t and sinh &t do not
-
cha.nje sign (a,lwsz Fosc'h've) and g Tt Q.JPJ?FOG.-CLCS
3ero with increasing t x (t) will not change sign.
(ig') When %, =0 > Ea.(E;) gives

v ~'Tu,t

x(t)= X o % sinh 63t (Es)
“d

Here alzo, wd, E.’,_ Tt ad  sinh CtPA'f: do not C.j'aa.nge. S'a'an

(whumjs Posiffve) avd E-.T&S,,t

roaches zero with
increasimg €,

2_(1':) W;.“. not Cha..nge S‘c'gn-

- . o
| Newton’s second law of motion: T %
—_— K, X, X

EF=mx=—:kx—cx+F,— (1) A
YM=J, §=—FR (2) e < )< .
where F; = friction force. - F %6
2 " F
Using .I0=mR and9=-l3%, Eq. (2) gives
—— el X __ 1 3
Fr=-3% [mR] R g ¥ (3)

Substitution of Eq. (3) into (1) yields:

2.54
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3 mitck+kx=0 (4)
2

2k
3m

(5)

‘The undamped natural frequency iss wy, =

. Newton’s second law of motion: (measuring x from static equilibrium position of
@ cylinder)

ZF=m3£==—kx—cfcf—kx+F; (1)

PM=J 6=—FR (2)

. 1 2 A — _zi_ . %
where F; = friction force. Using Jo =5 R? and ¢ R’ Eq. (2) gives
F{ =——1 X (3)
Substitution of Eq. (3) into (1) gives
3 m¥+ex+2kx=0 (4)
2

Undamped natural frequency of the system:

& x Wy = & o (4)

2ot \

Consider a small angular displacement of the bar § about its static equilibrium
position. Newton'’s second law gives:

oot bl bl

4
c - 2
6+ —ke =0
16 +4

i.e., JD .9. +

2-35%
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where Jp = X m ¢2. The undamped natural frequency of torsional vibration is
0= .
48
T
Sk 36 k
“2 = 17, V 7m
o Let & = virtual displacement given to cylinder. Virtual work done by various
forces:

Inertia forces: § W; = — (Jo 8) (80) — (m %) & = —(Jo 8) (%‘;) —(m¥) &

given by:

Spring force: W, = — (k x) 6x
Damping force: SWg = — (¢ x) &x .
By setting the sum of virtual works equal to zero, we obtain:

_Dh )%
R |R

—~ Let 6x = virtual displlacement given to cyllinder from its static equillibrium
position. Virtualll works done by various forces:

Inertia forces: L =—(Jo 0) 80 — (m %) 80 = — (Jo ﬁ') ( ) ) — (m %)

—m¥—kx—cx=0 or -2—mii+cf:+kx=0

Spring force: dW; = —(kx)&x—(kx)x=—2kx bx

. . —_ — - 5x

Damping force: Wq (e x)

By seiting the sum of virtual works equal to zero, we find
Jo %

_ %0 X % —2kx—cx=0 (1)
R R

Using Jo = -;— m R?, Eq. (1) can be rewritten as
—32—mii+ci+2kx=0 2)

S, Let 60 be virtuall angular
Y i in the solution of Problem 2.1 1.4. . b
¢ i?:pliszgengtl:?ren to the bar about its static equilibrium position. Virtual works

done by various forces:

Inertia force: SW; = — (Jo 0) 8

Spring forces:

3
3¢,3¢ f_ ﬁ — |2 ket ol
w i b
1 . - o B 23 (= )
Damping force: Wg (¢ LF | ‘
By setting the sum of virtual works equal to zero, we get the equation of motion

_asi ve 2 3 .
s _ 83k 0=0
Ja@te g v+ gy

|_ - PRELIM$MMRANEBREIFON 4i2/14/2010
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T a1} X’

. . d
equation of rosilin becomes 40 kg and restoring force — weight of fluid displace

i f the

f prism = here pg is the density o
where m = mass o1 P 6) x = 2.3544 pg X Where Fo
— g (9.81) (0-4) (0.6)
= po ga,bx pO(

fluid. Thus the equation of motion becomes:

40 ¥ + 2.3544 po =0
\/ 2.3544 po
Natural frequency

-—05weﬁnd

Since Tp =

2 3544 Po
=
Wy = ___.. =

Hence py = 2682.8816 ke /m

rope on the left of mass.

Let x = displacement of mass and P = tension in
Equations of motion: ) 1
' NF= mx—-—-kx~P or P=—-mx—kX ((2))
EM'—"IO 9_‘P Ty "C(Bl‘l)
Using Eq. (1) in (2), we obtain 9 .
(mx+kx)r2 —clr=Jo

With x = 0 r9, Eg. (3) can be written as:
(J0+mr2)3+cr19+kr29 0

i becomes
For given data, Eq. (4) .
[5+1o(025)2]6+c(01)9+1c(025) g=0

: (5)
o 56256 +0.1ch+00825k6=0
Since amplitude is reduced by 80% in 10 cycles,
_fl—- =.l:9- =5=el°§wn1'd
X11 0.2 (6)
1n-}—c———-1n5-—-16094=10§wnrd
X1

ional vibration
the natural frequency (a.ssumed to be undamped torsion
Since e

=2 7 (5) = 31.416 rad/sec. Also
2m

27
L =
[ R VA \/?—8

frequency) is 5 Hz, ta

(7)

Eq. (6) gives

2-57
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== 0.2 _ 62.832¢
=2 1.6094 =10 ¢ (31.418) | f-—"l — §2 "'_7-——'1‘ — e

Nz _ 52832 . _ 390406 ¢
e, V1-¢ =750 °

e, ¢= 0.02561

c(n ) Thus we obtain:

0.0625 k _ 31 416 or k = 8.8827 (10%) N/m
c _ 0.0620 € _ 33,
“n 5.625 . 0.10 ¢
c

¢=002561 = — = 5~ 2 (5.625) (31.416)
Cc

or ¢ =90.5134 N—s/m

-3
N -m
: ue = 2% 10 ‘
Tore = 8o divisions

angle = 50 ystam » Eg° (2-84) gives

For o +orsio nal

(E)

0 T W, Td
— e |
2 E gives
one cgcle 5 ?cl = 2 Sec a,nr.! ( ‘I) (Ez)
o _ L fLa (1) = 1-3863
ZT wn oY T(‘s‘n T

30
-_— = e
2 I - S
Since 'CA = W i
= = = ll'-??':
F3 2 4T L |-3863
% (7'“-)_. 4 <*wn = 7
w-n - 2,&2 | A/sec
) = 9. 4333 T&
Lr € (‘9]’] O; ro'bo‘r wun Jer O~P

H"e“ torgue
(4) Since o.ngula.r ala'splwce.menf

- o = 08727 veds

4, = ‘t’or&uE/a.thLla.r d
€ -3 N_m/racl
= 22,2917 x(° |
of inertia. of rotor
k¢ zzqrvx:o’g/ilﬂ‘?ﬁ (e
N = S — ’ 3
Jo = BF 6
(C) Cp = 2 9 7“3“ B Y Wy _ _!_'_3_§§.é- =O'403‘7
E&s (Ez) OI'I'!A (E;) gl.Ve T-‘ [ 3. qa‘lga-c!
. =5 —m-4 .
Eg. (Eg) gives Cy = 5.3887 x10 N-m-4/r

2 %10 3/0-3727

|

l'g‘p‘a.ce.me“t

(E4)

'S

-ty e (3
(o) Mass moment 19436 x 16 N-m- S (;)

2-58
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(Cb) m=10 Kj -
c=15¢ N-5/m

= 1000 N/m

(C) m = 10 Kg
c. = 250 N"-s/m

= lCoo N/m

! E
' '.
; !
' :
I ]
| | =
looe I s = K EPEINE
Sl " radfe
d ! =10 rad/s = lo
= [0 Y& /S | | .
I ¢ o
‘5'= zc w' : 3': '*""'2mwn l[‘;._ me“
m
n___. , Sk = ; =__—-—————-250 = 1:25
ki =015 | 2 = Bl praliC N
} 2 (10) (1o
2 (10) (10 | 2 (10) (10) : ]
{ { 2z | _ . .
6d;= 8, I—‘S‘z l,C.~.9ar;: 1o i - troo 1094- not ""H’{""
A l = l = 0 ! (over-dmeeJ)
=10 \-—0-15 | = l
' ol |
Z6.¢1438 rad /s i(Cr"?leu-j-o‘a.mPeo‘):
! i
(under- damped) 1 :

4 (@) Under o\a.\mpecl Sjs":em: Respomse : Eg: (2.70)
! i
;oo 2 Xg + T, o 2}/2 (e-1)
_ X, = {'xa + ( - )

: - WS.= 6-6 1438
: = = 10 =66 >
Using %, = o'l x, =10, 5= TS 5 (9, , Yy

Bg. (E-1) gives ¢ - 1.62832 m.

¢o= Q/':‘ (-—- i°+‘}wnx°>
664 ‘Za i
! (o + 0-75(‘0)(0-0) — _ 86. 47908
= Tewn -
( 6.61438 (o - _ 1.50935 rad

Ez-(ZJo) gives: st f 50%5)7‘“
2(t) = (-62832 ¢€ Cos (6-6{1438 + -

() critically damped system: Response: Eg. (2. %80)
—w,t
x(t) {fx + (%, + @y xa)’c}

2-59
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== &
= fort 4 (ot oxo-t) t}e "

—tot
:(o|+ut)em

D) overala-mpeo( system: Response: Ea.(2:8-1:>

Ufl'nj \l—-;f:—;‘ -;,’,.7_52——1 —6:75, Wwe obtain
C|:: rn, By, ;‘S'-f*\’\;z__"l }-’- io Ea.(?-EZ)

2 W, '52—1

o1 (16) {1-25+a-1§_}+:o
2 (1) (0:75)
C,~ = T ©n {‘s#\’?z_ﬂ'_}' "o F—g-(z-sz)
2 2 &y J;"zt_,'

_ _ol(la) {|-2'5-a:'75}—-lo I

2 (10) (615 )
Eg. (2. 81) 9rves

Cw ¥ Eo )W, t
(—-3'+\]*§~!)05*= CZgT *-1)

x(t)= C, e .

.L—
(-1-25+075) (i) £ (-1-25-0-75) (10
0.8 € - T2

- 51 -20t
= g8 & - 0T @

P - Eherjy sts;'&a/fecl h o CJc,‘e o; “-.,o-é"On’
”‘('&) = X sin &yt , is given by

AW = 91 ¢ Wy xz & 1D

@) w, r '020 o rad/s

- = 0:25
? men zoa)(w‘)

asj = W, \JI- vr = |o\ﬂ- 0-251 = 9.682458 ra.o’/g
For X =02 m> EZ' (E-l) gives
PRE L | M4PyOVRAIWBRISHDN| 4ixy14/2010
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Aw = T(50) (5-682458) (02 ) = 6083682 Joules

(b) G}“:\I%-‘ = lao T&G!/s

c 50

2m Wn 2 (10) (10)

f 2 J 15 = 6:614378 mo(/s
W= W, 1= T =lo (t-o = o

For X = 02 m, Ez-(E'I) 3""’95

2
aw = T (150) (6.614378) (0.2 ) = 124:678385 Joules

a1
201~
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£ - [£990 = (4. 1421 rad /[sec
= ™ 20

- 4—;) 4"0} 3‘; mm 3
sive cycles = 50,
AmPU\‘:ua[es of Successive ¢y

= 20 k} R 4= 4000 N/'m

(minis Smm=5x00 ™
litudes of successive cycles diminish by
Amplitw e |
system has Coulomb damping. (sxw—3>(4ooo>}= .
44N - 5% fc;'a > MN= Bre —o—
— =

= a(a.mlm‘nﬂ force
F ?/u.enc-j o_-F cﬂa.m?eo[ v;‘bra"tfol‘l = 14-142] ra.ol/sec.
re ! __

-3
oo N/ ._.-—-—"HAN = 150- 100 = j2:5x10° ™
m=20 ®g, k= 100 W . =

o~ 1533

— [ES x1o > ) (10 000)
2 4 (20 x 9-81)

2F. = AW J‘“:' = 1.124 sec
Te elapsed = 4Tz 42 5, = BT V% 100 =
m= 10 k5 A4 = 3000 N/m s ,u:o-tz, X =
4PN 4 (0-12) (1o % 5.90) _ o.o457 m= 15:7 ™m
* 3000

mass comes to rest at Qoa—94--z)=5-8 mm
As 6(4'_E_-kN) = 941 ™™

; o
i orce = ConStO—n
4¢ = 1000 N/‘m R da.,'mpmj £

‘mg = 25N

L 9;- = Q.
Mass celeased with %= 0 cn and o

25
static deflection of spring due to self weight of M2 = Togo
a
= 0:025 m -

ak =0 4% x= g-Lm™m , 2% =0
xX, =01
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_ ‘ff‘_N
2, — Z /:l—i-] » Ay = Ko
e A 3/“” = i

-

- e iﬁ;i o ( 'i)(looQ

.‘{:uc{e a:e daam]'l'n‘j :Forcg_. /AN-' ___-—-—

L= Xy = ToT Tk
xz= 0T 7% > Ta

ma'sfu = {25 N
= g-05 ™
= 50 N Ky = 00
P % = |0,000 N/'I‘H ) /HN >
i . comes to

eycles elapsed before mass

@y Number of half -
v q -
rest (r) is gwven L ( . 3

_—-—-—"
%o ~ }AN ' 0000’ _ 4.5
r = _________. _
{ 2 )*"E' 2(10000

( 1 e e E

£, = 2T [ =27 Teo00
P (5 cyeter) tp = 0-7025 Sec
g les :
S {'uxl,f-cgc.c
.| extension of SPring aster > -
(c) Fine 5(%_£:. -oo'5'.- P22 =

= g-2810 s€c

Time taken =

= 005~ = To 00 )
’x&g laLemenE from static cau:f-tbnum POSL‘EIOH )
o mg _ 20x%8 _ 5.01962m
But stetic deflection = _3:« = ——
5 < _ . |
Fn‘na.{. ex{'e.ns:on OJC S'PI"L'I‘lg L9620 cm

fion {o¢ o_m?u-n-a—"" og—r_,ﬂnﬁm"" 015 Pendu.‘.u.m:

/
(a.) Ezuglrcn of -
g e T 1“31 dim e L 'rng,‘u Fd

Fcr,wmllo-”“jfu e+ﬂ(eiﬁ‘)=°

t +. left : N
motion From righ i
® Fore({:) = A of Wt + Ag A wet + 37

where @, = Tngﬂ

= FJ Az=0

. ]

5(6 =0)=0- Then AL= e, - 1
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d
4 kw2
a(t) = (6, - 1'*_?:__2 cos 9, =

4t to rigkt‘- fu\
Sl.\'l (;9,..*5 Lo ?ﬂ.

= Yolt8 O[LL’&I-O'G.
t t=T = + 2 - * _o from previous S
At k=T, €= - 6 3 B f p

3 d =0
et m ST M
ot) = (6o - )« T 2T 4 ud
(C.) The motion cea,Ses ulmen (90 _n ‘l’zt!f ) < —;—Q-_-

denotes the number of cucles.
Mhee :///.—‘ﬂ———”’_;—:j—‘

der sinusoidal force S

x(t)= X sin wt (un |
= N
Dam ping force = M e e
) r{awr\’t per cy =
Tota.l Jdis, > | Pzr c_gc_te = AwW= 4./.|N X

Energy du‘s*sfpa..ta S A
If Cep = ezufvw(ent viscous damping _
e =

'S jven b Eg- (2-98).‘
cﬁ«'s’S‘fd;ai'eJ Pgr %LL is give y
2
AW = TT ceaw X

ives |
Ezua.:t-‘nj (EV) a.n: :Jia) giv ¢ | (Es)

= TwX
\ |Due to viscous damping *
| Xm - 2T 7§
§= In (—f;"

ge in @m pl.‘fuc’e

For motion from le
e(4) = Az & w.t + As

(Ev)

(E2)

per cycle at Xm
- Percen{' decrea __7_1\-3—>

X m
Due to Cou(omb ala-rnpfng :’ |
2. Perr_en’c Jecrease in &P
) =

Xepp = Am _,L_—l
+|> — 100 ( X
= |00 ("""'"x = 4

litude pev cycle at X

P tx
When both types of o\a,rnpinj are presen .
=2 ; FH+3%|yx_-iomm
%—‘-k%'z\xm': 20 mm | Z\Xm jo
2-64.
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N
e -2TTy 400 /_“_;_> P
0o ((" 4 ) 0102
—?_T‘-T + 400 (l&-:—:,— - 2
o (1-€ ) F ol

ives
’ -6

The Svluh‘on /‘—E e )
%

o - |
50 (1- zwr):;ms

?\Coulomb damping.

AU 27 _ g.9832 rad/sec. Reduction 1n
(2) Natural frequency = “o = Tr -
amplitude in each cycle: "
4pE _ .
- 41N —dpE T =g _4“\628322
0.5
= ——— =0.005m
=0.9940 10

s tion = W = 0.00503
Kinetic coefficient of friction = £ 0

(b) Number of half-cycles executed (r) is:

B g
_____.“N) (10"-;)-2‘)
>( I :
rZ " uN (ZEE)
("""_-_.) )
k n

> 39.5032

- er 20 cycles. o

Thus the block stops oscillating aft
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% _ 16,000 _
o= f_____._s = 44.721359 rad/s

= 25 2 140497 A
W 44.721359  °° 4
Tlme 't'a#&n 1.0 COmP'E{:e (R= Lg,cles' = |0 ’t’h

= 1 40457 s

4 x
) T, X (F)
~—To er= 30
C N = mg ces @ | I K‘ix

[N

'l'“?Sl‘ne
When = 4 a_nA -;(—+ or X:—GJI'\.PQ?C:',"

—

Carke {:

™ % =—21('J(-—/UN+TH?$J'|\9
or mx + L kx = o & ‘““j"cose{mgn‘n.@ (E")
case 2 yhen %= + amd K= — or WE e gl NS = b
mn:—21g7<-|-/JN+mch|'ne
or m;‘. .1-7.4{2! = Mmg cose + mg Sin @ (E-Z)

Egs: (E-1) amd (£.2) can be written as a single
eauca;\:la\n ak -

WA+ g oSO Ajn(:'c)+ 2 4+ ™G Sin O =

; (e3)
(b) o= 0l m, KXo = 5 m/;-

Cu= % = I020°0 = 7.071068 ra.af/g
Solution og Ez- (E-1):
/U.mg ces &
% ()= A, cos Wat + Az sin Wit — %
+ ™ Sin © (5'4)
e
Solutiom of Eg. (E.-2):
mg Sin &
2 ()= A3 to$ Wat + Ay Sin Wat 4 pmg cosé g, a0

”
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Note: There is no page 2-67.

] faJ conditions in each ’hﬁfl-f C.y,r_!e, the
initt

Usi the N
. A, and Ay or A3 and Ay ore b be Foun

Sta.nlrs ‘
c—on exambles in the Lirst halg eyele, the motiom -
-, J t d ‘eht with =, =0l and
starts frowm ',6514; swar rig

o= 5- Tl‘lese VG-JI.U-ES’ Can be USEJ 'n E_a. (Ev"f)
o F —
te fﬁna‘ A, and Ag -

k = 25 _ 950 N/m. Reduction in

A — pN=102() =1N 0.10
Friction force = H suN 4 (1) _ 0016 m. Number of half-cycles

R

/' amplitude in each cycle = —— -

executed before the motion ceases (r):

wN
X~ | 01-0004 = o
r2|—3pN | 0008
K

the unstressed position of the spring.

T _A /250081 _ 991472 rad/sec
wm=\N==V "3
T

_ 27 _ (.2837 sec
Wy
=67, = 1.7022 sec.

Thus total time c_)? _Yibfation

is 5 by the arveo
J'S'Si":a,’cgd in each Full [gad cycle i given Y
\E“erai d by the Hhysteresis Loop- el by
o ; found by counting the sguares enc

the number of sguares is

the

The area an ke

the hysteresis loop. In Fig- 2.117 »

,OOXl = 0l N~-m
ye = e =
~ 33. Since ea..cﬁ sg U '?Oo

energy ol:'SS'iPaJ:Ecl n a &g iz

2
= 3 [ - = M kp X
AW 3 x O-I 3"3 N

,tl . {: » 3 [
‘ 4 2 -7
I.ﬂ e e l'la->{ l“ut” ec O — = '3 I’Il'l ih:

slope of the force—deflection curve is

& = _'_9_0_9__'\’- = 6364 xuos N/n-.,
- ft mm

s ven b
the hysteresis damping constant B is IV y
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AW 3.3
= = = 0-3472
P ™k X2 T (16364 x10°) (0-0043)2 o4
§= TR = logarithmic decrement = W (0.3472) = (.0908

o-1736.

Eeu.i'Va.-te.n{' viscous ala.mpi"nj ratio = Yea = /6/2

}J‘_—: 2._-0-__'["_E_=1_1 . p: 0:03032
x;‘-u. Z'Trfs

= f = 0-04288 N-
Cey = @ Jmx = o0-03032 Jix2 /m »

2
aw= T xf X*= T(2) (c-03032) (m“ = 19:05%x 16 © N-m

Losa.ri{'hm.‘r. decrement = § =. Bm(x;. )= i
. Yo
For n cycles. _ 1 Qm( o) :1:-;5
Xn
2 = . §5 = T
54 E"‘(z—c\") = 0-0040 B
p=o-001291
| Xo
- X
-1
_ | 25 o ~
STY) 2 I wof"" 2:5= 0.0091623%9
S=Tr b
< .
o
o 4o 8K _ (0.0091623) @82 O
™ T
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% Ex2_157.m! | .
2;157 g This programl will use dfunc

tspan = [0 0.05: 81;

0 = [0.4; 000 '
Tt x] = ode23('dfunc1', Lspan, x0) ;
plot(t, x(:, 1))
xlabel(’'t');
ylabel('x(t)');

%ﬂéfuncl.m
function I = dfuncl(t, %)

u= 0.5;

k = 100;

m= 5;

f = zeros(2,1);

= 2) % .
ii;; = f; l 9.81 * Sign(x(Z)) -k o*ox(l) / my

~ o Ex2_158m

| Wi = 10;
dx0 = 0;
<0 = 10;

for 1 = 1:30L ' L00s | |
t(i))= ztiz_i)i dxa + wn*x0) *t (i) )*exp(-wn*t(l)),
<1l(i) =

end -
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x0 = 50;
for i = 1:101
= i - 100; ' -
tét;)——2z;3 1)1 dx0 + wn*x0) *t (1) )*exp(—wn*t(l)),
x =
end
%0 = 100;
for i = 1:101
i) = i - 100; ‘ '
tét?)— 2?;3 i)i dx0 + wn*x0) *t (1) }*exp(—wn*t(l)),
x3(i) =
end
x0 = 0;
ax0 = 10;
for i = 1:101
1) = 1 - 100; . .
té?})— 22;3 1)1 dx0 + wn*x0) *£ (i) ) *exp (-wn*t(i)):
x4 (i) =
end
3 ; 01
for i 1:1
i) = - 100; . -
tétz)_~2:;2 1)1 dax0 + wn*x0) *t (i) )*GXP(—Wn*t(l)).
x5 (1) =

50

end
ax0 = 100;
for i = 1:101
téﬁ!)z—ziiz—i)ilgiﬁ + wn*x0)*t (i) )*exp(—wn*t(i));
x6 (1) =
end .
subplot (231)
lok (t,x1);
iitle(‘x0=10 dx0=0");
wlabel ('t');
ylabel('x(t)’);
subplot(232);
plot(t,xZ);
title('x0=50 ax0=0");:
xlabel('t"):
ylabel ('x(t) ")
subplot(233);
ot(t,x3):
21tlé('x0=100 dx0=0");
xlabel("t’);
ylabel ("={t) ")
subplot(234);
plot(t,x4);
title ('x0=0 dx0=10"):
xlabel('t’);
ylabel(’x(t)’);
subplot (235)
.plot{t,XS);
ritle ('x0=0 dx0=50"});
xlabel ('t"):
ylabel('x(t)');
subplot(236);
plot(t,xE);
title('x0=0 dx0=100"):
xlabel('t’);
ylabel(’x(t)');

o Bl i |
F=hly g §
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50 dx0=0 x0=100 dx0=0
x0= =
100
x0=10 dx0=0 .
10 i
60
=1
= 40
=4
20
£ 2
1 2 0
i
%0=0 dx0=1 00
x0=0 dx0=50 A
3
1.5
0.3
£ 1 Z2
= %
= 0.2
1
0.5
0.1
9 2
00 2 0
0 2
0

o

%Ex2p159.m
lwm = 10 ¢
] zeta = 2.0;
'gx0 = 50; " etat2-1) )i
) ( 2*wn sqrt(z .
=0 20; t(zeta"2-1) } + ax0 )/ * t (zeta®2-1) )i
cl ( xo*wn*((ZEtia+_52;:é(zeta“2~l) ) - dx0 }/{ 2*wntsar (
c2 = ( -x0*wn*{ z€
for i = 1:101 .
Dy e i-1)/100; - * )
t(}) - S*il 11/(_zeta + sqgrt(zeta 2—1))**W?tii§)).
ey ;ieizﬁ (-zeta - sqrt(zeta“z—l)) wIl !
+ C

I

n

end i
plDt(tlx)’.
x]_abel(’t')i
ylabel ("x(t) )i
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20
18

16

x(1)
=)

o

: m
Resulti*gf Exz;zgg**********
ekkEKK nEET
>> programz_ yralis
: on analysl :
Fiee :iigizldegree of freedom analysis
of a

Data: .
= 4.00000000e+000
i: 2.500000009+003
= 0.00000000e+000
CBF l.OOOODOOOe+002
§d6= —1.00000000e+001
n= 5

0
delt= 1.000000008—002

system is undamped

Results: <dl) %dd (1)
. ®(1i)
i time (1) 002 6. 049518e+004
+001 -6.282079%e+ _5.472905e+004

1 1.000000e 00 3'322313§+001 ‘1'%2123321333 —2.556Dl4e+033
2 2.000000e- '289623e+001 -1. _3,355853e+0

-002 7. -2.109085e+003 004
3 3.000000e-0 64e+001 - ~1.947040e+
4 4.000000e-007 g‘iiggs4e+001 -2.375618e+g%§ T3 171701e+003
5 5.000000e-002  Crr)oo0er000  -2.4944438
& 6.000000e- :
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. 425659e-001

.499931e+003

.266037e+002

-5
4
_1.597256e+00
-go1 8 2.417001e+003 = 112+004
44 4.400000e 555609e+001 03 ~3.042
i 4'500003edg%i 1.868066e+G01 i'éiigg%g;gos -4.298633e:%gi
16 4.600000e- 5 .877850e+001 - 003 -5.287502¢e
-001 . 1.332986e+ 7596e+004
47 4.700000e 1 160003e+001 02 -5.94
48 4.300000e—00% 2 516153e+001 7.68gi§%z:goz _6.237897e+004
49 4.9ooo%ge—ggl 5 980636e+001  1.55
50 5.000000e-

x 10"

(1), xd(®), *dd(t)

0.7

x2 161.m
53?&53*253**1***“*H**H*
>> programz i
i ion analysis .
Fiez :;ggizldegree of freedom analysls
o

Data:
- 4.00000000e+000
= > 50000000e+003
- 1" 00000000e+002
el 1 00000000e+002
Xlo=  -1.000000008+001
= 50
71t=  1.00000000e-002

system is under damped

Results:
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' %dd (1)
i time (1) x (1) xd (i)
l 004
002  -4.678477e+
4707e+001  -5.547860e+ - +004
s é°gggggg§-ggg 2:320851e+001 —i.gggggzZ:gg% _1'3%ESE§Z+004
2 2. . : . | :
d Teggeio Bl . _7.722135e+003
3 3.0000005-C000 1 -1.335030e+003 )
i G 1.495649e+003
4 1.0ug0adesd0 +001  -1.364393e+003 ; :
: 5.oogggge-gg§ 3'%#33§§Z+001 1312202e+003  8.592187e+003
6 6.00 e- .
: ' 00 1.723973e+002
: _4.071590e-001  3.283UB4e+V 02
e 4'28gg832—ggi —% g67451e-001 4.69855§e+ggg %.33323321801
e i . _001 5.542443e+ ;
' LR e e ] 359090e+001
a1 70000080 _001 5.894760e+000 )
‘ - 5 .203340e+001
43 4.800000=710, _001 5.844858e+000 .
= 4‘3333332’33% 21'2?23332-001 c 48445304000 -4.856551e+001
50 5. = .
, 10
100 400
* 1 xdd(t) K
80 xd(t
0 _ -
0
-200 £
60 [
Ioar ]
400}
40 _ _
'600 I 2 H
-800 = |
20 .\
-1000 .
4 .
1200 -
o s
AR 05 1 0 05 1
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Results of Ex2 162.m

R R E T L e T

/ >> program?2 .

Free vibration analysis .
of a single degree of freedom analysis

Data:

m= 4.00000000e+000
k= 2.50000000e+003
c= 2.00000000e+002
x0= 1.00000000e+002
xd0= -1.00000000e+001
n= 50

delt= 1.00000000e-002

system is critically damped

Results:
x104
100 T 0 T 1 ;
90 4 =100 xdl() 2 05 xdd(t) o
80H 4 -200f t ok :
x(t)
70+ 41 -300f b -0.5H |
60 4 -400F - -1H o
50 1 -500f 4 154 _
40+ 4 -B00f E -2 i
301 4 -700 {1 25 i
20 4 -800f - 3 4
10 4 -900F . 351 .
0 . “ 1000 L | A 1
0 0.5 1 0 0.5 1 0 0.5 1
t t t
i time (i) =x(1) xd (1) xdd (1)

.727222e+001 -4.,925915e+002 -3.616556e+004
.085829e+001 -7.611960e+002 -1.872663e+004
.252244e+001 -8.868682e+002 -7.233113e+003
.342874e+001 -9.196986e+002 9.196986e+001
.432033e+001 -8.946112e+002 4 ,530357e+003

.000000e-002
.000000e-002
.000000e-002
.000000e-002
.000000e-002

e e UlLIWNRE
Ul WwWN R
O ~J 0 WOWw
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44 4.400000e-001 1.996855e-002 -4.576266e-001 1.040098e+001
45 4.500000e-001 1.587541e-002 -3.644970e-001 8.302721e+000
46 4.600000e-001 1.261602e-002 -2.901765e-001 6.623815e+000
47 4.700000e-001 1.002181e-002 -2.309008e-001 5.281410e+000
48 4.800000e-001 7.957984e-003 -1.836505e-001 4.208785e+000
49 4.900000e-001 6.316833e-003 -1.46005%9e-001 3.352274e+000
50 5.000000e-001 5.012349e-003 -1.160293e-001 2.668750e+000
Results of Ex2 163.m
khkhhkhkhkrkhk*k kR nmnnnnnann EX R R XX 8
>> program2
Free vibration analysis
of a single degree of freedom analysis
Data:
m= 4.00000000e+000
k= 2.50000000e+003
c= 4,.00000000e+002
x0= 1.00000000e+002
xd0= -1.00000000e+001
n= 50
delt= 1.00000000e-002
system is over damped
Results:
x 10"
100 T 0 T 0.5 T
xdd(t)
90 a9
-100 - 0H N
80 -
70 T .
-200 {1 -05 i
60 =
50 4 =300 1 -1 E
40 -
-400 f 4 -5 .
30 1
20 =
-500 . 20 .
' 10 B
0 , -600 : 2.5 :
0 0.5 1 0 0.5 1 0.5 1
t t t

27
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xlabel ('t’);
ylabel (*x(t) ") ;

% ﬁfunc2_134.m
function £ =

dfunc? 164(t, x)

i time (i) x(1i) xd (i) xdd (1)
- 02 -2.157540e+004
s 000e-002 9.764929e+001 3.945541e+0
% %.883000e—002 9.294636e+001 —5.2g§ézge+8g§ —g'ggigigiiggi
.000000e-002 8.756294e+001 -5. e+ -8.
2 i 000000e-002 8.214078e+001 -5.344391e+002 2.1059226188%
5 5:000000e—002 7.691749e+001 -5.090344e+002 2.830006e
E - 001 2.369881e+002
= 000e-001 5.281309e+000 3.537806e+
ig i gggOOOe—OOl 4.939118e+000 —%.ggigg%e+ggi %.g%gg%gziggg
- - + .
47 4.700000e-001 4.619098e+000 . e i e
-2.893726e+001 1.93842%e+
A8 4.800000e-001 4.,319813e+000 : gl 4 theeains
2 000e-001 4,039920e+000 -2.706233e+ .
gg g.gggoooe—001 3.778161e+000 -2.530888e+001 1.695374e+002
% Ex2_164.m
% This program will use dfunc2_.164.m
/ tspan = [0; 0.05: 12];
#0 = [0.1y 51;
[t, x] = ode23(’dfunc2 164’, tspan, x0);
plotl{t, x{:z, 1)):

v o= 0.1;
k = 1000;
= 208
g = 9.81;
theta = 30 * pi/180;
f = zeros(2,1);
£({1) = x={2};
£(2) = -u*g*cos (theta)*sign(x(2)) - 2*k*x(1)/m - g*sin(theta);
0.6 T T I ! !
0.4 5
0.2F
D..
=
=
02k
0.4+
!
06+ 7
g 2 s 5 8 10 12
i
AN
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"‘T"'le. e,&ua.:ba“ons :Fo-r the natural ;Freauenc.u'e.s of vibration were
derived in Problem 2,35,
Ore,ra.'l‘:fns SPEEG‘ of turbine is -
&y = (2400 %g = 251.328 ra-o'/sec
Thus we need o satisfy:

_ 9l AE Y
w"{a.x.'ai - w)} z

w o (f-— @ (EI)

_ 3EI fag. Y%
w"lfra,nrve.rse— - {W 3 '(I-—- a‘); } > G,

(€2)

V2
() = : GJ (-i' + -—-—'-"
n’cfrcumfﬁréﬂ‘i‘fﬂ-‘- b o ,e-a.) = &3, (E.’u)
2
Where d
A: 14.-— ) 'W.-_- fooo x 9-81 = 9%10 N,
_ 44 wd*
= =z T= S5 » Jo= 500 Kg-m,
and E =

= 207 x10' N/m" > G= 793 %10 N/m* (for sf.‘ee.l.)_

c{, /E o.m.rf o Can be determined to

satisfy the r‘nezua_lt-f:u‘er (E,)J(EP_)MA (E3) using o
trial and error procedure.

The unknowns
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From solution of ProblemA 2.38, the $
rez’ui\”e mer\f)’ can Le S'&@tea s s
| 9 J _ / l2 €T (
43N =
pivet ends 2 W — =, 51)
(5 + M)

whevre g = 30 x 10° pst ard T = % [44'— (cl—zt)4]

wﬂ\ _ 49ETL i
:F»Ked ends £3 (_%:J' + m%cz) 2'_ (4_90 (Ez)

mthmeﬁi =(0:2357 M), mgy, = (0:3714 m),

m= mass O‘E each column = %r—[dz- (4-*2'{:)2] %ﬁ' 5

FP= 0-2¥3 U:/ims', 2= 38C v 4 [,...,/Secl:

,Q'-': Q""‘Zﬁ_ Gz. column = 9¢ in.,

W = Wwelght of £loor = 4000 Uk,
\;Uv = wet‘glﬂ" a_.ﬁ calurnrlS' = 4{_1:_ [Jz-_ (J—Zt)z]ff} CEB)

Freguency Limit = W, = Box2T = 3(4-16 "““(/5'“ 5

Prol,]em-. Find d and t such that w 9iven Ey

Eg- (E;) ¥y rnl'nl'mfse.c' while S‘a.-l‘::“s‘fjx'nj the
r'ne.gua.lu‘-l‘:a'e.s (&) arnd (E2).

‘I‘AFS’ Problem can be Solvec! either Ly yra«'bh('ca,l, oph‘mSa.i'c'on
or by using a triel and error Prac.galure.

o = = 2 °
R
--- (B) ¥
(l) Viscous ola.mpa'nj: (

e e - - mew = = Sl

h
~
N

9. = Kt K z o
n= J2E£ =
%o +ml®+ ml") --- (E2)

(c*)cn' = 250, = 2 (% kg --- (€3)

: For Crl‘fi'cg,! o‘ﬂ-\'ﬂP]'-ﬂj 5 Ez . (2' 80) s I-VE.S'
. -8, t
a(t) = {60+ (601-&3,. )t t e --- (Ey)
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For e,z 75° = 11309 vad and 6, = 0,
9(t)= (1'30? + 1.309 Cc.9,.,'f> e_wht

- (Eg)

For © = 5°= 0.08727 ra-o', Eg - (Eg) becomes

008727 = (.309 (1+ C.S.nt) e_-w"t e g (E'G)
Let time to veturn = 2 Zec. Then Eg . (Eg) grves
0:08727 = 1-30?(1.,_ 2 (9, & 2 e GBS

Solve (£7) by trial and error to find .. Then
choose the values of wm, M ard Ky to get the
desired value of ¢, . Find the damping constant
(Cf>cr£ using Ep. (Ez).

(if)_ Coulomb_damping ;

(CL) Follow the lo'rcceolure of lba.rf(':') to find the value
of W,
(b) Derive expression for the ezur‘va,!gn{- torsional viscous

clan-r\pl'nj canS"ba-n't (C{:)ez 3Car Coulamb Aa—m}m'ng. Ths
expression , for small amounts of dawmping, is
(CE>%={4—Q/W(,J,,@} --- (&)
Wl‘lE\"& -‘; = :Frt-C't"oﬂ (da.mf;fnj) -L-orzu_c a CJ..T'LJ
® = a.mpfa'f:uofe of angular oscillations.

(c) _q’ (Cf}ez l"s. to Be ezuq_l 'tc (cé)C'r'l: = 2 J; 'kt 3
we ;I.ﬂd

7= TS9O (:\E R - ()
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Let x = vertlcal dlsplacement of the mass (lunar excursion module), x, =
resulting deflection of each inclined leg (spring). From equivalence of potential

energy, we find:
keq, = stiffness of each leg in vertical direction = k cos® «

Hence for the four legs, the equivalent stiffness in vertical direction is:

kg =4k cos? o
Similarly, the equivalent damping coefficient of the four legs in vertical direction is:
Cq =4 ¢ cos®

where ¢ = damping constant of each leg (in axial motion). Modeling the system as
a single degree of freedom system, the equation of motion is:

Meg X + Coqg X +keqg x=0

and the damped period of vibration is:

- 2m
d = =
Wy ‘\/ -
VT NE \/
l*keqmeql
Using m,q = 2000 kg, keq =4kecos? q, c —4ccos o, and o = 20°, the values

of k and ¢ can be determined (by trial a.nd error) so as to achieve a value of 74
between 1 s and 2 s. Once k and c are known, the spring (helical) and damper
(viscous) can be designed suitably.

Assume no damping. Neglect masses of telescoping boom and strut. Find stiffness
of telescoping boom in vertical direction (see Example 2.4). Find the equivalent
stiffness of telescoping boom together with the strut in vertical direction. Model
the system as a single degree of freedom system with natural time period:

2 Meq
= — =2 s
- ,r'\/kq

A"\

e + Wi 300
i = = = t. : : : £
Using 7, 1 s and Meq . 388.4" determine the axial stiffness o
the strut (k,). Once k, is known, the cross section of the strut (A,) can be found
from:
Ay Eq
k, = z.

with E; = 30 (10°) psi and ¢; = length of strut (known).
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Harmonically Excited Vibration

@(‘a)) 5= L - Toos = 00125 m
(b) 8= Fo 60

= e— = 0015 m

& 4000
1
(€) wo= & = (4;"_"_"_“_2'_1.1-)/2 = 28-0143 rad/sec
50
W= ¢ Hz = 37-6992 rad [sec
i T —
X =8 —0 | = 0015 37:6992 6992\ | = 0:0185 M
¢ i"(_@: Zg.0143

T = = £ = 5 sec
S 27TC (40-0—39:8)

K- 40600 N/m, m= 10 ¥ F(t)= 400 cosiot N
s

400 N, &= o tad/s

o
Gy, = '1.;—,:?-0 ra.ol/s, w—-—o-zo-E = 4.

n 20
Response 1S given foy Eg- (3.9) :
ki = (xo" —E——) Ces W 'l:+< 7(" )s.nc.s 1t + —FL——E-COSQQ{'
k- m (9 - N
: £
(QJ) H,=o0-1, f},o:o.‘ (
Eﬁ' (E.I) becomes
= deds t adkic cos lot
e = io'l " 4000 - '°(‘°°>f il 4000 —10(l0e)
Z -9.03%3333 co$ 20t + 0©0°133333 cos 1ot (E'z)
(b) ‘Xo.-.o, ')Eo: 10 -

Eg- E+1) becomes

= 420 - 16 gin 20t
x(‘h)—{o— S sa e 1o (1) cos 20t + F Sin 20
+g 429 }cos ot
40006 — 1o (100)

= - 0.133333 cos 206t + 0:5 Singot 4+ 0:133333 ceS ot

(e9)
3-1
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(c) x =001, ’;taz o

Eg. (1) becomes

x (1) :.{o-l— 408 } cos 20t + 12 sim 20t
4006 - (o (100) 20

400
+{ } cos 1ot
4ooo — lo (loo)
= ~0:03%3333% cos 20t + 0.5 5in 20t 4+ 0:133333 co5s ot

B (E-4)

K= 4000 N/m, ™M= (o kg‘, F(t)= 400 cos 261 N,

Fo = 400 N, &= 2¢ ra.c‘/s
- & 29
0.9 F 201‘&.0‘/9: e = 20-—1
Response is given by Eg.(%-lS):
: w
x(£)= %, cos Ot + %o simw t + Ei‘t__"__ sin 6, t  (E-1)
wn
(Cb) %a:o.l) ).(oz o
fg-(E-1) gives

x()= 0.\ coszaot + (o-1) gzo) ¢ S'n 20t
- O‘l cos 20'& -t 't Sin 20t (E.Z)
(L) xa =0, Q.Ca = o .

Eg- (E-1) gives
RiL)Y = 129; sin 26 € +

) (za)t s
2

= 0.5 §in 20t + % sin 20 t CE'B)

) %, =0k, 2, = (ot

Eg- (E- 1) gives

2(t)= o1 cos 20t + é-% sin 20 + ©@D(EDT i a5t
2z

— 0] cos 20t +0°5 sin 20t + 4+ s'n 20t (-4
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@ 4= 4000 N/m, m= 10 Kg, F(£)= 400 cos zo:1t N
Fo= 400 N, (5= 20| ra-c!/s » = 404.0! ("“"‘/5)2

0.9“: ’-i—‘n- = 20 \’a.ac{//S

Solution is given Lj Ef, (3.9):

x (% L.
)= ( - mw2> o Wyt & WOn e Dyt
+(m cos wt (E"D
(aﬂ ’)to-.:a-l, Jao::o:
Eg. E 1) reJuc_‘e: to
400
x(£)= do.1 — s20t
) { 4ooo— lo (40*'00} m
+{ il } cos 20.1t
4000— 10 (404 .01)

= 10075062 cog 20t — 9975062 ces 2ot (E-2)

(b)Y ®,=0, %, =lo:
Eg. (€:1) reduces to

400
_— e t J_f_ |'n
x(£) {HOGO-—IO(QOQ-O1>}COS 20 t 20 S 20t

400
+{4000 — io(qolf-ot)} cos 20-1t

= 9.975062 cos 20t + ©:5 sin 201t

- 9.9750¢2 cos 2o0-\ t (-3)
€) %,=0:1, %x_= 10"
Es. (E-1) gives
x(t)= S0l 100 t + == sinzot

- M . — '

{ Hooo — 16 (40401) cos zot + 75

_i_{ 4oo :

#4000 — 1o (Hobh:ol) cos 2ol
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= 0075062 CoSs 20t + ©'5 sin 20t

—

—9.975062 cos 201t

(E-4)

4= 4000 N/m, m= 10 %9, F(£)= 400 cos 30t N
Fo= 400 N, W= 30 rad/s w?* = 900 (rad /5)*

I
(S = % = 20 !‘a—d/S, W, = 8

Solution is given l’j Eg. (3.9) ¢
x(t = (xc o Fo z) cos WLt + % Sin a9t

—m & N
' =
+( Fo ,_) cos @t ( P
-m &
(0-’) 7!0-_-.0:\, ?'f-o:o:
Ep. (E-1) yields
h4oo ; %00 +
_ - t cos 30
x(-l:)...{o : 4000 — l0(900) ek 20t T Hooo — ro(Soo)
= 018 co5 20t — 0.08 cos 3ot (E-?_)
(L) ?Lo_*:o) ‘)'t‘-o':fo:
Ez.(E-I) ‘;jr'EfOIS:
x (4 ik cos 20t + 42 sin 20t
= - y — 1
)= 4000 — 10 (soo)> T 20
+ e cos 30t
4006 — 10 (9060)
= 0.08 ¢cos 20t +0'5 sin 20t — 0:08 coS 30t (E'3>
) =,= 0.1, ’)ED:: (o
Eg. (E-1) yields
Ho®© : + (B ot g
= P o co§ 20 4+ — Sin 20
x(t) = {o I Ho0n — (0 (855 e
400
s 30t

6-18 cos 20t + 0:5 sin 20t — 0-08 cos 30t (E'4>

—
—
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_ R _ 25 _
Sst = T = gpo0 = 000123 ™ , e 8
Sbeo.clj state solution at resonance = =) = = in (3,

— 000625 3.t SinwW,t m
(w)Aat end of %_—- cycle, w,t=T and =x(t)=000625(F)sinF =0-009817 ™
(’D)Ai: end of 2J§_ cljcles 5 €= 5 and x(t) =o0.00625 (5-.“—) §in 5T = O

(C) At end of 57 cycles, wyt=11ZT™ and
x(t)= 0-00625( F2m™)sin 22T = —

_ Rk _ oo _
St = % = Fooo =005 T
1 =3 Sst _ 0-025
b & =

Sopr — ,_%)
] -

‘% \'1254—!

n

9., &5 = (271')% 5 = 20.94¢4 Y"CL-J/SQc
v = */@n 400‘/@40 94#) = 9.(189 kg
@ Wn= | ¥ v EOOO;IO = 22-3607 ra—a{/é'ec

dgp = Fc/‘k 25'0/5000 = p.g5 ™M

0.2258 m

= {25

X 2.Oxfc>_3

I

1l

I

X = 8S-1E: i >
z 05
e W = On - 85‘&)2 = 22'3607[f— EO-T.['—; J

= {5-8114 ra.c?/«?ec

4
z
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= ¢ - A = s , = ik
4‘[" 4 K » ({-k + «2 X ) 2 3
Force transmitted to the mass throush kKy:
) = =2 F(f)=_f_’_f_?_-_(£?.><_oswt
~ ‘k;-i— LT kl"" .y w) .
= & &, cos ot where 8= —f—l
S-feo.dj state response of m:
e cos wt
%(t) = ik e}
{80 ]
. " |
Sst

\1

s 4 cof eIt
1= (%)

with Fo=*-
~

Se-
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. Equivalent stiffness of wing (beam) at location of engine:

1 3
3E(—Dba
force __3EI= (12 )__Eb33

= “deflection  ¢B o3 46

2
27N
60

33 33

Equivalent mass of wing at location of engine: M = Tal v = 710 (ab € p)

Equation of motion: MX +kx=mr W sin wt

mr T N?
900

Magnitude of unbalanced force: ~=mr W =mr (

Maximum steady state displacement of wing at location of engine:
mr m N
900

. 2
E b a® 33 27rN]

D

mr o
k —M o?

P — abfp

m r ¢ N
=~ | 927973 E b 2® —0.2357 pa b &* N?
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\ Rotating unbalanced force, m r ?, can be resolved into two components as:

F;=mr w? sin wt (parallel y—axis)
F, =mr «’ cos wt (parallel z—axis)

Maximum bending stress at A:

do
R |—
o RS } . wll,
O'b=i IMz| -_2__—. i(d'g-—-d?) | Y'/CJ{Z
84 i S
0.1
(0.1) (0.1) (31.416%) (0.5) (T) ) —7gg
= = 8.5124 (10*) N/m /
T (0.1* —0.08%) 3,
i t |H—R
Maximum torsional stress at A:
d e shaft
d mrw R —20-
! Nk A
Uh:TIMyI[%]_ T a4 _ a4
A 39 (ds —d})

= 4.2562 (10*) N/m’

\ Total stiffness with steel specimen:

keq = ki + ky = 10,217.0296 +750,000.0 = 760,217.0296 1b/in

i i tic) due to elongation X = ky X.
gzﬁ Iﬁlsgszfirrlmezndgij Ot:l f::l.eilﬁteaﬁt gn magnets %dynamic) due to elongation X =
Keq X —m o X.
ko X
kg X—m o X
750,000.0

1. ky .
Ratio of stresses = =g i.e., =

keq—-mw2

1
i 40 e
Ly | 760,217.0296 — {386 4} 2172

Squaring both sides of this equation and rearranging gives:

107.1295 o — 15.7365 (10°) o — 167.207 (10'*) =0
or u? =0.218378 (10%) (positive value)
w = 4673.0935 rad /sec = 743.7442 Hz

~. . Equation of motion: Meq X + keg x =F(t) .
\ w?lere me, = Imass of valve and valve rod plus mass of spring at end
2 5
20 -+ (15/3))/386.4 = 0.0847 Ib—sec’ /in. ' .
g‘eq ——-—(40(4 1)12;'111, F(t) = A p(t) = A pg sin wt = 100 (10) sin w t = 1000 sin 8t Ib.
Response of valve (steady state) = xp(t) = X sin 8t in where
1000

400 — 0.0647 (8)°

I

= 2.5261 in

3-8
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(a) Equation of motion:

me ¥ +k(x+%)+mpg=F; x>0 (1)

where F, = force exerted on the follower by the cam, my = mass of follf)wer plus
one third the mass of the spring, and xy = initial displacement of the spring.

(b) Force exerted on the follower by the cam: & (24 7, )

"
Fo—me%+kE@+x)+mes () A l §
;

o

|
Fe

with x = e cos w t.

(c) Condition under which follower loses contact with the cam is when F. is zero and
¥ is negative. Equation (1) can be used to state this condition as:

k (x +%p) +mo g > | mo ¥| (3)
Turbine
- static radied all'sPla.,Lzme.n{' e rl »
of shaft under weight of - J:-_‘— |l
turbine < 1

|

§ = radial deflection of sha st

clurfng rotation

*= ﬁ—ﬂ'%; = stiffress of centrally

loaded S’i"rnaolj S'U-FFOY"EE.J ma

beam

i 5 _ . 35{;
m St = & (8§—9x) or Mg = B k==
er e = ____45_-———-—-' (EI>
Sst 4 — m c9*
— K E

Critical spee.cf is e = =y (5'->

i critical speed = +th of operating speed,
“4’- = L ¢ (EBB
m 5 .z
Here = 500/35¢.4 = 12940 b -5/
and G2 = 3OOO’<2“T'/60 = 3l4-i¢6 ra,cl/sec
For solid shaft (steel) of diameter d arnd length £,
E_a' (Ea) givef
3-9
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4
4'861 — _&-’9—2'- Wl-{:)"l E-’—" 30)(.'06 Pﬁi: anJ TI-= E_é_

m 2 25 il
3
&) A~ 138363 (€4)
C{‘l-
Let =30 d in E@-(E4) :
- 27000 - d ce = 585395 inch.
4= 3376y = 1'9513 inch an o
. 4
- G y& _ T (,% _3.6%Y = 5,2002 i
1T (a5 (41 -5 - sones
4
ET 5.2002
= o= 5 = ap(sanie (aoed) 7485, 287 AIb/in
L (co)?
m= 500/3?6-4""" 1-2940 b -5/
e |
W, = \fk/m -_-\54_35'-2957/;.2.940 = 76. 0719 rad frec
o5 &._S‘Z
Eccen'&rfcif‘j = r=—2 in , eccentric mass= M= 3864 in

Radial force due te eccentric mass ot resonance
2 Y 2. .
= Fo= Mor o = (GEr)(2)(76-0me) = 1477764 &
Let x(t) = radial ot:’s*P!a—ae.men'l: of tur bine .

At resonance, EZ' (3.i5> gives , for AKg = Xy =05

x () = % Sce Wt simow,t

Sy = _%_ - 149.765%
7488298

To activate the limit switch , 2 () =05 in. and hence

where

= 02 In

0-5 = L (0:02) (76.0717)t sin 760717 t
&> t sin 76.0719t = 0.6573 (B

Eg-(%} s solved bj triad and error (aﬂ'um:‘nj values

of t= 1o, 09,02, 07, ek-) a3
tz o0-6760 sec.

-4
: ) ) a ~ A .
T'P {oa,cl = o-| b, f.f mass = M, = ‘:86'4 = 2 59‘;)‘_‘27—/'”
\ b 3 _ & 4
~— I = '—’7? (0-2) (0-05)

= 2.0833 xi(0 in

3-10
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-6
= BEL 3(30%0%) (2:0833 x10°) = o0.1875 1b/m

3
4 (i0)? 5
— r?.gg 2 :OS): 7 qu XID-
m= maSs o beam = 628> (|lox 02 x ©
f 3864 ( L=t

| L
. 4 =z i z
Wy = z _ o875 — NT rsai
THO+O'23 m
(G-588+ 0-7324) 10

EZ' (3-58) gives |
x ___{ 1+ @T*’)z }E
J (-r>)*+ @y

. 2 A
bl {+ (2 x ool r) )
2.5 5o = {

2 2
0,05 (1-—?‘") Es (sz'G‘r>
C'e‘ ‘,, 2 —
v - 19996 r + 0:2896 =
e ¥ = o _

Wy 029959

LW = 09999 W, = 5-6463 o e,

Ymls
F(t)

4,00 6

Equation of motion for rotational motion about the hinge O:

(Jo + M €2) § + (ky 2% +kp b?) 0 =F(t) £ =Fo £ sin wt (1)
Steady state response (using Eqs. (3.3) and (3.6)):

f,(t) =Osin wt (2)

Fo € 3)

e =
TS (ky a® +ky b?) — (Jo +M £2) P
m 6’2 ¢ R .1_ €2 (4)
and Jg = 5 +m(5) 7 o

1000 (2 7)
£ —m? =it AT L0 == 104.72 rad/sec,
For given data, Jg = 5 (10) (1%) = 3.3333 kg—m", w 5 /

and

3-11
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500 (1)
" 5000 (0.25% + 0.5%) — (3.3333 + 50 (1)) (104.72%)

' 1Equation of motion for rotation about O:
4

4 4

= —8.5718 (107*) rad

i.e., Js 0+ g—kt’z f =My cos wt

1 7 2 _ 2y _ -
where Jp =—1§—m€2 +m( )2 =—m¢ 48 L (10) (1%) = 1.4583 kg—m*
and w = 1000 rpm = 104.72 rad/sec. St-eady state solution is:
f,(t) = O cos wt
where

6= Mo = 10 = — 0.007772 rad

% k&% —Jyf 5000 (%) (12) — 1.4583 (104.72)

k= 4000 N/m, m= l6 kg, ¢= 40 N-8/m, F(t)= 200 cos o,
@ Fo= 200 N, @w= (o rad/s, K,=zo0'l m, %¥,5=0
was (£ - - Fo _ 200 _
L3, — = 20 TO-J/S’ 3 594__ = = Zo00 = o085

B E % =(C/2 J_-r?) :(4‘3 2 J4o00 (10D )
—x % @n = [1-(e.)? (20) = (9899743 rad/s

l
= 0.5

= st/( )+ eyr)’ 20

{(lﬂo-'sz)2 + @ EnE) }z

r=

= 0:066082 wm
-\ (237" -1 (2%er1 %05\ _ .5 52 rad
@ = tan ( 2_) = tan ( ).— 0-1325

b= ¥ t-0:5"
steady state response, Eg. (3-25):

“p(E) = X cos(Wt—-¢)

= 6066082 cos (lot— 0:132552) m
Total response, Eg.(s-zs):

3-12

PRELIN{RAREIERBeENEL2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storagé in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

x(t) = X,E_'Tw"f cos (Loy t -d.) t X cos wt—g) (D

Using the initiad conditions *, and %, Eg.(E-1) gives
Mo= Ko tf g, 4 X A E (e2)
OF X, e gp= Ko— X 5¢ (e-3)
Hp= =, Koosd + Wy KySing + X sing (-4

oY

Ko Sin ¢o = ai {9}—0-{' Y8 By Cﬂsﬁo -~ X §in 99} (E'E)
For known values, Ezs-(E-B)a-nc‘ (g'5) yield
X, cos @, =0:034498 » R, sin @, = — 0000 522

Hence i
Ro={(Xo o5 %) "+ (%, sin 8,) }2 = wund 5 0

?So-‘= tan ! (x" Sixs Po > = —0:026710

X, Cos &,
Thus the total response, Eg. (e-1), will be

X ()= 0034510 e 2¥ cos (19.899741 & +0:0267(0)
+ 0:066082 coS$ (lof-o-l32552) m (g-6)

g \ k= 4000 N/'m; m= (o K?, c= 40 N"/‘rn > F({-)::?.OO ces lat,
FO= 200 N, W= lo \"G-G‘/S, Ko & By o [1s) 'm/g

o=

From solution of Problem 3.26,

T=ol, W3z 19899749 rad/s, r=0:5, X=o0.066082 M,
= 0132552 rad

%p (£) = 0.066082 CoS (1ot - 0-132552) ™
"x:o cos ﬂo-— %O—XCOS‘¢ = _0'06?502

X, Sin @ = {x —[—‘3’(...9Xcos,ﬂo—-wxstn#ﬂ}-—oq%‘i‘f'f

X, = {(Xo cos;do) £ (%, sindo) } =~ 0-495892
¢ = tan’ (xo sin fo ); ~ 11438320
(o]

Ko co S #a
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'T")uS \'J’-,e fo";a,[ regPohge) E&. (3-35), 'S 3FVen bj
x (€)= 0-495892 é?'t cos (19899745t + 11438%20)

+ 0.0660%F2 (‘.oS(lof—-o'|32557-) L

k= 4000 N/m, m= 0 1:3, c= 40 N- S/m, F(£)= 200 cos 20t

{ Fo= 200 N, @=20 rad/s, xy=0.1m, %, =0
= R = _ Fo_ 200
= |5 = 20 ra.c!/s, Sst = T g = 6.05
& c _ 40
= = = \

e 2\!4(““ B 2 J4oo0e (1) = Ot

Sst .05
(- e Gy }E T (- ) 4 Gronen?} AT
?S: 'ta.n_‘(z-"{fm) _ n (M): -

I—Y
Steady state response Eg. (3-258):

xp (4) = X cos (Wt—-¢) =o0:25 cos (2ot -__g.) ™

Total response, E& (3- 35’):

-F W,
x(#) =X, ¢ Cos(wdt-75o)+ X cos (wt-¢) (-0

Using the initial conditions x, and %*,, Eg.(E-1) gives

X_o Cas¢°= 'Xo- XCO$¢ = o0'|l- ©0:25 cas:%r =0 -1

Ko Sin ¢, _C;'S’_d{i"-‘- TW,rX, cosd, — X s‘fngﬂ}

. . 5 T‘—
_ <o+ol*2a ¥*0'| — 20 *4-25*Sm-2)/?,89?7¢f<;
:_o-ZQlZO?

Hence X, = §(Xocos o)+ (X, sin %)"}% = 6+ 2E 1117

¢°= ta.n.d(io Sfﬂ?‘o >'.: 'l!'f.’)..l'r--II (—0‘2#[20?> ==+ 177783
]

cos do o-|
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Te response
Total f’ .t

x(t) = o-26t\\7 € cos (lq.gqq-’qq +t + l'777925’)
'+O-25 CDS(ZQ'&_:’;—:) ™

k= 4ooe6 N/m, m= lo Kg, ¢c= 4o N-—S/m,

F(t) = 200 co5 20t N, Fs= 200 N, &= 20 ra.,o\/s
Koz o0, %o = 10 ™M[s

From solution of Problem 3.28

¥=zo'l, W_= 120 ra-A/s, Wy = 19-89974 1 raol/s , Y=
X=025, ¢= -7—;

x, ()= 0.25 ceS (20t - L) m
'}(‘ocas#o: e — X €os § = 0-0 =0

| s S si
x-osi“?ﬂo:a—,-;{xo"' Y, X, ol ¢, X lngz!}

.
. {|o+o-|*zo~ro—Qo*o-zs*s.n—i}
19.899 749

= 0.251260
L
Hence R = {(X'o cos ;ﬁo>2+ ( X, sin 40)2} & 028280

¢ = ta.n—‘(x" il ¢°j = (.570793
° R wos P
Toted Yesponse:

-2t
x ()= 6251260 € cos (15899749 t — (-5767%93)

+ 0:25 coSs (Zot#jg) ™
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R == 358(;04 Ib—sec? /in, F(t) = 200 sin 100 7t Ib. Let X5, =0.05 in < 0.1 in

(maximum permissible value). From Eq. (3.33),

1
Xoay = Oat =0.05 (1)
2 %’\/1 — ¢
0 200 .
Let ¢ = 0.01. Then 64 = — = —— and Eq. (1) gives
ey Em
keq = 2l = 20.0020 (10*) 1b/in
2 (0.01) V1 — 0.0001 (0.05)
Since shock mounts are in parallel, stiffness of each mount = k =
k
—3‘*—‘-‘- = 6.6673 (10*) Ib /in.
Ceq C,

¢ = _ eq
Ce '\/2 keqm

OF Coq =¢ V2keqm =0.01 VZ (20.0020 (10%)) (ﬂ(}_) = 7.1948 lb—sec/in

386.4

B .
and hence ¢ = . ale 2.3983 lb-sec/in

Equation of motion for torsional system:
Job4+ce,(0—&)+k (f—a)=0 (1)

where § = angular displacement of shaft and & = angular displacement of base of shaft
= ¢ sin w t. Steady state response of propeller (Eq. (3.67)):

l—(——ZOm—>-l-<—30'm—?4
R 2 Y 3

oef4m o' M
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b,(t) = O sin (wt — @) " (2)
o) | 3)
where 6 = o 6 —J0 PF = e
Iy &y o
and ¢ = tan™? . (4)

ky (ki — Jo o) + (e w)?

Here J, = 10* kg—m?, ¢, = 0.1, and w = 314.16 rad/sec. Torsional stiffnesses of shafts:

(80 (10°)) | —= (0.6* — 0.4%)
Sl > = 27.2272 (10®) N—m/rad
(ke)1 = e =5 = 27.
(80 (109)) |-= (0.4* —0.2*)
)y = 22 - — 9.4248 (10°) N—m/rad
( t)2 . 32 20

Series springs give:

_ (e ()e _ (27.2272 (10°)) (9.4248 (10°)) _ ;015 (10%) N—mm/rad
87 ke, + (k)2 27.2272 (10%) + 9.4248 (10°)

¢ = ¢ (2 \V/7To k) =0.1 (2) V/(10%) (7.0013 (108)) = 52,919.8624 N—m—s/rad
From Eq. (3), 2 -
(7.0013 (10%))* + {5.2920 (10%) (314.162)}
6 =0.05

2 2
{7.0013 (10%) — (10%) (314.162)} + {5.2920 (10%) (314.16)}

=9.2028 (107*) rad

(10%) (5.2920 (10%)) (314.16%)
7.0013 (10°) l'z.oms (108) — (10%) (314.162)J + (5.2920 (10*) (314.16))*

¢ = tan~!

— tan~! (59.3664) = 89.0350° = 1.5540 rad

3-17

PRELHMARNGNY EREIONAED/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Ss*l:

¥ =
[+ Gory }
1 Y [
‘ dX 32(1-rF) (F27) +2(2TT)(27)
For wmaximum X, -c-'T- .—-; st-%: {(l—r")1+ (-ZT‘_)?. }3/1{
e —4¢ (1-7*) + 3r 72 =0

2
e rz\ji—?ﬁg

Sst Est

X'af r=t-27? ) [{i— @23} + @ Ji-272 )2:[1/2 25J1- 12

X _ i
(ssi: )mﬂ-ﬁ B 2T 1~ 72

Under 2 d.c. current (I) through the coil, core rotates by angle 6. 'Torque developzdkdui
to I balances the restoring torque of spring: al=Xk; § where a is a constant and ki 1

the torsional spring constant. Under an a.c. current I(t), torque developed is T(t) = a
I(t) and the equation of motion is:
Jo'fj—{—-ct'9+kt9=T(t)=aI(t)=alocoswt (1)

Steady state angular displacement of core:
6,(t) = © cos (Wt — ¢).sp

(EIO
ky
alp .
where O = T = 1 (3)

= 2 2 3
{(kt —Jo #) + (e w)2}2 {1 — (%)2} +12¢ -w—n-]

When w = 0 (d.c. current) and Iy = 1 ampere, Eq. (1) gives

(2)

t

B4 = {% =1 (reading corresponding O4c)
and hence a = ky = 62.5.

When w = 50 Hz = 314.16 rad/sec and Iy = 5 amperes, Eq. (3) gives:

a (5)}
- {= == 1.9386 amperes

2 215

2
2
314.16 ' 314.16
-{ 250 ] - 2(1){ 250

O, =
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where Jg = 0.001 N—m? k; = 625 N-m/rad, ¢ = 0.5 N-m-s/rad, and

W == E?— = e - 250 rad/s. The steady state value of current
2 Ty V' o0t

indicated by ammeter = 1.9386 amperes (this shows that the ammeter is not accurate).

| X .S =
. E3ud res, = =
EZ (3 4) 53‘-& 55-{_- = G5, T
(-€-; &, = 20 — . (E
st = 2 T(lomD =org4 Y Q
1 %]
Ez.(3-30): K . > . ¥ = 0-75=‘a9—h
ss¢ | ([—2D T+ (231
e - g-o! — L . CE'L)
Sst V (= 0- 75" ) + (2 7x0-75)*
Eﬂg. (E,) and (Ez> give
orol _ 3
0:04 T Jo-qu+ 2.25 7°
e 01914 + 2-25 T2 = 16 T°
i-e- T"—‘ o180
f— x=(¢)
(o) E:'Eua,.tfah of wmotion of mass: o o ™
max = c.(}'—fc)_cz;c - Kk, k% < Cl('.':""“)
(e-; 7717:'. + Cc,+cz) x + %, x = ¢, y =-c, @Y Sin aot

(k) e, () = ~(1 /%) ‘
2\2 2
JG-rF+ (z57) s
where | e 6-5/&9“ 5 ‘S':(C.,'i' Cz-)w/Z'r‘fQ and g = tan l—'r:')‘
(C) s-l:ea.aﬁj_ state dforce transmitted to point P :

Sin ((ﬁt"— ¢ >

= Ky %p+ O i?

= - e C49Y) . = Cp &J o t-g£
t - sim ot B+ 2 — cos(w )

JQ.»r"")?'-f—(zj—r)z' z
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: . b5 _ i
Eo. (2.3 (VES __-> = —_—
8 ( 4) 3 Sst W= 8y 23

If X= =X = . K . .(3.30) gives
f \ri s J-i‘ lw-‘-wn EZ
_-i—--—j:-' b— 1 1
oy Ja-rt+ ey
Spuaring and rearranging P .
gyt = (A-v)E 4 47 VT = 1-2rf e (T4 4TTT
¢k pp (4riia) + (12 57 =o

2= 4-27% £ 27 L+ T2

Neglecting terms involving 2 |

Z
f?': %‘i"’ p— ij: ZT
n 3 2y
Z_ 4 and = 9, when rf= 1+
Let =0y when r"= 1-27 2
z s, — 9
(,92':‘-_&91 _ ((437.4-&91.)( 2 1) 4T
E——— W, + W1 z
; (2
W, - 9y
2 -
b = LB 44 _ (793 x 107) ‘_‘5334 = 1993031 N -m /rad
¢ 3z £ B 32 (1)
W8y = I_*ft = fie230:30 | g4.chas vad/sec
(-]
Bet = Mg 1({_ = f00%9930.3| = 00502 Ta.,d
P L de - 0336
2 Jy Wn 2.(10) (44-6434)

(@) Eg- (3 30), when written for o torsional system, gives

® 1.

ey = PR

6 [(-r*)*t (25T
e, (2/5'7 -235‘@ 3 1 .
' 00502 a ﬁ—r=>z+ (gx o0- 336 r)z

e, v _ 5494 v _ 10679 = O

(€., r%= 2.0655 , — o057l

 we= ron= (70e55 (44-6434) = G416 rad/rec
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(b> Maximum torgue transinitted to the swpport:

Mf(t) = %k, g(t) + C¢ 9(*)
- Kk, 8 wf(wt-g) - ¢ @« sin (Wt— &)

(m‘gma,x = \/@(é ®> a5 (c{: ® ("3)
~@9930 31 (= m“)} + {aoo 57 9%)(54 .é)}

=Tt B
COmFle{'C solution is ®#{t) = Xg € T — (@d‘f+¢ )+ < & (wf: #)

w= 2T (3:5) = 21.9912 vad /sec | ., J_ 2'5130 15,3114 rad [sec

8* = -—Fﬁ— = %%_5' = 6072 m
L £2 - @ _ 21-9912 _ 13908
¢ = = . 3 T =i = =
= Twma,  z2(w0) (15:8114) o4k o (3, I5.8114
TWn= 225, W= J1-T% W,= 156505
x = S5t _ 0.072 - /
(-2 + @T0° [(1- 13908%)* + (2 xo-lu23x 1:3908) 1
= 0.-07095 ™ -
,395 o
-1 (23T el ) = _ 22-9591
b= it (225) = ' (Sosm
'“” 15,6505t + @, 0.07095 b (21-9%12t + 22 qgw)
x(t)= X, € s ( )+ -
l a
x(E)= ~ 225 X3 e‘“"-f s (156505t + 4. - 156505 X, € 4in (5.6505t +8)

— 21-9712 (0.07095) Aén (219912 t +22-9591°)
x(0) = 0.015 = X ASHB + 007015 8 22-9591

X hS@dy = - 0r05033 ---- (1)

. 4 _ 15603 Aim 22 9590
x(@)= 5 = -2:25 Xo AP —15-6505 %o Ain By

f o 20 6086 —2:25 Xo B =5 o ____(E)
X Al Fg = 15-6505

Eps- (1) and (Eo) 3V
X, = }E0:05033) + (-0 3501)* } = 03547

g = tort (2355 ) = te' (:9760) = 51- 8427
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i =4 ~ _.—>S- = o-Z —
(@) Eg.(a-;ﬁ) gives = 2 (Sst =2 .

v B 2= gElh
(L)Ezs-(a.d,z) yield

(25"
O

wp Jois = (5727705
222145 m.cf/sec

<5x ;:_Tl‘)J]-S
38.47¢6 rad/sec

7—"1-—2?1’ o-’S > C.Si-

I

]

LS 2
_G-S?-:J ~ {+ 27T =15 > (;92:—.0_9,,\\}1.5'

Amplitude of vibration under base excitation:

k? + (e w)?

1

‘ [[k —-m w2]2 + (e w)z] ’
(0.2) W + ¢? (157.08)

= = = 0.1m (1)
. 2
{k — 2000 (157.08)2} + ¢? (157.08)°
Let k = 5 (10°) N/m. Then Eq. (1) gives:
/25 (101?) +2.4674 (10%) & _ <

\/1966.7717 (102) + 2.4674 (10%) ¢*

ie., 1.85055 (10%)c? =466.6929 (10'*) ie, c=158805.0 N—s/m

1
k2 +c? W o
' X _ c2 .Sp
@ "Y“‘E(—mﬁ] N

(108) + (10% (200 m))° 15
2
—6 2
or mY ~ | 410° — h—og—g-] (200 T2 + {(193) (200 ar)}

or Y =169.5294 (107%) m

Equation of motion:
g : a | B 339]-?—£=M0coswt
Lol = 4|k 2=

i 4
. £ . = _
or 109+c-I6—6+—§-k€29-—M0coswt
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m & 2R B T 12) = 1.4583 kg—m®
c & = (1000) (17) — 62.5 N—m—s/rad
16 16
Spet= -‘Z— (5000) (1%) = 3125.0 N—m/rad
W= M — 104.72 rad /sec
60

Equation of motion becomes:

1.4583 § + 62.5 8 + 3125.0 § = 100 cos 104.72 ¢

Steady state response is given by Eq. (3.28):

B,(t) = © cos (Wt — (ﬁgo—— O cos (104.72 t — ¢).sp
= 0.006927 rad

where © = : : %
{3125.0 — 1.4583 (104.722)} + {62.5 (104.72)}
= tan~’ 52.5(10472) —| = —0.4705 rad = — 26.9606°
and ¢ =10 | 510F0 — 1.4583 583 (104.727)

im — 100 kg, Fp =100 N, X, = 0.006 m at w = 300 rpm = 31.416 rad/sec.
) Equations (3.33) and (3.34) yield:
| =iy, V1 =% —‘\/—-\/1—2 & =31.416

or k QA-2¢)= (100) (31. %‘152) — 98,696.5056 (1)

= = 0.005
2nd Xmu—“zg\ﬁ—gz 2gVT—g2

V1 9 2
-2 = ————— =10,000.0 (2)
ok & =3 (0.005)

Divide Eq. (1) by (2):
1—2¢ 3)
= 9.8696
WL —g
Squaring Eq. (3) and rearranging leads to:
101.4090 ¢* —101.4090 ¢ +1 =0 or ¢= 0.0998, 0.9950

Using ¢ — 0.0998 in Eq. (1), we obtain

| —  98696.5056 _ _ 440 702.4994 N/m
1 — 2 (0.0998%)

Since ¢ = me]l,weﬁnd
100702.4944 _
100702.4944  gg9g) = 633.4038 N—s/m
c=2mwn§=2(100)‘\f o (0.0998)
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- kz(re) ___n:é\
@ ) Y
| J

Fr) Fy o

reactrons

i
at O ’m');-irT T
4 %

Equation of motion for rotation of pulley about O:
—ky ()T —Jg f—k x(2r)—cx(2r1)+Fo sinwt (2r)—mXx(2r)=0 (1)

where § = x/(2r). Equation (1) can be rearranged as:

1 :
—Jo—+2mr i+2cr3’:+{2k1r+—2-k2r]x=2rFosmwt (2)
2r
For given data, Eq. (2) becomes
113&+50i+112.5x=581n20t (3)
Steady state response is given by Eq. (3.25):
xp(t) =X cos (Wt — o)

h X 5 — = 0.001136 m
where =

2 21y
{112.5 —11 (202)} + {50 (20)}

4 ¢ =tan 50 (20) :
o 112.5 — 11 (20%)

(2)
=0 (about hinge):

T, 6 + |k ]-—‘iﬁ cf@)f—f—Fosmwt

— —0.2291 rad = — 13.1287°

) Py €
or Ioﬁ—i—cfz@-{— kf g =

sin wt

Magnitude of steady state response:
' 1

8 5
Fo € 9 2
93=[—92—]/{E—k6’2—10w2} +(C€ ) (1)
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(b)

)M, =0 (about hinge):

“ 34 sl 3-€ 4 :
L 0+ké) e+ |c — 0 — =—-TFosinwt
4 4 2
or 109—}--%—(:529-!-1(329: ° " sinwt
Magnitude of steady state response:
2 2l
2
B, = F°€/k£2—100ﬁ +f—6cfzw (2)

Usually, c is small compared to k. If the term containing ¢ is negligible, ©, will be
smaller than ©,. Hence arrangement (a) is desirable.
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$()= L cin @t + B

i}

y(E) = %y (t)= A o5 @t

>
= 2(€)
(t) = — GHF s Wt + Bt E Be 2z
m
, _ - o5
ASsUrning y(o) y/(a) & 4 we 4geé % 4‘/2

|-,
T e NN

E@uad:;gn of motion: =
mx + k (2=%) =0 2
e, ™ %’ + * 3/ = —-'mg’::—m x}(t) = _mA Cos c&f

where 2 = x—%
;_mA ¢cos et

Solution is :
3(t) = S
™
S o x(E)= FE)+ y(E) = _(k_mw” ;,%, A coscot
= From solution of problem 352,
A
-mA . E o 2 g &
_— Sin 8 2 sSin &3
x(t)_ k—m@2\ w9
—2000 (0Z) o gk _'_°°>__—‘ _ sin 25t
= > S looo (25)
0 %10° — 2000 (25)
For moXirnum ')C(’L'),
wlt)= (___;_2__00_7 - ZEZ_S_O> sin 25t = _.3.33?“(54 sin 25 ™
1-15 x 10 ;

= NasEmum hori3on'&¢f— A,’gf,fa,c,gme_nt O}’ ;F[acr: 0:3232 mm
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- re . s (E
Yﬂ(‘)ﬁ-})-&- *('X.-}):—m} = —m x'} 1)
' )b es
Here ’y_(t) — x;(t) = Xi cos ot , and Eg- (Ef gcom
m'51+ -k}—_—_— -rnc,s:')(} cos et with }'—‘-x'—g’
Solution (s: - wz X} - X} % cos wt
) = =
3—( - m ad? {- r*
- €
with  w,= [&£ = [o-52x10° _ 5 9,14 rad/sec
Ll 2000
and r= CJ/c&“ = 200/;5.3u4 = [2-¢64 9|
5 2
12-6459|
F(®) = (looo) { 2} cos zoot =-0.01509 cos 200t ™
1 — (2431
x(t)= 2(8) + 3(¢) = {o.ois' ces 2oot — [o-clSo‘?l cos ?_oaf—‘} ug!
x Ampti‘cude of vibration o_,c Jcloor — 003009 ™ = 3009 mm.
Time faken bj car to travel one cjcle _____ ;-2*-_=__EY
35 m) iS - 1
(fg——-.)M:z.i sec 1‘___35171_—*\
GO ¥ looo
s 210 = 2-992 ra.a'/sec

Excitation freguency = w = 5
W .
9, = 2T(2) = (2:5664 ad frec , v= o = 02381, T= 0 1
Ampl.‘{:u.de of vibration of car is given by EB‘(B'G’S):
ps :[ 8 (2Fr) ]1/’2 e
(1-r2)* + (2 30)? :
1 + (2xo015% 0-2381)2 }1/2

' z
{ (4- ov2381%2 )% + (2w osi5 X 02381

= o+ 105977 m
The most unfavorakble speeol corresponds to the maximum of
maximum of —f:,— with respec,t % r,

% =

°

2 in Ea.(&'r)- For
Y 2 L
_51_[ i+ 45" ]
o f+rf_2r* 4+ 47%r?
e, (tr4-ar +4*s'zrz)(er 2r) _ (1445 T griaresy )
(1+r4—2r®+ 47 2l Y2

= 0

l-e., _4r~(2-s- Y—"f 5= T _|> =0

2 —t *+\Ji+ 8%*

e, r=40d or ¥y'=
' 47*
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2]
Feasible value of PP = -1 + Jit—g(o-w) . mede
4-(0-15)2
W
S = 0:97891I ((2.5'664-) = |2'3035 rd/se‘: = e
= 35x3600 - car i ’km/'ﬂr-.
where T = TR and #= speed of car in
i g = 12+ 3035 x 35 x 36 _ 24¢-7279 ’k?'n/Ar'a
" - 2T
Ez"‘a't"o"s (3-73) end (3:€8) 3ive 14 (27570 12
_ 25 = m T
Frp = mo X ™ [(1-?2)2 M (2'3-1')1]
l 2 i
Fr m ? 1+ (237) ]/2
w % (-v¢2)? + (2370)°
2
s L+ (2377) ]1/2
= T
l:[i—r’-)z + (27 ¢)?
re I e z
'EZ-(B-T‘:').' ma. & C}'{“ké,:-—m:b:mcﬂ\fcoswt

Sfea,c!j —state solution 'S

2(4) = moryY c.:s(cat-ﬁ;) _ 7 s @y(:-—-,d,)
@—mc’ﬁz') 4 E3)

wWhere ?5'___.(_-@"1( € J_)

fe— MG

Da.THP!.nj force = c _CL%: = S 7z sin ((_’3{'_— ¢I)
dt
Evergy absorbed per cyc‘-e by the damper (E) -

ZTT/&S ZT'I-/Q_?
= = sin - &, dF
-i:‘£o ¢ %""5’ = ‘!{_cw Z sin(wt-gOH-© 2 @t-8)
L 2
_ etz fi,ﬁ@t#¢,) it = Tew Z
o
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€., {(k__mwz.)z_{_ C"’-ng} (-rras.'g 'm?"l’) — TCC wsmzy (?.c ca1>
{(‘k— mwlvz%- CZ'CSZ}Z

' e
Ve c= (7 )

=

i . : .
Linear displacement of point Q due to g = 3T- f and net compression of spring PQ =

% ¢ 6 — x(t). Equation of motion:

“ kéed € 3660 . 3¢ ’
w=——4—z—k[ £ x| 5 )
1 STTIN ey S8 2) — 1.4583 kg—m?
where 10=§m52+m(z)2_zgme 5 (10) (1%) = 1.4583 kg—m
Hence Eq. (1) can be rewritten as
10@+[-2-k52]9={.i—k6xc,]smwt (2)

Steady state angular displacement of the bar is given by Eq. (3.6):
|3 5 9 :
=|= 2Tyt (3)
8 3 (1000) (12) — 1.4583 (10%)| = 0.01565 rad
- [; (1000) (1) (om)]/[s (1000) (1)
and hence 6(t) = O sin w t = 0.01565 sin 10 rad

' Equation of motion:

. N 87 5 | G
W=—1‘T(z)‘“z“:ﬁ*k{4 v— i) <7
i Br—cetd 5k€2=§—k€x(t)=ikf’xc,sinwt (1)
1.€., 109+EC +§ 4 A
2
1 €l _ 7 et — T (10)(1?) = 14583 kg—m® (2
where IO=E-m€2+m[—4-] —Eﬂlf ) (10) (1) g (2)
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x (£)
Using given data, Eq. (1) can be expressed as
. 3 .
1.4583 B + — (500) (1%) & + % (1000) (1%) ¢ = 5 (1000) (1) (0.01) sin 10
1§.e., 1.4583 § + 31.25 # + 625.0 § = 7.5 sin 10 ¢ (3)

Steady state angular displacement of the bar is given by Eaq. (3.28) with:
(i = 0.01311 rad
0= z

{[625.0 — 1.4583 (102)]2 + 31.25° (102)}2

¢ = tan™! L5 110) —| =0.5779 rad
B 625.0 — 1.4583 (10%)

-, §(t) = O sin (wt — ¢) = 0.01311 sin (10 t — 0.5779) rad

\ Displacement transmissibility (T
y

% 1+ (2¢r) r
T=y~|u-rr +es

For maximum of T,

& 2 (1+r4—2r2)+4g22r 3 gz]
[(1—;2)2-1-(2;;)2 (3&1-)—(1+4§2r)[4r —4r+8¢T e

- p + @] i

This equation can be simplified to obtain:
@2&)H +rt —1=0

, —1xVi+sd
Solution: r° = T 2
or r=rm=-2ig- V1i+8¢g —1

1
aT 1 il 2} 2
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!
EmE{:[ : Full_;f Loaded
2z | r
, 660 b - sec _ 3000 - b - sec
™= 39, T 3106559 T | M T FIRETT g

At sFeaal ve 55 mph, and
wave IEna'H'- 12 %,

I
1
|
]
]
I
0 = aﬂDC:th(v (lvso*a))_l_r W= 42-2317! Ta—a[/SEC
2 )
3600 : |
= 42:2371 rn.o‘/sec { k= 30000 U:/;t
]
k: 30000 Lb/;% : T = 0’2_
|
= 6+:2 : . ;
% 0 0oo
Y] b @ J-—- S e
\]—E‘ 02 T \/93-I677
05';3 i J/
\ = 17 9444 rad/sec
= 31,5805 racﬁ/ﬁ.c :
: LS . )
. W _ 42-237) 1' re oo - 42 2371
T @nT 31 0805 ! " 1T-2444
1
= 1.3530 : = 23538
: | ‘= *o-z*z-asas)z
(2Tr)z: (2*0-2* [+3580) I(Z“'fr) = (2
= 062955 = 08864
z \2 22
Qv Y= (1-1-3599) (-r*) =(1- 2353¢8")
50'7!70 = 20'6[4‘[
2 *; 1+ (3 r)” }Jz o 1+ (27 z
£ 2 2 -'(7:{ 2}
(v (23 £ @) s 2T

£
z

_.:{ I+ 0:2955 }
6. T1704 0:2955

(14 0.88614
{10-6141-%0-8964}
= 0:29¢2
ArnPll'l:uafe of vibration of

outemobile is diminished
by a factor of 02962

AmF(H:UCle of Vilar‘aul":'o*n O;
automebile s ma«jmfu'e:;l by
cb-gc'a.,d['or of 1.1311

1
l
|
i
i
i
I
|
i
l
|
i

¥ |
2 ]
1
|
I
|
|
|
|
|
|
!
i
|
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Equation of motion: M¥+cXx+kx=mew’ sinwt

/ where w = .?'_OE){;((}EEL — 314.16 rad/sec, M = 100 kg, ¢ = 2000 N-s/m, k = 10° N/m,

m = 0.1 kg and e = r = 0.1 m. Steady state response is:

xp(t) =X sin (wt — ¢

where X = ks :
\[(k ~M P + (e ]’
2
_ 0.1 (0.1) (314.167) — 110.9960 (10~%) m
2 2
{103 — 100 (314.162)} + (2000 (314.16))?
o [ew |, i | 2000 (314.16)
and ¢ =tan™ |3 P | TR | 706 100 (314.16)

= — 0.07072 rad = — 4.0520°

"‘k: spn‘nj constant of

Ta.l:{. section ,,'- -.':n =05 kg
cantilever beam (self mass = 240 #.3) s -
_ 3EI 3(2-5 K106> A ET= 25 MN/m , T=0-15 | *. ="~
- —_— =
I 3 7
4 7 |
= 0-(172 x16° N/m < e .

1 6' !
k o (172 X106
Wy, = = = 38.2753 d
n \’m,—i-o.zs ™y \/Zo-FO‘Z‘;(?-’-f") rad /sec

5 = ZTV('I5C’°)/60 = 15708 rad/sec
r= &/ w,= 157:08/38:.2753 = 4-(040 ,  r*= (6:8428
Forced response (S 9given EJ Eg . (3.73) .

Xp(t) = X sin (5t = £)

where o

me Y |
X= Tmi ooy« Gron
_ (0-5)(0-i5) (6.8428 _
=e \TG- (6-8423)24— (2 x 0415 x 4= (040)
= 3.9747 x 16 ° m = 3:95747 mm
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- &5 _ M2 — 280 x 98l
Bst = ooe = X =
- g§2,840 N/m

9_‘]'1‘(!75‘0>
l 2?. 8§40 i —2E6 48 Tﬂ..“-"/s‘ec ‘) o= ———_-60
330

— (83-26 "“‘%ec

26
Y= GSn = :isvsw = (2402 r2=i54.056¢
(i) Amplitude of V.Lra,f:;oﬂ 154 0566
me L8 = 20

¥ =

(1—-1‘1)2'4- (2‘5'(‘)2‘ - 380 ,/ (igg.osgé)z +0
= 3.9732 x5 ' m
(i) Force transmitted to 3rour‘\d
-4
e X =(82840) (3-9782 xto ) = 32°9140 N

-4 4
= - (67 x 10 ™m
..‘._._-(0‘5)(01) o-4 4y 7N/m
192 ET 192 (z-o7x:o S (orgig? %12 = |+3248 x1I0
= -——-—-— =
(553

(@) e, / fa 7_4-8’x|o o 420.2356 rad/sec

W= 2m(1200) o = 125664 rad /fsec

2
r= @fy = 125:664/ 420-295¢ = 0:299 %= 0.0894
A pl'f:ucle of S’""F_’a..clj-S'Ea.fe vibration (§ given b‘j E&- (3-30)
m ]
with ‘s‘:o:s . oo
st
N =

]r"-il B ®|(rz= 0| - (:-3z4yz:a7)(o-‘?!c36)

-3
= 0'4‘45 % 10 L

(b) Using the effective mass due fo self weight o_—F Bea.m
(for o ca.h{:a{eve.r> & be valid here also,

‘k 1
B = \/M- + 0:2357 m

where M = wmass of motor =75 kg , and

; 3
m= mass of beam = (5’ xp+5 xo-l)( 76; ;:_O = 1949- 5313 kg
3.242 = 10 '
Gy = 2297 = i57-4339 rad/sec
75 + (1949:5313)(0-2357)

z

. . = 0.7982 , r = 0637l
r= W, = 12° 664/157. 4339
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Is'S!: Fe i
X =

r2— 1] T % [r2-1| = (13249 Xio7>(o.5629)
= |+0400 x &

Let widtt =o0:5m and thickness

=t m.
. o o3 3
; = —fLé (015) +7 = __z% m"
3
- 3ET _ 3(z-o7xro")( 1‘:/24) = BudT xpob £ N/m
3 (5)3
Sy, = =

M+ 0:2357m

+ 765 X|o3>_‘9495"“t
wWhere m= mass of beam= (Sxo-':'x )( e T s

9.8 —kj
1
2:07 xw0? t3
&, = .
75 4+ o

2357 (19495-41 t)

r= 2 o 125.c64 75 + 4595.0658 +
" 2:07 x (08 t-3
8st
, JEL. . __Fo
e Eoo0
e
il 2 75+ 45950688 ¢
2:07 x10% 3 126.664) [ 7 _.1}
( xte™ & ){( [ 2.0'7)“03 t2
* 3
o 13108 a0 £T - 4595.069 8 _74.367 =0

B'_y trial and error, the value of + (s found as
tz o6m. .
Since this s toe fa-rae:n we can start with o new widf such as

10 m.

=(0%f0.9) N , @= 2T (1000) /50 =

= .72 rad/sec
m= o4 7 a /

' % = ¢ (6000) = 36,000 N /m

w?‘l

= ‘/‘k/m = \Eéoo%%?ﬁj — 24.2611 ru-ci/s‘er_

z _ - 6311
P = 03/(,_9“ = 104-72/24-2511 = 4.3164 > I 18
2
X = Fo = To & &2 w}':ere m, = unéa_,‘a-nce.c' mafss
* frz“fl * {r’--—:[

and € = SCCe.n‘f:r‘L'ciky
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. 2
8 _3 ™, € ((o4-72->
2.5 % (0 =

36000 l ;7-531!]

le., m,e = o:tuas7 kg-m
Unbalance = W,e = mae = O-f447? (?'gl>= oS e
2 2 (1500) rad
1000 - o. lo-s e BRI L DY o (B TR =g

Pyssible isolators ane: (i) k=45 o00°0 W , T=o0

(ii) 4= 90000 lb/n , =0

(iii) «=45o000 /i 5 T=o0-15

(iv) «=90000 /in » T=0l5 ot
we will compare the force transmissibilities of these isolators.

: 2
Force transmissibility = T, = H-Z(z:r r)
(""rz) = (2‘3’1‘)2

: - [= 5000
() e, = /1:: = /‘5;;8? = 131. 8634 rad/sec

v= 6o, = 15708 13(. 5634 = 1© 1712 s 20
T, = L—_L;T = o-'m = 2-3866

(it) G, = /_7'_22_“;_‘;7% — 18¢.4829 red/sec
r= W/, ._—_ 157-05’/195-432_9 = 0-8423 , ré= o0:709%
Te= ’ = ! = 2.4423

[1-r?] 02905

(ii?) Sy, = "25;;; _ 13(-5634 rad/fsec

r= 1-19(2 , &= L4190 S = o-I5
2 EL
‘ (5
Tr = 1+ (2 x 11902 x 0+(5) - = leen
(V= "‘H‘?O)Z + (2% (-1912 x ©+15)

s
<!
N
&
=1
W

(8¢ .4829 radfsec , Y= 0:8423, r®=0:7095, FT=old

{+ (2x 08423 x 0:15)° I

I

(1-0-7095)% + (2x 0:8423 x 0:15)°
Tsolation (Iii) (s best.
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2
M X

me \[(, —.~.> -l-(z‘;'r)

M _ | _ { _ 4 ’
oy me - z'g'x 23—(9.55> - 11 T (Ef)

M o o E
ar _ e = TR (7—)

Cornba'm'nj (ED and (Eg), we obtain

. PO .
me T 5.5 i %
T = 0-i364
For each spring
4 oy - 5 4
4<=~——-——Gd — = (- 5385 x10°) (o025) = 26.083 MW/in
¥ 64n R 6y (8) (1-5)°

Total * = 4 (26.083) = (04 -332 L5/ in

W = 277 (1809) = 188- 496 'ra_cg/Sec

60
FA
m= 100/3gc.4 -5/t M= 759396.4 M-S /fns T=

} \/(‘3;0/3‘;92 4) = 33 1& Ya.cf/:e,c

r= 188’-4‘?6/—;_33,6 _ 25.702 , r2= GEl-0l44
s 2 _ 100 (ar0l) M‘L)

= M \)Q—rz)z—f- (?_Tr)z' B 750 660 0l4k

= |3354 xta3 n.
W = 7‘“—(’500)/60 = I57-08 ra.d/sec ¢ 1 o02"da. (\’6
/ (@) Force due to eacem':nm{j of rotor 500 rpm

= = : -15¢ .
= mecﬁ = 39¢. 4)(0 OJ) (l57 O?) (7 ! ) u

(b) H-P- —(Force)(ecc:en%:rfci?:j>(a.nguia.r VEloc.ff_rf>

= {19 i'565‘>(° °' "55'75_;’3 — 0.004559 hp.
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®

wh;;ﬂ-ﬂ = m}ah @
R

\ 5-9/336"_! %G ‘

P

= '8
C.G.
=39.3(4( rad/sec , l Y] . _l__]c
4 = r 2
= $(222- —1g1-2612 Ub-in-sec?
= 9" = 54\% = 79- 8205 I
F, = me w S 43(0 D (78 ‘f)
Point R is subjected to the force, F(¢)=F, cos wt =79.8205 cos 78.54 t
Assume that S is not moving . .
Then Ris d-‘s‘}:la-ce,o\ bj . ,
&) F, cos et _  Fo coswt  79.§205 Cof ©
p o = = = =
L Nz _(78:54
I‘k—'mCJ ( ‘k!;- -C—a—h) | 200 |j_ (39 3“‘”) '

= o+1334 cos 78:54 t inch
Let o= a_.ngt.l.la.-r dl.g{:‘a.wmen'& of pla_te P& .
Dl'S‘pla.ce.ment of 8= 50 inch ‘
Extension of Spring RS = (5@ - 0:1334 cos 78-541’;) mch
Restorin3 moement of SPTfnj force about P

= 200 [58- 01334 cos 78:54 t |5 lb-in
Ve‘om‘%y aj’- Q= 40 e fnch/SBC
Dawnping force af & = 406 (1) = 40 & Lb : )
Moment of do..mrmg force about P = 40 8 (40) 600 & Mb-in
EBUG-'!:'IO‘I‘I of wotion of Pia..'l:e PQ -

Tp g + (600 6 + (000 (56 — 0-1334 cos 78:54t) =o
be., 141.261Z 8 + (6oo 6 4+ 5000 @ = 133+4 cos 78:54 t (E,)
Comparing (Er ) with €. (3-24), the solution of (Ei) can be
expressed as Op(t) = ® cos (Wt—-¢)

where , from Egs- (3.30) and (3:31), we get

Q= (1323 4 /5000) = = 15238 xio " vad

\m- 174-2151)* + (2x 0-951% x 13.2013)

and &g = ton™ (_ 2.5”-1326/l73-27 5!) = —§-2529°

S\*:ea,alj state motion of 2= 6, (4-0)

= 0006095 A5 (7854t + §.2529°) inch

3-37

PRELHMARNGNY EREIONAED/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

]?J‘Spla-cement of S = @G ‘mch ) 5
= (15238 <15 1) (5) in<h
= 0.0007619 inch

"
o 0007619
D3

2]

D, D3 = maximum deformation of

? x/
Spring = o- (334

Ma.x - }orce transmitted to Fo.‘nt S = -)k(ptbg)
= 200(0-1334) = 26-68 Lb
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1T,
f s/ffwt. s (3t - $) dt
[

2T/eo

- S sin ot [ cos wt. wSg + s ot.sin ¢ ] dE

[=]

‘lﬁ/w . 2 ‘ o’:t
=S {Cgs¢(ﬁnwt.cgsc.5“:)+/§m¢($lno9)}
‘ 2o : . 4 — cos 209t A
) fen (S22 4 s o (A )

: t 29 " Sin 2(-9“: 211-/"8

=wsz¢ (_ r;osz:-jw >L +§__Zf§(t— = )o

= I
_.wSm¢

A’ = WEX'I = @whX sing

Let =(t) = c{:'SP‘a.,cerne.nf of wmass m b
New fength of each spring &, = (fz'-f- "—z)
New tension /n each spring &, = T = (\/fz-{- == ...P.>‘f<| + To
HO!"I'EOntGJ co-mponen*a‘: of new fension in each Spring *

= TS Tk
Vertical component of new tension in each spring K, = —-n—z_:—x;;
Total friction force = M ™z + Z L

L2+ %

o g e
i ; 2. _ —
e plree el = ok e

where A= area of piston.

mx + k; %+

Fils mx 4+ % (4<2+ 2 l;;’_) =pmg +2eu T, +f Asnawt

™ % + "-('kz-i-?- —_ao—>=—/umg,——z/4'ro+ f‘,,A"'""’t
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= /1‘_ = (1'_2‘1? _ 32-403703 vad/sec
™m

’ N = vertical force = mg = 2 (9:-81) = 19:62N

W _— 25173268 x2T _ 0.43341‘“
Wn 32_-4.03703

(1— - {4_ (\962)}

mw(ize
ey 0.075 2'?-;0 ( )2
(1 — 0-433 17 )
= 1~ 0-04334 p* Y2
frides = 0-5802473
2
-e. 09995666 = 1 - 0-04334 [
:‘E') f“= O'i
W _ 5000 _ 5
(d")‘k: 85.& 0-05 ~— o} /TT‘L
when = 9, , Eg. (3-i102) 9gives
Fo loco
= 5 gl =22 5 Bogid
“kls 005) (3 {6

(B) AW = T o0 X2 = Tk X*  where Cep= EEX from £ (3-100)

AW = (o+1) (505) (o-i)z = 3i4-(6 Jbul.es/cycle
(6) Steady state amplibude ot one - guarter of resonant

freguency :
s
— = ©0+25
GSnq

Fo 1000

* [{1-— (%)2 }2 + Pz]‘/?' 105[51—0-252}2+ (o-l)?']yz

= o0:0l06l ™
('-'A) Steady state amplitude ot thrice the resonant freguency:

J

= = 3
"
1000

o° [ (1-32)2’ +(o.;)‘°-jy’-

c«00125 ™
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- AW = TR XY K. »
' = 0:0000
. BRE T 3 (60 000) (‘,.0,4.);)L }=¢. 3 (o-04) 00

9.5 = 3 (60000) (o-oéjf- ye (O-OG)Y = @g-0000504
Taking logarithms,

e p + T Ln (004) = Am (o.oooozoz)

L-.-./B + 7 ,!m(o-oé) = Em(o.oooo 504—)

e Lo g - 3248876 F = —10-809828 ---- (Eq)
fop — 2813400 V= —7.895501 —---(B2)
Subfra.cfinj (51) from (E-L), 0405465 y = 0:914309
+= 2254964
From (€,), Imp= —(0-909%28 + 3:218876 (2.254964) = =3:551377

= 0:028685

_ Workdomz:W:chlz:-fFia“’
If F(t) = F, cos wt and x(t) = X @S(C«St—-;ﬁ), work done in one

&3&18 g_'ﬂ'/&s
=WwW= - F, cos wt. X sin (WE-g) dJt
o

27949 ) o LS
) e REIEE
(=]

— _ FwX Cﬂ’sﬁ 2t cos 2(.._9{:
2 269

(=]
= I:OTFX an¢
1
Given data : FR= 5 b, = 3T %:% 5 tz_a'-’.-_ sec, ¢="?FJ M= g5
. AN .
W= F,mX sing = 511'(0-5) sin 7 = g.8018 l-in

(i) In one second, it will complete 1%z cycles.
w)i second = [+5 W = (0-2027 AL —~tr.
(“) In _four seconds, it will r:.o*m}olet'e & cyeles.

w/ - ¢ W = 40-8108 l-in.

4 seco ncf g

Damping force = F= C ('fc)n - -
Energy dissipated per guarter eycke  during bhayrmonic motion x()= X sinewt
s Tr/ZCS Tt'/z@ n

aw - : )" oot dx

S = T == c (WX cos L)

4 S; c (%) x So (
But dzx = % dt = X wSot.dt
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T/2co
AW = 4c¢ {.jm-i Xﬂ+i S c_osmr'i @t . 4t
. 209
- P wni-i X'ﬂ'i'i i Cpf“ ot - sin ot ln—/zw.p n_ Ic.of“‘iﬁ?t J.t}
= 4 (nt1) G ] e 0

T%_w

= 4¢ gt Xnﬂ- (_.I‘_) 5; os™ 1 ot .dE

n+ 1

2 .
Ezuaifng this expression o T Cezc.s X7, we obtain

n n—1 Tr/zw
X n_ _ )
. = W (rl-f—i) S Cpsn igsfc‘l.t = C(ﬁh X” % O(,..
v ™ o
n “%Z.CS _
where o, = _j% (;1__1_) S L T T — (/)
o,
For exa.mrle, for n=2, (E,) becomes
™ k Ny
A, = __4_; .?'-.) S' /zc‘zas. csk.dt = 8 Csin c.:'!:) Ve - 8
wAd (-3 ERL) () o 3ITFLES
and hence c.. = 8cwX
Y NERE

which can be seen to be same as the expression found in Example 3.9,
For few other values of n, o, can be found as follows:

S A R S
“—oz"-_ :"——,__ P) 3 32
b : 2 3T 49 15 TTW

The amplitude can be found as
Fo

. Fo
N2 B ook = \/7;:_ & L .
J@‘""‘G’) + Gy @ ® (L= v*) + Cg @
Fo
1
v z=v2Y + & R Xz("'i) i

Energy Mfaiia? pen eycle for Vviscous damping = TewX?
Energy dissipated per cycle for coulomb damping = 44NX

X

1}

Ezu.iva,lenf viscous damping constant (C%) is  given by

Trc,egcﬁx?': Tecwx? + 4MNX
_ #pN
C%_ (c * -rrca)()
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Amph‘{'ude Y s given by e
—QF —_ |
CT 201-r2): + Cg @
X = (‘k rncaz) <+ gg r( )

Subsf:"tutt‘ng for Cep, - sguaring and rearranging
guNc @ ic M Ent _ gt - %
Xz{kz(i—‘rz)z-i- czcal} + X (—E————) P o

(ﬂ)) Ef/u.a;‘:;on OJC motion mx +/uN+C(Z> + kX = Fo cos ot
Thus the system has combined Coulomb and velocity - cubed

c!a-m‘:ing. " N
. - /“ =
FO? CODLLOmb CIGL\"HPins s ngi = =73 3 , P( l)
locity — cub d dampin wivalent viscous Jamping
{:::ff\fi:’:nfj c:.: ebe ob:mfedj from the solution of problem 3.68:
E
Ceﬁz = g 033)(2 X3 (3)
I.-Jlne.re (E )
3 S
( > j z“’J‘ dt = 5
E
Ceﬁz = _?'— c o9% Xz (4)
! “ 3 ctx” (&s)
and Cep= Cegt ¥ Sz = T X "
(b) Steady stote amp i tude under fwaxmcntc force :

Fo

R = \/;z(t_r2.>2+ Cé-ﬂ \/7({ 2-) {ir};‘:‘(+‘—cw X}C&

(E¢)
(C) Amph'-bude ratio:

1
Z AN
_v2\2 Ce, L9
S5‘{: (F/*) Q-r*)"+ (._Z;—z———)
2 E il 3 cc@gxz}
\E"‘ Y +deos Tt
Ab vesomance , r=1 and 6. (E7) reduces to
i

> (Ee)

X

p————

S5t

=1ES
x
»l 2
+
‘w
n
&
x

resenance {

e i = ivalent mass at end
Model the pipe as a single degree of freedom system with meq 2 %ﬁwa Sell: .
— — m (m = mass of pipe; see Problem 2.46) and keq = A D D
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ke&
F X%
a_Ffz_Ffa 3 =3x
T 92EI 3EI |2¢ 2 ¢

where x — end deflection of the cantilever pipe under a transverse load F. Force induced
due to fluid velocity v is p A v2. Force acting on the single degree of freedom system (in
vertical direction):

2 3X

F=pAvlsinf=~pAvif=pAv =

Equation of motion: me; X +keq X =F
33 . [3BEL_ 3pAY
140 e 2¢

3EI 3pAv —\/ 2E1
ili — 0 =
Instability occurs when 7 =7 <0 or v AL

Assume Reynolds number (Rg greater than 1000. Strouhal number (St) for vortex
g — 0.21 where f = frequency of vortex shedding, d =

x=0

or

shedding is taken as: St =
diameter of cylinder and V = velocity of fluid (air). At 50 mph speed,

‘ 2V 184.8 o
¥ 22 (1760) (36) _ gg9 in/sec and f= gal X = = Hz (d in inches)
3600 d
For the three sections of the antenna, the vortex frequencies are:

f; = IS 616.0 Hz
81

g, = 2348 _ 9940 Hz
[)4.28

fz3 = L N 1848.0 Hz

At 75 mph speed,

021V _ 2772

Hz (d in inches)

3600 d d
For the three sections of the antenna, the frequencies are:
£, = 2772 _ 9940 Hz
£, = 2172 _ 1386.0 Hs
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fy = 272 _2772.0 Hs
0.1

Since the natural frequencies are much smaller, no instability occurs.

33
(a) Equivalent mass of single d.o.f. system = Meq = M + i m where m = mass of

cylindrical part of the sign post:

i ) = 1378.0527 kg
9.81

m = % (D! —d®)hp= % (0.25% —0.22) (10) (

33
", Meq =200 + —— 1378.0527) = 524.8267 kg
* 140 ( )

Y= _6"'{1_ (D* —d*) = % (0.25¢ — 0.2%) = 113.208 (107°) m"*

Equivalent stiffness of the system:
9 -6
_3ET _ 3(207 (10%)) (113.208 (1) _ 70,302,168 N/m
= B 10°
Natural frequency of transverse vibration of sign post:
1 1

B [E"Q_} g (M] % 11.5738 rad/sec = 1.8420 Hz

Meq 524.8267
(b) Wind velocity corresponding to maximum vibration of sign post (V) is given by:
f D f1 D (1.8420) (0.25)
— — _ —_— = = 2-1929 m/8
St =0.21 = or T T f

(¢) Maximum force acting on the system due to wind velocity:

F(t) = Fo sin wt = -12— cpVEAsinwt= % (1) (1.2215) (2.19299%) (8.0) sin w t N
= 23.4958 sin wt N
where ¢ = 1 for a cylinder, p = density of air = 1.2215 kg/m3, A = projected

area of cylindrical part = (0.8)(10) = 8.0 m?, and w = frequency of wind force.
Equation of motion:

meq§+ceq)'(+keqx=F(t)
and the maximum steady state displacement of the sign post occurs when w = w
and is given by Eq. (3.34):
Ost Fo 23.4958

. - = 0.001671 m
3¢ ke (2)¢ 2 (0.1)(70302.168)
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(@) Epuation of motion mx+ecx +kx = [ x
or mE + ¢ % .;.(g—Fo')z::o ()
Assuming the solution =)= ¢ gt (E2)
wWhere C is a constant, Ep.(E() gives the euxiliary eaua.‘h‘on
2 _c 44— F\ _ £
/S+-;"—J+(_Tne.)_o (Es)

Roots of (E3) are |
Brg = e ‘/ £ N _ (x- F Es
hs 2m = Zm) ( ™ c) ( )
First consider the case of positive stiffness (4: > Fo ). For this
case, following FossiLiLH;s‘er exist,

e \2 44— P\ .
1. If (EF{ = ( al o).
Both 4 and 3, will be real and negative and hence
t
x(t)= G, * Co e (&5)
will be stable.

2. If (:_mzz (‘k—-Fo>:

™

Both 5 and £ will be identical , real and negative.

Soluti &
olution w(t) = (C,+ c, -(;) &’
will Le stable since esit

3. If (Ec;,—z < (‘k— Fo):

Ee)

—_— 0 as t— oo

Here S, and s, w?& be complex conjugates and solution
will be . . '
xz(t}= ¢ e-(ﬁ)t sfn(J{"(%;‘> + ("‘MF")]--& + ;4) (e7)

This rEPre_senL‘S' a ‘ConVéfga'ng oS‘cif.la..i-arj motion and hfence
the system will be sto-ble.

Next consider the cese of negative stiffness (4 < F.,>. Here

Hg = T S i\/(f,..—)"+ (Fe=*y (5)

m
Thus s, will be Pos‘i'ﬁl‘vc and 4 will be nega—f:fre, and
the solution becomes il
L5t — 42|t
=(t) = €; e 4 e, e (g5)

This solution can be seen to du’verje as t—>os.

(b) Eguation of motion mx +cz + kx = Fbx
or ;'c -+ (c:ﬂﬁ) *x + '_f“.-. x = O CEIO>_
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ASS‘LLrnEnS x(£) = C BSt itte a.uxr.‘f.c'ﬁ-rj egua-ft'on Lecomes

¥ (“j")s-a— -gf—‘- =0 ()
and hence _ N . (E )
- F --Fc P, _1:_ 12

A, T 7 szo)tJE‘.m ) ™

First consider the case of positive damping (¢ > F.,) in (Ew)-
For this case, it can be seen that the system will be stable for

ell PoSSiHc values of { = a)z__ i‘_}'
T2m m

Next , consider The case of negative damping (c 4' Fo)..
Defend-'ng on the sign of the 3ua—ﬂf=l'*-‘j under the radical in
Eg: (Ei), we will have three types of solution.

1. (.___E—o- 3 - .?’:'_ +  Here both s and Sz are 'r':al and
zm s t S,
positive and hence x(t)= € @8 #C,e (E3)

This denotes o Ju‘vergfng nonosci llatery motion ; .50
the system is unstable.

2. (— Fe )z - X, Here S and 5, are identrcal and are

2m ™ st
real and positive. Hence x(t) = (c‘,.f. c, -b)e' (E,,D
THI'S re.rresenf:.s‘ > c(;'vergi‘nj hanosc_iua—'barj solutdion ;
so the sgstm will be unstable.

3. (C"_F"- 2'< X . Here 5, and s, are carn},lax conjugates
2m m

a 41 e — B 21
e By h - GEY G

The soluwtion Lecomes

B-c =
e D (T ) o
Stnce the exponent is pesitive , Ep-(Eg) denotes o
dl‘vergt‘ng os‘ciu.a;l'arj motion ond hence the system is
unstable.
Thus the condition For Jjna—'ml'c sf:a_.ba'lu'f:j of the system

can be stated as

Fo = ¢ (EI'D
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(c) Ezu.a:f:i‘cn of motion mx +cx + « 2 = R %
or m-F) x + cx + «x =0 (E9)
the auxl'(,u'a.rj egu_a.i‘a‘an will be
= g o _ &
m- F ik (T'f‘"Fa =5 ( ZCD

The roots are

bz T 7 2.(-:'\ Fo) — \[{z(m_Fo>} ('rn Fo (EZD

First consider the case of positive mass (m > R )in (Eig)-
Tn this case, the system will be stable for all values of

[ {ZCm— Fo)} (m- FC.)}

Next consider the case of negative mass (m < F)in

CEIEB' For this cCcase $y and 55 Can be e,)LFrES'SeJ ab

Bz = Z(Fom D) i‘/é(;::_m)}z—*'(”é&; (Ezz)

This shows that s will  be positive and s, will be
negative ; thus the solution will be divergent.

3-48

PRELIN{RAREIERBeENEL2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Ex3 103.m

4000;

= 10:

= 10;

= 200;

= sgrt(k/m);

= Pyils

x0_dot = 10;

£ 0 = FO/m;

for 1. = 1s 501

£ (i) 3 % (i-1)/500;

x(i) = x0_dot*sin(wn*t(i))/wn + (x0 - £ 0/ (wn*2-w~2)) *cos{wn*t(i))...
+ £ 0/ (wn*2-w™2)*cos(w*t(i));

Il

1

end

plot{t,x);
xlabel(’t’);
ylabel ('x(t)’);
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0.6 T T T T T

0.4 ' 7

0.2 : T

x(1)

0.5 1 1.5 2 25 3

% Ex3_104.m

-% This program will use the function dfunci3 104.m,they should
% be in the same folder

tgspan = [0: 0.01: 10};

%0 = [0.1s L0OJ:

[t,x] = ode23('dfunc3 104', tspan, x0);
disp ('’ t x(t) xd({k) %)y
disp([t x]);

plotfe, 20 1)) ;

xlabel('t’);

gtext (") )i

% dfunc3 104.m

-function £ = dfunc3_104(t,x)

FO = 200;

10;

=: 0.3;

10:

4000;

= zeros(2,1):;

(1) = x(2);

(2) = (FO/m)*sin(w*t) - 9.81l*u*sign(x(2)) - (k/m)*x(1);

Fh Hh Hh 5 82 2 8
1
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0.6 T T T T T T T T T

ool 1| | | -

A

0.6 h
0.8 1 1 1 1 1 1 ! 1 1
0 1 2 3 4 5 6 7 8 9 10
t
% Ex3 105.m

% This program will use the function dfunc3 jg5.m, they should
% be in the same folder

tspan = [0: 0.02: 2];

%0 = [1; 0l;

[t,x] = ode23('dfunc3 105, tspan, x0);

disp(’ t x(t) xd{t)’);

disp([t x1);

ploti(t,sc(s,21));

xlabel('t’);

gtext ('x(t)’);

% dfunc 3 105.m
function f = dfunc3 105(t,x)

m = 100;

k = 40000;
zeta = 0.25;
¥ = 0.05;

w = 10;

‘c = 2 * zeta * sqgrt(k*m);

£f = zeros(2,1);

Fl1) = x(2); :

£(2) = k*Y*sin(w*t)/m + c*w*Y*cos(w*t)/m - c*x(2)/m - (k/m)*x(1l);
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t x(t) xd(t)

0 1.0000 0
0.0200 0.9272 -6.9328
0.0400 0.7381 -11.5448
0.0600 0.4823 -13.6094
0.0800 0.2096 -13.3072
0.1000 -0.0372 -11.1218
0.1200 -0.2270 =7 7185

1.8000 -0.0523 0.3904
1.8200 -0.0434 0.4869
1.8400 -0.0329 0.5637
1.8600 -0.0210 0.6179
1.8800 -0.0083 0.6473
1.9000 0.0047 0.6510
1.9200 0.0176 0.6286
1.9400 0.0297 0.5811
1.9600 0.0406 0.5103
1.9800 0.0499 0.4194
2.0000 0.0572 0.3120
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' %=:==:===:=:==:=========:::::=========:::::::::::::::::::::::::::::::::::
%

% Ex3 106.m(Program3.m)

$ Main program which calls HARESP

%
%=::::=—_-=:==::::==========::=====::::=======:====::====:===:=:========::.—.

oP

Run "Ex3 106m " in MATLAB command window.Ex3 106.m and haresp.m should

be in tﬁé same folder,and set the path to this folder

following seven lines contain problem-dependent data

xm=10.0;

xk=1000;

zeta=0.1;

xc=2*zeta*sqgrt (xk*xm) ;

£0=100.0;

om=20.0;

n=20;

Le=ily .

% end of problem-dependent data

[t,x,xd,xdd, xamp, xphil=haresp (xm,xc, xk, £0,0m, ic,n);

% following lines output the results

fprintf (’'Steady state response of an undamped\n’') ;

fprintf (‘Single degree of freedom system under harmonic force\n\n');

fprintf ('Given data\n’);

fprintf (xm %10.8e\n’ ,xm) ;

fprintf ('xc %10.8e\n’,xc) ;

fprintf ('xk %$10.8e\n’,xk) ;

fprintf ('£0 = %10.8e\n’,£0);

fprintf ('om %10.8e\n’,om) ;

fprintf(‘ic %1.08\n’, i)

forintE{’'n %2 0F\n\n\n*,n) ;

fprintf ('Response: \n\n’);

fprintf (-’ 3 x(i) xd (i) xdd (i) ") ;

fprinkE (“vain’ )y '

for i=1l:n

fprint£(’ %2.0f %10.8e %10.8e 4.0, Bexn? 5 Lsseli) 5 wes
C xd(i),xdd(i));

g0 ob

nou

1

nou

I

end

subplot (311);
plot(t,x);
ylabel ('x(t)’);
gtext (‘x(t)");
subplot (312) ;
plot (t,xd) ;
ylabel ('xd(t) ") ;
gtext (‘xd{t)’');
subplot (313).;
plot (t,xdd) ;
ylabel ('xdd(t) ") ;
gtext ('xdd(t) ') ;
xlabel ('t’);
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%._—==:===::-_—"—TZ::::::::===-_—='—':===:====:======::===:=====’====:==:===:=====:
function [t,x,xd,xdd,xamp,xphi]=haresp(xm,xc,xk,fO,om,ic,n);
omn=sqgrt (xk/xm) ;
xai=xc/(2.0*xm*omn) ;
dst=£0/xk;
r=om/omn;
xamp=dst/sqrt((l.O—r“z)“2+(2.0*xai*r)“2);
xphi=atan(2.0*xai*r/(1.0-r"2));
delt=2.0%3.1416/ (om*n) ;
time=0.0;
if ic~=0
for d=l:n
time=time+delt;
t(i) = time;
X(i}=xamp*cos(om*time—xphi);
xd(i)=—xamp*om*sin(om*time—xphi);
%dd (i) =-xamp*om~2*cos (om*time-xphi) ;
end
else
for i=l:n
time=time+delt;
t{i} = time;
% (i) =xamp*sin (om*time-xphi) ;
xd (i) =xamp*om*cos (om*time-xphi) ;
xdd(i)=uxamp*om“2*sin(om*time—xphi);
end
end

>> Ex3 106
Steady state response of an undamped .
Single degres of freedom system under harmonic force

Given data

xm = 1.00000000e+001

xc = 2.00000000e+001

xk = 1.00000000e+003

£0 = 1.00000000e+002

om = 2.00000000e+001

ic = 1

n = 20

Response:
3 % (1) xd (1) xdd (1)
1 2.97987095e-002 -2.85475021e-001 -1.19154838e+001
2 2.392940852-002 -4 .55669383e-001 -9.57176339e+000
B 1.57177193e-002 -5.8125%445e-001 -6.28708774e+000
4 5.96746320e-003 -6.49951518e-001 -2.38698528e+000
5 -4.36693252e-003 -6.55021513e-001 1.74677301e+000
6 -1.42738605e-002 -5.85973141e-001 5.70954420e+000
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7 -2.27835571e-002 -4.78586496e-001 9.11342282e+000
8 -2.90630300e-002 -3.14352252e-001 1.16252120e+001
S -3.24975978e-002 -1.19346877e~-001 1.29990391e+001

10 -3.27510596e-002 8.73410566e-002 1.31004238e+001

11 -2.97986046e-002 2.85479399e-001 1.15194419%e+001

12 -2.39292411e-002 4.55672899e-001 9.57169644e+000

13 -1.57175058e-002 5.81261754e-001 6.28700233e+000

14 -5.96722446e-003 6.45952385e-001 2.386885%78e+000

15 4.36717313e-003 6.55020872e-001 -1.74686925e+000

16 1.42740794e-002 5.85571044e-001 -5.70963176e+000

17 2.2783732%e-002 4.,78583148e-001 -9.1134%314e+000

18 2.90631454e-002 3.14347582e-001 -1.16252582e+001

19 3.24976417e-002 1.19342102e-001 -1.29990567e+001

20 3.27510275e-002 -8.73458687e-002 -1.31004110e+001
0.04 T T T T T T
0.02 _

x(t)

g of 7
-0.02 5
_0.04 1 ! 1] ] 1 1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
1 T T T T T T
051 xd(®) ’

g ot .
=
05 1

o | 1 | 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
20 T T T T T T
10F 7

%. o+ xdd(t) ]
=
10k _
20 1 1 1 1 1 1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
1
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'$Ex3 107.m

Y= 0.05;

zeta = 0.1;

wn = 8.164966;

w = 2.908889;

r = w/wn;

x 2 ¥ * sqrid {1+ (2 * geta #* )22) /(L= g%2)72 £ (2 ¥ zeta * xr)?Z) };
disp(’ w wn x');

disp(lw wn x1);

w = 14.54445;

r = w/wn;

% = & % aget( (Ll & (2 % geta * x)%2) (il = BM2)°2 £ (2. * zeta * 5)?2). );
disp([w wn x1);

w = 29.08890;

r = w/wn; )

® =% * ggrel (I = (2 * geta * )22 4 (1.~ 202)22 ¥ (2. % zeta ¥ n)22) );
disp([w wn x1);

wn = 6.324555;

w = 2.90889;

r = w/wn;

® =% % gugrel 41 &= (2 * zekta * ¥)~2) ({1l = 27222 & (& * zeva * r}*2) )3
disp([w wn x]);

w = 14.54445;

r = w/wn;

x =Y * sgrt{ (1 + (2 * zeta * r)”2)/((1 - r*2)*2 + (2 * zeta * r)"2) );
disp([w wn x]);

w = 29.08890;

r = w/wn;

x =Y * sgrt( (1 + (2 * zeta * r)*2)/((1 - r*2)*2 + (2 * zeta * r)"2) );
disp([w wn x1);

>> Ex3 107

w wn b,

2.90889000000000 8.16496600000000 0.05722376420338
14.54445000000000 8.16496600000000 0.02410324256879
29.08890000000000 8.16496600000000 0.00524102723160

2.9088°2000000000 6.32455500000000 0.06325355032007
14.54445000000000 6.32455500000000 0.012759580975243
29.08820000000000 6.32455500000000 0.00336736169683
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ﬂfl(‘lﬂﬂf]f)ﬁ

ua.‘f(onofmt:an is m;t+C5t+ xx = Cy—+‘ky.

when y(t)= Y sin cst, x,(E) = X cos (tst - — #2)

COmpLeEe solution can be expres‘secl as

x(®)= %o € T os (wyt+ gy + X of (9t=5i- $2) )
R 1+ @17 %
B Y[o-r=)‘+(zvr)z] ‘

l—Y*

ot (R et (D R
If the initial condilions ave known x(t=0)= Xg amd % (t=0)=
%o > Xo= X, @8 b + X b (Bi+$2)

and %y = - TWn Xo A~ 09y X sing, = WX sin (- — B2)

Hence

. %
2 —x - TS, X+ rwanﬁ(ﬁ"'ﬁ)-i-GBX Sm(ﬁ-ﬁ-g)}]
X = [fxo.. X 0:5('5;+¢z)} + { 2 =

it [- o = TWn Xy + TGy X 5 (§+$2) + X A (#+$2)
e b @y § %o = X & (Bt P}
1§ necessary, the velocity % (t) and acceleration %(t) can be

found f$rom Eg.(E-1). The computer program ard output are
iven below.

P Y T T T T & ¥ - ===
i —a—P— Pl e ===

SULUTION UF PROBLEM 3.108
MALN PROUGRAM wHICH CALLS BASEX

RESPONSE JF A SINGLE DeCo.F. SYSTEM SUBJECTED TO BASE. EXCZITATIOW,
Y (T)=Y#SIN(OM*T)

-——.———_—.——.-—-.—‘—___._.____........_--_..____..______-_.,__,...,_..._

- s -—— - - 1 sk
- ===

=
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C FULLUWLING 3 LLNES CONTAIN PRUBLEM=DEPENDENT DATA
DIMENSION %(20),XD(20),X0D(20) S5 T B
DATA KM,KC,XK,Y,UM,N/Z.D,10.0,100.0,0.1, -0
DATA X0,XD0/0.01,5.0/ -
c END OF PRUBLEM=DEPENDENT D )
i CALL BASEX (KH,XC,XK,!,DM,N,X,XD.XDD,KO,XDO)
PRINT 100 .
TD: ) UNDERDAMPED,/
{ MAT (//,33H TOTAL RESPONSE OF AN 'ED .
e ZFggH SINGLE D.,U.F. SYSTEM UNDER HARMONLC BASE EXCITATION)
PRINT 200, XM,XC,XK,Y,UM,N L i}
200 FURMAT (/;,12ﬁ GlUEN DATA:,/,5H XM -,Elé.q,{,gﬂfxgﬂ &Elz'iég'
2 5H XK =,E15.8,7,5H ¥ =,E15.8,/,5H OM =,E15.8,/, ’
PRINT 300,X0,XDO

300 FURMAT (/,20H INITIAL CONDITIONS:,/,6H X0 =,E15,.,8,7/,6H XDO =,
2 E15.8)

PRINT 400 _ '
400 FORMAL (//,10H RESPONSE:,//,5H 1 ,3X,5H X(1),12Xx,6d XD(1),
2 11X,7H xop(L)./) :
DO 500 1I=1,N
500 PRINT 600, L,X(L),xDCI),XDD(I)

600 FORMAT (14,2X.EIS.B,2X,El§.8,2x,515.8)
STOP

———_----.———-——.-————-..-————————- —— - = - - -
- - - e

e =mmmee= - - = s E S SRS EsEemEmaSSmsmEEEs
- =1 -

p———4—8—4—S =Tl Ll

SUBROUTINE BASEX (XM,KC.XK,Y,UH,N,X;XD,KDD,XO,iDOJ
DIMENSION X(N),XD(N),XDD(N)

DMH=SQRT (XK/XH)

AAL=XC/ (2., 0¥ XM*UMN)

DMD=UMN#*SQRT(1,0=XAL**2)

e 416/ (OMD*REAL(N))

:LT=2.0%3.1 -
gigg=§*SQRT(1.0+(2.0*XA1*R}**2/((1.0'R**2)**2+(Z.O*KAI*R)**ZJJ
PH11=ATAN(2.0*KA1*R/(I.O-R*RJ)
PHIZ2=ATAN(1.0/(2.0%¥XAL¥R))

ACC=XC

TLME=0,0

DO 10 I=1,N
TIME=ST1ME+DELT R

c=X0=-XAMP#COS(PHIL+
KS=(-XUO-XAI*DHN*XC+GH¥XAMP*SLN(PH11+PHI2))IDMD
XZ=SQRT(XC¥*2+4XS*¥2)

PZ=ATAN(XS/XC)
EX=EXP(=XAL¥OMN*TIME)
CS=COS(OMD*TIME+PZ)
5I=SIN(OMDETIHE+PZ)
CSli=CDS[UM*TIME-PH1l-PHlZ)
5112=SIN(DM*T1ME-PHIIIEHIZJ
=XZ+EX¥CS+XAMP¥CS1G
;éti)=-1A1¥DMN*XZ*EK*CS-D&DYXZ*EX*SI-GM*XAHP*SII2

10 XDD(1)=XZ*EX*CS*((Xkl*uMN)##Z-DHD**ZJ+2.0*KAL*UMN*UMD*KZ¥EX*SI
2 =(UM®%2)%XAMP*CS12
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KC=XCC
RETURN
END

TOTAL RESPUNSE UF AN UNDERDAMPED
SINGLE D.0.F. SYSTEM UNDER HARMUNIC BASE EXCITATION

GIVEN DATILAS

XM = 0,20000000E+01

XC = 0,10000000k+02

XK = 0,10000000E403

Y = 0.10000000E+00Q

OM = 0,25000000E+402

N =20

INITIAL CONDITIONS:S

X0 = 0,9999999BE=-02

XDO = 0,50000000E+01

RESPONSE:
1 %(1) XDCI) XpD(1)
1 =0,50330855E=01 =0,57580528E+01 =0,10305269E+02
2 =0,30772516E+00 <=0,448992106E+01 0.62558521E+02
3 =0.,43412885£+00 =0.65008521E400 0.85064461E+02
4 <=0,38465756E+00 0,22720275E+01 0.28117821E+02
5 =0,27407524E+00 0.,18295681E+01 =0,40405914E+02
6 =0.24066399E+00 =0,41657627E+00 =0,39765869E+02
7 =0.,28432682E400 <=0,90879965E+00 0.,23411983E+02
8 =0,27970907E+00 0,14345939E+01 0.64174423E+402
9 =0,14624044E+00 0.387816B8E+01 0.26183165E+02
10 0,39102390E~01 0,33305802E+01 =0.47345394E+02
11 0,12840362E+00 0.,26650119E+00 <=0,67513680E+02
12 0.80883794E=01 =0.,18088942E+01 =0,10970811E+02
13 0.96553117E=02 =0,68976790E+00 0,50778744E+02
14 0.38462169E~01 0,18209940E+01 0.40712753E+02
15 0,14735566E+V0 0,22107751E+401 =0,27525837E+02
ie 0.,19996722E+00 =0,31552225E+00 =0.6697261BE+02
17 0.,11764607E+00 =0,28227291E+01 =0.26468327E+V2
18 =0,18114097E=01 =0,23140993E+01 0.45068512E+02
19 =0.63696094E=01 0.,51316518E+00 0.59701672E+02
20 0.10478826E=01 0.,21295214E+01 0.43720150E+400

3-59

PRELHMARNGNY EREIONAED/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Unbalanced force in vertical direction = me * sin ot E)
Unbalanced force in horizontal direction = 0
Let M = ‘!‘:ofa—l mass of +he sha ker

.o . 2z
Eﬁu.a;h'ah of maf.‘i'on 'S m = + ¢ = + kx= me ¢ Sin C‘Jt (EZ)

.S"L‘ea.dj stete solution of (Ez) is
x(t)= X sin (Wt—-¢) (E3>

where
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m e l"z , (E4_>
AL Gy + s ]

a.nol ﬁ= {_ah_i(z‘:’r> (E5>

X =

[« r#*
where = W _ ¢ ((M/‘k> (EG>
G’H
Fl’eaue an ra_nsg = 20 Hé, _b 30 H}
(e 125. 664 rad/sec to (88-439¢ red/sec
(25.-664 rad/sec = W = 188-496 rad /sec (E7)

0.1” < X < 0-2‘”' where X s 91'\(81-1 bj (.E‘{_).

Mean Fawer‘ Ou.bpu.b over o time Perfoci 7 (s given Ej

i T
P= = [ Fx) dx(o) 4= (E5)

where _ 2T
3 e

F(‘Z‘) = m™me 092 sin @t and

_:_:.3 = wX cos @t —2)

iﬁp

‘F > (El O)
% 2 50 (E ; ')
Procedure:

Ff-nd w) e; m‘, m ® a-rl.d (=4
S0 as te Sa.f;‘sfy the r‘egufrernents stated in

E7) > (Bg), (E1o) and (E).

5
™m= - = 2587992 {L-S’/l'n >
38¢-4

4 4
36T 3 (30x0) T (5% —d*) - ouozosss (0'-d") £
I €oo)®
w= 2m(15) = 94.248 redftec 3 T

6 "
/!= coo” , E=30x1I0 pst

= o-|5

Ground acceleration ;LL () = (93-2 sin 94-248 t l""'/(57.' <
Ey
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Egua.z‘:l‘an o:F motion:

m3 +ci + k3 = _m 4 = -—s50000 sin 34-248t (&)
W here } = x-y — re,(a.ffve dr‘spla.cgmenf-

Let 3(tY= Z sin(wt —g) = Z sin (74-248 t —2) (3

with = - 5 00bH

= =N 2 z‘ (54)
JOe-m ™)+ et (
-1 CCJ E‘S'
and p= tan ( 2_> >

®—m d lF
3
Yax = 52T > 1oz - £ PR R
Max . Lendfng moment = M = FA
Mao.x - beno{n‘ng stress = Mm (%) - %E’i = _ff; ymax
EI
If maximum relative displacement , ¥ = Z, is known,

maA. bendt'nj Stress (cf’,') (S gfve'n lﬂ_y

3D
g-= A

| = t ter
Direct compressive stress (a;_) due to weight of we
tank s , 05'
™3 x 1
s _ bl
Ty | O
Totel stress = o7 + 92 < 30 000  psi
) 5
" 32z 222 < 30000 (€e)
2. 0% T (p*—d?)
Naturel freau.Ertcj of water tonk is
q 1
N 0:020453 (Dp4-d7) % BETl v;:i
“rs Vm 258, 7972 ,
(+€:3 D4__J‘f = ]-1240 7‘!08 (E-,)

Weight of steel column s
_ T (p—d* 233
W= I (0 d) L fuegue = 5 O ) @09 €232 .
5
133.3609 (p*—-d*) Lb-

I
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?_‘"_Q_lfkﬂj Find {'3} 2 minimize U\& SuEJ'e.c{' te restrictions

of (Eg) and (E7). Alse use the conditions @

D>d, pzo and d =09

D
Procedure: .
L Plot +he Ine,au.a'lt'f:l'e.s’ (EG)
and (E7) in the D-d Apece and o

draw contours of Ws and identify

the minimum we:‘ght des:‘gn.
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Chapter 4

Vibration Under General
Forcing Conditions

= Fo Fo in @t - 2 Fo = L os nwt where w=2T
2 Tz’ T n=2,4,6,.. (n*-1) ®
Fo Fo —oo 1 sin(t-¢
tls = o in
x{t) T 4 N 2¢ J(-r?) -e-(2jrv-)z ( i)
_ 2 Fo = - cos (nest - ¢n)

4
1
T n=2,4.,6,...(“2"-"-)' \F(i- “?'T")z—i-(zrnr)z
= -if27Tnr
where v= W o 4= tant (215 and 4 -t (2250

1-n%r?

@ From the solution of problem 1.109,
(zFan) 5 est < T4

~@Rt, N+2F s W =t ST

Fourier series represanta,tran of F(t) (s
Fo co

F(t) = 5 - 4_;_‘_5" = L cos nost

F) =

\ t - %n)
Es F co i CO"("‘-"
x(t) = _ 4 =1 &3 = :
et 2+ T2 * :1,3,“.1.2: V(i—rz“z) (z S nl‘)z

A
where _ W g 5 "
Y= [59 a.nd ﬁn = tan (-'—_—nz—;_—z-D
n—1 t 2T
F(t): _8__‘:9- Z (—-i) 2 sin n:i WLE'FE W= =
aw n=1,3,5,...
- 1 1 . t
8 K 1 E'E_ Sm(nw —gﬁ)
x(t) = 2 — - " 2.2 2 | n
Tk :L:L,a,s,...“l =+ \f(i'" Y +ynr)

where r= &/, and g = ta.n'i(__m—r-f>

1—-n?r

= ™
)= B e B 2 Lannet ke o= 2
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Fo F. 1, 1 = sin (m.s’c -8
+ i ke o = 1 n
<= % i Z-_-‘i,z,..]n JE-rnirE) e 2ynre)?

where = E.S/wn G.,T]Cl #n = ta_l’\_i (_E_I_nr_.>

1« ntT2

From Example 1.19, E(t) = Fo["_;.__ b -:;—-Sn'n nc.st] where W= =

™ n= 12 3
E. R 1 =" Sin nwt — @
*®) = 76 T FE mei23,...7 - "‘2"2) + (2ynr)? ( &

~1/ 2F%nr
where r= @, and g = tan ""'_“"—)

1-n2yr?

Torar..r.e., Mf:(t)
} ‘

My

a

> [ime t

o 5~ 7 27

6 e
Torque transmitted to driven gear is shown in the figure. It can be expressed as:
29

]’.\/I,;(t)..—_T + 3 [a.n cosn wt 4+ by sinnwt]
n=1

1000
h =2
where 'w 7r[ 50

] = 104.72 rad /sec

7= ..__2 L2y 0.06 sec ; E 7 =0.05625 sec
w 16
15
My =100 N—m ; 0<t < — 7
M;(t) =1 15
0; —7<¢ < T
16
r 0.05825
80 = 2 [ My(t) dt = 0% [ (1000) dt = %999- (0.05625) = 1875.0 N—m
T .0
5 . 0 0.05625
ap =— [Mj(t)cosnwtdt==Myp [ cosnwtdt
T 0 T 0
oMy [sinnwt] o0 318.3091
i M = 2227 sin 5.8905 n N—m
T nw n
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: 0.05825
bn=-§—fM(t)sinnwtdt=-—T—w [ sinnwtdt
0 0.05625 2
= 2 Mio [—- ot t] o SEECTES [1 — cos 5.8905 n] N—m
T n W n
ky = GT = (80 (10°)) [HOT%L] % — 392,700 N—m /rad

il = Vk—" ="\ / 392700 _ 1981.6660 rad /sec
= 3 0.1
1]

Equation of motion:

. ag
Jo 6 +ky 0= My(t) = —

+ OZO) [an cosn wt 4+ by sinnwt]
=1

Response:

o [agcosnwt+bysinnwt
o) = 3 + 3

1=1 ky — Jo (o w)®
= 0.0023873 :
318.3091 sin 5.8905 n cos w t + 318.3091 (1 — cos 5.8905 n) sinn wt rad
— n (392700.0 — 1096.6278 n?)
=
8
i<
AAAA

Base motion is given by:

y(t.)=r+€—rcoswt—-fcosgb=r+€—-rcoswt—f 1 —sin? ¢ (1)
Using € sin ¢ = r sin w t, Eq. (1) becomes

1‘2 .2 9
yt)=r+€ —rcoswt—¢ 1—?—5111 wt (2)

Using the approximation:

2 2
1—- 2 sin? wt ~1——p sin® Wt (3)
ot 2¢

Eq. (2) can be expressed as

1
y(t)=r+€—rcoswt——f[1——2—5—251112wt]

2 2
£ %] —-g—{%] cos 2wt (4)

=T — wt 4+ —
r —r cos —}-4
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Equation of motion:

m¥+cex+kx=ky+ecy

2 2
k¢ k& |t )
=kr—krcoswt+T —;—] ;T[?] cos 2 wt +
-i-crwsinwt—l-%[—;—] 2w sm2wt+ - (5)

Solution of Eq. (5) can be found by adding the solutions due to each term on the right
hand side of Eq. (5).

Solution due to constant term, Fy (terms 1 and 3 on the r.h.s. of Eq. (5)):

mb%ﬁ‘v%ij“M%“ﬂ (6)
where ¢ = tan™! [ﬁ]

Solution due to sinusoidal term, Fg sin {1 t (terms 5 and 6 on the r.h.s. of Eq.

()):

x(t) = X sin (4 — d0) (7)

FQ Cc ﬂ ] (8)

where X = - and ¢ = tan™?

[(k —m Q) 4 ﬂﬂ]?

k=—m Il

Solution due o cosine term, Fy cos (1t (terms 2 and 4 in Eq. (5)):

x(t) =X cos (Ut — ¢q) (9)
0
where X = 2 T and ¢ = tan™ [m—] (10)
[(k —m )2 + ¢ n?] :

: 10 = = 100, 2 w = 200
For given data, ¢ = = - = 0.5, —= 0.1, w = 100, ’
2 " 2Vmk 2V1(100) - _
ete. and the solution of Eq. (5) can be obtained by using Egs. (6) to (8) suitably.

Base motion can be represented by Fourier series as (from Example 1.19):

I
Y(t)=-§— %—{sinwt+%sin2wt+—3—sm3wt+-'°} (1)

4-4
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Equation of motion of mass:

mX+cx—y)+kx—y)=0 (2)
Since y(t) is composed of several terms, the solution of Eq. (2) can be_ found by
superposingg the solutions corresponding to each of the terms appearing in Eq. (1).
When y(t) = Y/2, constant, equation of motion becomes:

mii+c1’c+kx=k—2!=constant (3)

The steady state solution of Eq. (3) is given by (see Example 4.9):

1 —¢wyt . (w _
oY
h ¢ =tan™! [———g ] (5)
where an _\/1—_:?

When y(t) = A sin {1 t, the steady state solution of Eq. (2) is given by Eq. (3.87):

x(t) = A sin (0t — ¢) (6)
1
e 1+(2§1‘)2 ? (7)
where A-[(l—r2)2 +(2§I‘)2}
P 2¢1° (®)
¢—-ta.n (1_{__1,2 (48_1)]
and r=—-§}—

From solution of Froblem 47, ;véic:;nﬁéipress the base motion as:

2
|z £
Y(t)=r—rcoswt+—4—[?-] =

2
%] cos2wt+ (1)

Equation of motion:

mX+k(x—y)£tuN=0

or

m¥X+kx+uN=ky

2
k€ |r
—_—kr-i—_li_f[%] —krcoswt~—4—[—é—] cos 2wt + (2)

For given numerical data, Eq. (2) becomes:

4-5
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X + 100 x + 0.981 =100 y

2
: 0.1
100 (1) |0.1 100 (1) oo b e
= 1100 (0.1) + ———4—(—)— {——1—-] — (100) (0.1) cos 100 t — | T cos

—10.25 — 10 cos 100 t — 0.25 cos 200t — -~ (3)

Using the definition of equivalent damping constant, Ceq, the solution of Eq. (3) can be
found by superposition.

_4puN _4pmeg (4)
T rax 70X

where (1 is the frequency of the harmonic force a.nd X is the amplitude of the mass.

Ceq

Steady state solution due to constant term, Fg, on the r.h.s. of Eq. (38) (from
Example 4.9):

2 p 2
x(t)=%=kr+¥[-§;] =r+-;-[—;:;] (5)

Steady state solution due to harmonic term, Fq cos {1t, on the r.h.s. of Eq. (3)
(from Eqgs. (3.89), (3.93) and (3.96)):

x(t) =X cos ({1t — ¢) (6)
F BN 4 4N
4 u N 12 - 7 Fo
F T Fo
where X =

and ¢ =tan™!

=r @
4 uN 4E
7TFO

1_.

0

& e |°
R

k _ A /100 _ 4
N=mg =1 (9.81) = 9.81 Newtons, Wy = '\/;: : T = 10 rad/sec, an

+ sign is to be used in Eq. (7) for {1 <oy and - sign for {1 > Wy - Equations (5) and (6)
can be superposed suitably to find the complete steady state solution of Eq. (3).

Base motion can be re-i)re-sént-ed by Fourier series as (see solution of Problem 4.8 or

Example 1.19):

Y(t)=7r—{%—(sinwt+%-sin2wt+%sin3wt+...)} (1)
Equation of motion of mass:
| mE+k(Ex—y)£uN=0
4-6
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or

mx+kx+uN=ky

_kY T

™

1 .
{inwt+—;;sin2wt+—3—sm3wt+ }

Using the definition of equivalent viscous damping constant:

_4uN _4pmg

‘0 = TOX

where (1 is the frequency of the harmonic force and X is the amplitude of the mass, the

71X

solution of Eq. (2) can be determined using the superposition principle.

Steady state solution due to constant

Example 4.9):

(2)

(3)

term, Fo, on the r.h.s. of Eq. (2) (from

Fo kY Y @)
=1 = 5% 3
Steady state solution due to harmonic term, F, sin 1 t, on the r.h.s. of Eq. (2)
(from Egs. (3.89), (3.93) and (3.96)):
x(t) = X sin (2t — ¢)
2 |1 4 N
7 4 0N 2 + ;N
- m FD . :
— ~1 = 6
where X=_ki 3L and ¢ =tan 4NN2 - (6)
L — —:0121— ™ FO

and + sign is to be used in Eq. (6)

for 1 < w, and - sign for {} > wy. Equations (4) and
(5) can be superposed suitably to find the complete steady state solution of Eq.

(2).

‘y({') = Y cos oot

Base excitation:
with Y= o'05 and @9=5

Eauaﬂ:ian of motion of the system:

(E-D

M+ Cx + % = ‘k';t-;-cy': Y cos Wt - cwSY sinwt

(-2)

Equation (E:2) is similar to Ep. (4.8)with

W, =0, = kY, b|= -cwWY and 0-1"':':[:'-0}4: = 2,30

S{:ea_ij state reSFonSe of the sysfem is Jiven ‘Dy
Eq. (E.9) of Example 4.9:
4-7
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i |
\K-—r‘")z-{- (7-Tr‘)z {—1-: cos (wt,.. ¢!>
—-—'— sin ("’{5 ¢l)}

: gd
HEYE J?.-,‘ / %% = 2o ra.a\/s

20
(=g s E s, T=-S

= 0-05
w"‘ 20 “e 2.,‘ m. 2 4000 (10)
W) = j= PP W,= 19975 ra..J/s

o, = kY = 4000 (o.os) = 200, b= -ewY=-20 (5)(a.05>:-5
g (2_7: ): t_ah—l(?_(o.05>(o-25)> e EEE rod

2
1—e:25
J(\-\*")2+ (z‘rr)2

xf’ ()=

1

\/(1—0-251)2 + @*o-os *—o-ZE)”

= 0.937833
Solution of the '{'\ornoge,neous e&ua.:h'owq (s given by
Eg. (2.70):
gyt
x, (£) = X, e cos (Wt - 4,)
= X, e*tc.os (l‘i-‘i'!':? t - ¢¢,> (E'3>

Where X, and ¢, are Unknown constants.

Total solution :
s -
x ()= X, )+ X () = X, e cos (19975t - 4,)
4 1 452 sin(st- 0-02666)}'

cos (5t~ 0-02566)—:

0:9%37833 4e00 060

= XK, gt cos (19975t — ¢,) + 0:0533 14 cos (5t -0-02666)
- 0001333 ¢Sin (Sf—oao?.éeé) (E'4>
where °~“°‘ ‘?so are To be found from the tnitial

condi ":tOhS ’D.ffe,ren‘hq,‘hon ag Ea ('E Zf) 3|V€S 'tl'le-
Velocrl:j af :

2 ({;) = ~ %a et cos (l‘l"?'?g t - ¢o)
= Xo (lq,q—;g) é—t Sin (ﬁﬁ"ls t - ¢o>

4-8
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— 0-26657 sin (5t —0-02666)
- 0+00 6665 cos (5‘&—0'02666) : (5'5')
Using the initial cenditions, we obtain

on x (£=O)= ol

= X, cos ¢, + 0- 053314 ::os(a-02666)
+ 0:061333 Sin (0102666>

oY
%o oS ¢, = 00466647 (E-6)
ond
x = % (t=0)= f-0= — X, cos ¢, + (1775 X, sin ¢,
(=]
+ 06:26E57 S*‘n(o-OZGGG)-ovooGGQS cos(o:aZG@é‘)
eF X, Sin #, = 0.0523 7678 (-7

SO(uhe-n of Eas (e- ‘6) and (E- ’7) gives
Xo= ¢ (Xo COS%) + (X, sin g5y } - 0.07015247 (E-8)

?%-.—. a..h-’< Xo 8in 4::)_: 0-84 295916 ra.d (E._g)
K, Cos @,

Com}:le{:e Solution s 3|V€n bj !:8 (- q)

=t
x ()= 007015247 e cos(19-975t —o- sqz‘isws)

+0-053314 cos (5& -0:026€6))

- 0:001333 sin (5t - 0:02666 ) (e-10)

4-9
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From Selution of problem 1.117,

) vy T2t
L IO-Q"IZ‘L' -+ 23-5253 SN (0° &
t) = 9.9584 - 2o (587 cof
h ) Sin 2094 % t

+ 3.3097 cof zo.?ﬁqu + (2264¢
+ 3.7719 cCos 3l 416t — o.4064 Sin 2{-416 T (E.)

- - & =o-0855
68,y = \'%— = ’1‘5919_9_ _ 1224745 radfrec ; T =o0l; T

The steady state solution (s given by Eq. (E.9) of Example 4.9:

4-10
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¢ 95 .
x+(t)= ?—_'—k_ﬁ -~ %2 f?-’ L . cos(.‘a-if'?zt—idr)
Ji-r*)F+(2v ) *
23:.5253 ( Sin EO'Q-')"Z.t"'jZ’;)
* JQ—r")z-f-(Z}"‘r)r (
3.3077 3097 — cos(zo.?qqf—¢z>
+
Ja- 4r ) + (4™
4 m = 5"”(20-944t—¢z
* \/Q-mr ) +(437)” )
¢ £7217 1 = ;os(‘a‘f-lﬂe'&—ﬁz)
* J(i-?r")’:-f-(G Tr)*
_ 04064 f - sin (21416t - #3) (&)

S TS

Where ?f, o’ ( 235" ) = f.'a.n—‘ (0-01'7 27-6) = o0-.0] 72 ra.d

W

i-r?
_ r _
?Sz: tan l( 4_3' 2.) = tan ‘(0-03522.'?> = ©0-0352 rad
[~47T
$z=tan (63 D) = ten ' (00054913) = 00549 rad
{—8r

Noting that 2Tr=2 (e-1)(0-0855) = 0:017I

and (l_rz) = 0:9927, Ep. (Ez) can be rewritten as

W—P(f) = [6-6'393 — 12-792) <5 (10.472 ¢ _o.owz)
+ I5-7965 sin (,o.wzt - o-0|7?-> + 2-2715 cos(20.944t- 0-03’52)
+ 84168 sin (20.944t - 0:0352) 4 2.697¢ cos(31- 416t -0.054%)
—0-2896 sin (31-416t - 0.0545 ] x et m,

[From problem 1.116,

F(£)= (1375 — 414.9436 cos 523.¢t + (503139 sin 523.6t
+ 25 6059 cos 10472t — 146-1706 sin (047-2 t
+ 35.9279 cos I570-8+ + 55-1546 sin (570.8¢ (En)
Wy, = ‘{820; (26-4911 radfrec : ¥ = o.o¢
=o_§zgc _ . —— Cr
FE e =™ S on & B84 5 o= ERIRYE § -r = —leey

27 Fli= z(o.os)(4-;394)= o 436‘7
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%, (8) = H37:5  414.943¢ cos (523-6t = #1)
*

- Je=r=2s ev )

i50. 3139 sin (5236t — &) A—— cos (o472 ¢ —-#2)
- Ja-r»*+ (277)? — JC-ur®)*+ 45Ty
(461706 sin (1047 2t = #2) 35.7278 cos(1570:5t — 93"
- F f@—tﬁz)z-f (40 T J('“3T1)1+ (6¥r)”
5.154¢ sin (1570, § t — £3)
® \/(i—sr")z-ﬁ (es¥)? E2)
Rlince ¢, = tan ( ?f::. - tan ' (-o0:0308) =-o0:0308

?52: {-a.h"‘(l-f‘s“f ) tan (_a.am?) -—o.0i477
pz= tan ' g*_rr ) tan (—-o-oa‘??a): —0.00%73

the steady — state SOluf:con, Es. (E2), can be expressed as

xP(t)_-_ 0¢l422 0003211 cos (523:¢t +0.0308)
_5
4+ 0.001163 Sin (523'6‘b +o-03o8> + 542921 x 10~ <o3 (1047-2f+0-ol‘+7)

~2:7042 x15 " sin (tlo47-2t + 0-0197) + 2:9145 x(o° cos(1570.8 ¢ +0:009773)

+ 44992 x;o_s Sm(i’S?O gt -f-o-oo?‘??) P
F(E)
[ A
Ex 1o —_—
2 . = 22-3807 24 400 T T
(0 X |0 sSec : ; : i
| ) : !
sec | E N
1 | I I '
- : P 1 '
= 41.888 rad [sec SR et
o 0:06 gl
— 2
r=g-= 18733 , 7r°=3:5093
ol
Fo”owi'ng data i's wsed in Frogra.rn 1: F 15 _-_F-.‘no( Fourrer
coefficients in the ex pansion of F(t):
t, sec ! 0.0l 0.02 0:03 o0.04 0.05 0:c6 0:07 < 0/§

F(f)a'kNi 400 400 400 400 400 400 0 o
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Reswlt ris:

F(£)= (60:0 4+ 25-5002 cas 41.888t + 242¢€276 sin 41.888¢
~75.3884 cos 83:776t + (6:- 0237 Sin 83:77¢ i

+(6:4806 CoS (25. 664+ + 50.7237 sin (25-664 ¢
— €2.3538 cos (£7.552t + 27.-76o4 S’ (67:552 -
+ e 4 N

Since ‘S-.._:o m_d aﬂ ¢j‘ = o, 9: = )y Zyiere the

S'f:ea_e(j - state response of the water tank, Eg- (&-13),
becomes

-3
Xp(E)= 0:032 + 2:0325 xw0  cos 41.888 ¢
+ (93383 152 sin 41.-888t — |-1566 x (6 cos 83:77¢t

+0:245% xw_g Sin 83.776t 4+ 0.107% xic—g vod 126vE64 T

+0:3317 x1652 sin 125.664+ — 0.2334 x10 > cos 67.552¢
+O-foo7x:;3 Sim (6T7:58582TF 4 == -
} F(® A ECE) AFE)=F )+ B(€)
wm F (t)

*

—>= T E
Q - . g -to
T S P ()

Forcfna function can be considered as the sum of two ramp

functions,  R(ty= EZ  and F)= - Rt—t)

W
0

P S —

g [=]
Response of the casting (uncﬁamped spring — mass system) & F
is given by
— Fo _t__ — Sin C‘Sht + E
x(t)= - ( z, T ) for > 0 (&)

Res(:cnse due to F, can be obtained From Eg'(EJ 53
replacing  + by t-t, and Fo by - R

— Fo t_-b | (Sn ‘f:—-'t'o
‘Xz_(‘t\) = y {'—{;:9 __ Sin uh(.to )} Loy t2 _to (E,,)
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Total response of the casting is 3iven by
x(t) = x,(‘b) + 12_(4:) = Feo 1+ Sin 69, (E=1to) — Sin wht}
k Cl}h tO
e 2t (E3)
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t - -, (-7
From B (3D, ,y= L g &% &7 T sin ay ) dF
m Gy <]

(=TT
F"" e—TCB E J ) sin Cna(f_?:) dv

ana
- T, t
1(‘&7) = 5—-?——"—-”" It é_ (d_Tw“)T. {Slln G-th (-1 (ﬁdt' - =8 wdt -Sin w‘,? } Ar
™ 9y o .
l-y3,) T
- F é’Tﬁ’nt s"\wt[ e( ) { (n{ j’w)ws +L12' S‘IHQJ }]
™ 0y L (- 6y "
-9, t —(&-TW,)T
Fo € Y c..ut[e o { —(=T,)sin BT — COSOSJT;}
- ™ 9, (o(—‘rwn) +“9d
2 - TW,)t
= Fo = {hﬂ 8-( - ; + (9(— j'wn) Sin @Jf - L'..?J cos f...ht}
T mwy [[(=79)" + of ]
—otE -6, T
R e B B _
= < 2 == - P J Sin (@At - g{)
m [ (&= TW) + @y ] m sy [(¢-76n)* + & ]

where ¢= ta.n'i(,a___j__w:).

Equation of motion: -
mX+kx=Ap(t)

or 10X + 1000 x = % (0.1)% (50) (1 — e 3%) =0.3927 — 0.3927 e~

Solution:

03927 _ 03927  _a¢

x(t) = C; cos wy t + Cg sin wy ¢ + = 1= )
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where wy \/_ \ / ——— 1000 = 10 rad/sec. Thus x(t) becomes

x(t) = Cy cos 10 t + 02 sin 10 t + 39.27 (107°) — 36.0275 (107°) ™ ** m

where C; and C, can be determined from the initial conditions. Ast —oco,e 3" —0

and the steady state response becomes

x(t) = C; cos 10 t + C, sin 10 t + 39.27 (107%) m

Fcr o=t = - Ezlmtz-no’kmptah mx-t—kx_ﬁ’__f‘lmsosf

R Fo

X(t)= A ot Wt + B sin Ot 4+ 22 T* (o wz) cos ot
wl
Fo " W \2
x(@)=0 LA+ i = o 5L 5 A= Fo (Cﬁn>
(- w2>
_ n 2% 1—(09 }
y_(o):o B= 0O
x(t) = MF‘: —_— cos b= (2N (1~ cos w,t) ]
et : .
ot I, e (E) - [a- S e )]
T
For t > 4 ¢ Eq. (4.31) gives x(t) = j’F(f) sin @, (t-7) dT

n ©

/s t
x(t) = -T_nj;(.-;; 5 F(?). sin S/F(r) sin c.gn({:-‘t‘) de
0 " g
T

TN 4 A f sin 9, (t-¢) 4T
m&
n %

t
- T Fo £-—7 ]
- 1({:"—5 * m__f[ws @ ( ) =

z

e | LT R )
24 (&) ()
(t-or "

@ For an undamped system Eq.(4.31)gives
x$)= = jtF(r) sin W, (£=-7) d7T
(2]

™,

]
»
I

i

F(%) = {Fo for 0= T < %,
o] For ’t‘>f:°
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' t
For o< t < t,: () = Fo J sin W9 (+-7) 47T = __FO_T. (i-—o:s (49,,1‘.‘>
M, Yo ™,
= f:_ (1_ cos CSH'&)
For t>t,: x@)= Fo Fo ont—v) dr= Fo Fo [_.. Cos 9, (- r)]m

vr'u'\&9r.r

= .};:-[Cos WO (E-to) = cos C&“tj

{ for o= T < %o

for '(7'7{70 .
For o t < z(4) = Fo fﬂ;‘ Sin O3, (t-7) 4v

™ &, Ty Yo

o x= T [f -7y sin @, (t-7) (-47) - tjs.m(t 'c)(-ﬁr)]
(t-T ) _
} mb.9 - @, b [’“ sin 63, (£-%) = o= cos @, (¢ r)]-m
m o, t, T=0
= (t - —é— Sin (.3,.,":)
For t > t, +
z(t) = :_th_o L ¢ sin 0, (t-T) AT

- : -
Fo L sin @, (t- -T) — g:_:.)_ cos CJ,.,({:—Z)]
W2 Wy

1]

m e, t,

me.st [@5"3& r)]t’ o

Fo [i—s.nw(t to).,.{: cosas(-t t),,__sm(_at-
‘kto (n

Tt ' -
Fo (L - cos — 5 o<t s t
F(t): ( ° zto) o< - (Ei)
. o s & e

For an undomped system, Eq.(4.31)gives

%) = micﬁn j F(7> cin C‘Sn(.t__"{:) dT

I'I
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E
X(,‘b)z mwn j (i Cos """) Sin (S, (_t-—-t) 4T (z)
Nofmg that
g.tsm(as't c.s,,z‘) d>r = [——— cos (Wt — n 'r:)] ___&__1; (1_w$w 1‘:)
<]
a.noi
j cos rT (Sm Wt cos &, T — cos 9.t s..«-c&?) 4
2t, .
=
= s:‘nc&'b[ sm(zt -CJ)?,’ " Sin (-i-gc-f'u,-.)t’ a
*(2m ) 2+ )
I s
—cos @, t [__ cos (Wn—7¢,) T ~ c;;s(w,.,-f—;z'-%—o)’t
2@9“_ .i-’%o) 2(:49,“-4— ‘E'Eo o

J—f-;t- - cos wnt]
zt

—A. i
Tr-t - Cos O 't] +
z(% = @"5 [Cos 2t " 2(?_7%—+ )
& (=}
=2 (E,) an be simplified of

r

Fe//rm cas-———' — cos W, 5
w(t) = —;—-(I—- Cos&),..t)-{-{(—_( /_}n}[ t] (g3)

2to
For t > 1‘:'9_ |
+3y = Fo ffo(i of lr_r_z_"_ ) Sin (5, (-E-f) T (Eq,)
x(t) = —= |, e
Fe e S P— ﬁt]_ F° {.ﬁnc&t*
- m;“ o, cos &9, (t-to) cos WO -
Sin ('EF —'c"n> to Sin E-:E- i &3"> G J + Cos Uni‘- *
*(3g,~ “r 2 (55, + @)
[ Cos (—27% - C‘Bh>to cos (—E “+ (73 tﬁ 1 1
2(69"- % 2(&.9,, + ET—E-; 7-(63 -— ) z(aj 2'{:)
°

4-18

PRELIMIMARKMERSIQN £2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

o Sin 9 (‘h t ) Fe sim w_(t- ¢t
_ in B -ty — T n Wy O)
2m @, (I - ) 2m e (7,7 )
- .__°__ cos Op t < { —+ SE R— } (E
@ T 5)
Zm =n ( 2te “ ) ({E'Ea+ CJ,.-.)
Ba.se displacement = 2(£)= Y sin -Esé ()
t"er) y(t) = M sin I‘EE (EZ)
]

S‘i‘e.a.dj- state relative displacement can be found from Egq.(4.34)as
_ =Xy %)
}(t)_—-c—d: f } (7) e $in a&(t—-7> AT (Ez>

o T \2
Where 7 ) ( a) Si'n % (E4)
Y - _‘;wn t TwaT T .
s= L (T T s I e ) 4T @)

T
But $in -—g— sin Ud(t—l.) .—_--i— COS(T-—-T_E_Z—; .-aj'lt-f-c‘%'t')--i—cos(—é:-f-a%t-az!‘a
Lis P .
= -é-[cos (-_E-I*G’J)'C COS&.Z’t + S‘ln(—%-{-ﬁ%)?. Sin &}Jf]
—-L[Los(lr_--w T cos &t -an(._"’.l-r-...d‘d T - sin GSJ‘t] (E‘>
2 d 7 d o
Eps. (Es) and (Es) give !
Y (T - Sont tfrw"r T 69 )e.de
et ) £ o [ e

+ sin )t I eTU 1.'. 5,,..(—+UJ>T' dz

t vw,T .
— cos @yt f 'ws(%._wé)z,dr

<+ sin Udf: . jo- CT W, T ein (_E _ wd)z" . o[f] (E'?)
Ez-(E7) can be Sl'mPlr’ft'eJ
_ 2 4 Tt
)= L (—71) T, ces o
2 @, o (TU.-.)Z—}-("E - we')l { n to
Y
+(‘¥:"'w,|) F'HWT:—‘;LJH e cos Wyt

+(-—+“’d> e Wt |

it

(-]

%) o (E ey
-]
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Tt
- (_E _-w.J) sin % + T, € " cos Wyt
Tt 3
+(%"d>e SmCJJt} (8)
Base displacement:
LYE 0 s ey
] - v i
y(t) =1 5 (1)
Equation of motion of vehicle:
mX+k(x—y)=0 (2)
Using Eq. (1), Eq. (2) can be expressed as
H_‘{_t_ : OSt §t0
mx+kx=ky= 6 (3)
0 H t>t0

Steady state solution of Eq. (3) from Example 4.9:

‘ vY Wyt —sinwy bt 53 0<t <ty

Note that the homogeneous solution,
x(t) =C; cos wy t + Cq sin wy ¢ (5)

is to be added to Eq. (4) to obtain the complete solution. The constants 01. and C, are
to be evaluated from the initial conditions (at t = 0). In fact, tthe resulting complete
solution is valid for all values of t, including values of t > tg.

Speed of automobile = 50 «m/fr
Excitation :FI'EZL:EHCJ = (5032:’0000) ot;
o Hy = @, = 2T rvad/fec

=it 277 TE H}
Natural freguency = £ =

+ = _0'5 x3600
o gl 0036 Sec
o2 t .
¥ty = | & p ostetes
_O'Zt 02 . te
& + @ ? "'z‘ﬁ{‘- S to
o L - to we TS
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Ezun.:l'.:'an of motion (for undamped case):
mx + % (x-%) =

or mx 4+ kx = xy = F(t) (Ez>
Where F(£) = 4 ¥(¢) (&3)
Solution of E. (E,) is: t
& 1 | x(t)zﬁ: OF(-.-;) Sin Wa(t—7) 4T (54_)
For o<+t < fzi
________________ .
X(&)= —i_ o2 N _
= j () T sinw, (¢-7) 4o (&)
B t
S'nc.e f,t. Cin u_gh({-.-’t‘) a[t,‘ (—— —_ — 5 W, +

& (Es) Bewmcs‘

x(+) = 5.5556 (£~ 0.1592 Sin 625'321': m ; 0<t=o-0if sec
© ¢ ) (&ed
For _EO_{ :

t
‘& = * J o/z (O:ZT i
g mwh{_‘[ —;—f Sin s, (£-T) dT + J. + )smw(’c z)de

te /,_

But fo/?_ | i
o2k [ L gin 0, -2y dv = 22K {s oot [(JL cos 9, ¢
mwﬂtﬂ [} m wn o n

t°/2 > fo/z
_‘E—- Sin Un TJ — CofS wn-f_- [—' Sim & T - C—J:_ Cos &3, z ] }-
(“9“ 4] n

= 5.555¢ [0-15.9?_ sin 62832 (t- 0:013>

+ 0:0(80 cos 6:2932 (£t— 00i8) —0+ 1592 sin e-zssz-&j m  (E7)

Strmce Vo= ow03& -

f R 4 i
- 02k f T Sin W, (t-T) 4T = - o E {scn Wt [Z,:z Cos &3, T
=]
4 @, T & t[’ Sin 5, T —?-Cosﬁl']t}
+ — Sin ] = Co¢GY p 7 Sin @, C — n
3, 'L'o/z n W @y 'to/e.

= _ 5.555¢ l:t — 01592 sin 62832 (t - 0:0i#)

— 010130 of 6.2832 (4~ 0 018) | m Es)
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t
%ﬁf‘ j Sin &3,,(4:-2’) dF = O-?.‘k [__. Go% 4, ('f.' 'C')]
" to/.?. 1110.9" t/z
= 0:;:. [t— cof 0 (F- —;-)]
E
= owl [1- Cos 612932 (t—OvoiS’):l ™ (3>

Hence the Solution can be expressed as
x{ty= [1-7689 sin 6:2832 (t - ono'g) — 0-9945 Sin 6:2832 +

t>te: ,
f?.r_-_..'?_._.g.._ to o 3 tO
x(¥) = g j T sinw, (t-T) 4T — g2k jf sin @, (£-7) 47
mwh‘to 0 'ﬂ\ﬁQh o t/
of2
€
02 & o
+ e g j sin @y (£-7) dT (&)

o /z

The first term on the Tight side of (E“) is given by (E7).

Second term on 'H-‘e right side of (B, is

02 k 0:2 K . I:_L-— s 8. T
. = & O T 2 n
m ta j‘ T sin G, (t t) dt = 'r'ﬂwnto { n 3,
b/ to
: © i >
-+ %;-' Sin QSnT] — CoS &Snt. —-ﬁ;—l- Sin B, T — _C‘Th Cos wnt] ‘. }
" 'to/z_ & /2.

= -6.555¢ [a-isaz Sin e.zaaz(t-o.oas).q-o.o;eocasG-as’az(t-a.oaé)

— 01592 sin 6.2932 (f.-o.aw)—o-oli’o CoS 6.28’32('&—m0!9)3 m

The third term on the right side of (E,) is: (2
0:Z k ta Or 2 k {
™ I, f Sin Q}h(t— ’t’) dT = T J cos @I, ('ﬂ'-—?’)]
ta 2

= 02% [coSCJ (t—to) — cos W, (t- t°)]

'mwn

= o2 [cos 6:2932 (t-0.036) — cos G.2932 (t-o-0i8)] = E
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Sox(t) is aiven by the sum of Eps- (57);(5,?_)@“‘{ (E(3) »
Which can be Sn'rnjn[e‘fu'ed ad

x(t) = (.7689 sin 6.2832 (t— 0:0i8) —o: §945 sin 62932 t

— 08945 sin G232 (t—o0.036) m 5 1 >o0036sec Ew)

4.26) When the container strikes the f$loor, the velocity of the

mass is given by mjf- - Lm v & v=1Vz294 (&)
The d:‘sr‘mmenf of the camcorder su.éjed:ecl to an

nitial velocity X, =V is given by Ep. (2:72), with
Ho=0 CUYLA T 1,

_— A X
®2lE) = e Sz ; %o . Sin ‘Jl—' Yl C,Shf CEZ>

Wy I —%%

System can be modeled as a Spring - mass System ™ Tx®)

Subjec.'be.d to base motion: & y({;)

¥t ={(Y /) 5 ost = ¢t __T

0 3 > 1, B (El)
Relative displacement of mass , 3 = x-%, is given by Eq. (4.34):
t
=4 3 - TWh(t-T

(5 = ZTRN A 3(¥) e ) sin 63 (t=7) dT (E2)

< v t, (e3)

wWhere 3—(1’) o (Y ry‘to:.> }

o5 ; 0
()= @Vt

and ?(T) -0 3 -

Fer o< t = t,:

Since the system is unda.mped, W, = o, and T=o0, and (Ez)

reduces to

T
}(t) = = '_%'Y?E j Sin can(t-—t‘) dz (E4>

(‘d’n o
Here

. t
j sin w, (t-7) dr = f(s.‘n (o, t cos w9, T — Cos Wot Sin 9, T) dr
] °

% E
= Sin CS,T fcn'w"t dz — s ot f sin @, T dT
0

[}
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t
t
i .t -l = > L ces 6, T
in O, (wn s 3, >D — cos ot ( . g

(1- cos c..9,;t> . (0

GS?'\
Thus Eg. (E4) gives

x(t)= Y '&l. - _2_1._ (1— cos w,.ﬂ:) ; o= t = T, (E‘)
12 t2 o,
For t > t,
Es. (E2) gives
}(‘b) = — _1___ f‘bo -2_1 g‘l‘n C&hct_'f) th' (E-,)
‘Cl.9h . 'L':-
But : | .
{ :'l'n Un(,t—?:) dr = —JE; {COS I, ('{:—te) — Ceos 6.9,.,'{:}
3’("7)3 x(t)-¢F)= - -i:’——,_{c‘:s w, (t-to) — cos tht} s >t
A Sl (Es>

f (t-T) e e K P @ (-7)(de)

-7, (t-7)
= | (t- t) {._ T W sin & (E-7) — Iy cos wd(f—?)}
('56.9") + C"SJZ

—
[*N
W

t
~T68,(t-7) .
- e % {(‘5‘7—5,3“7-_ w‘:’)gfn 09; (‘f:-—‘?-')+ zYC,S“LnSJ cos wa(f-t)ﬂ
(ron) 2+ 8 o |
t e " T, Sin Wt + W, f Gyt
sz e (et vy aoyt)
o €
38,
W s Wt
+ §_______—- {CJ (?.T—-i) Sin Cﬁdt +2T (8, Wy cos Ly }
n

t -
I,= f e—-‘f@n(f 7-') vin ("9,;{(4: 2’)(&"1‘.‘)

(=]
[e-”‘" G £ vo, sin @ b-¥) - @y o5 “alt- r)}]

ok + )
-vw,t
A U“
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o
=) = _8%' £ S:wa e
m 05y

2 ra

03y~ (8
SE 2T -vWat {4y t-( il §fn69t}]
-‘k—[t— —_(-91« - o =~ Cos 3y I d

n

(1) mx+cx+ kx=F(£)
where m ()= M - m,t = (2oco-10t) K9

and F(t) = m, ¥ = (0 (2000) = 20000 N

(2) with m= M - 3 m,t, = 2000 - 5 (10)(100) = 1500 *g
eguation of mo-hon becowmes

1500 x + 0-1 x10® x 75 x10° ®* = 20000 = constant
Maximum s{:ecz_olj sta.te d.’sjn(a,cemewl: is
xi.(f) = l;— = ZOLOOG = GHO0%EET m

75 x (0

From Eq. (4.30), the response te unit step function can be obtained by
setting F (T)=1 os

t
h(t) = fo g(t-7) 4z e (Ey)
By differentiating this ezua.tfon with respe.c.\‘: to t, we obtain
dh =
dht)= get)

Eguafu'on (4.30) 9ives x(®) = 3‘ F(2)-g(t-7) .47
But 3({: 'C)— ‘“‘ (f—-—) -fra'm Prol:lem 4— 30 -
x(t) = J” F() .._(t ) de
o

Integration by ;:a.rts gives

€
x® = ~F() A=) |7+ f AP he-) a2

t
- FEY h©) + FE) FE) + [ % h(t-T) 4T
But LA(c)=0 from Ep- (EL) of rro‘alem 4.30.
x(4) = F@ ki) + [F 48 (&) h(4-2)-d7

o

' Eqﬁa-f.ion of motion for rotation about O:
Jo0+MX(€) +kya? 0 +ky b2 0=Fple " (1)

_ wherex = ¢ § and

1 9 32 1 9
Jo 12m +m(2) 3m
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Eq. (1) can be rewritten as:

1

[—méﬂ—{-M{’Z .9'+(kla2+k2b2)9=F0€e”t (2)
3

For given data, Eq. (2) takes the form:
53.3333 0 + 1562.5 § =500 ™ * (3)

1562.5
i i = 2959 — 5.,4127 rad/sec and
Noting that the system 1s undamped with wp, = \ / F= oass 5 /

Mz

=k
F(‘l‘:) = F;, e

- ————

the forcing term as 500 e™ ¢ the convolution integral, Eq. (4.31), can be used to find the
steady state response as:
t 3

= [ 500 ¢ 7 sin 5.4127 (t — 7) d7

i) = 53.3333) (4127) ¢

=1.7320 [ e~ t et~ ") sin 5.4127 (t —7) d7
0

' ¢
——1.7320 "t [ et~ sin 5.4127 (t —7) (— d7) (4)
0
Using the formula:
jeaxs'mbxdx=-——1—-—eax[a.sinbx-—bcosbx] (5)
2 2
a® +b

Eq. (4) can be expressed as

e(t -7

12 + 5.41272

B(t) = —1.7320 ™ {sin 5.4127 (t — 7) — 5.4127 cos 5.4127 (t — :r)}

=0.3094 e~ * 4+ 0.05717 sin 5.4127 t — 0.3094 cos 5.4127 t radian

x 3o
4.33 %
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_ 1 2
Jg = g ke L |5 48 48

2
q P me="L (10) (12) = 1.4583 kg—m”
Equation of motion for rotation about O:

J08+k—€+k——-é’29—-M e”

16
or J09+—-k6’2 6 =M, e 2
or 145836’ +3125.0 6 =100 e (1)
: 3125.0
Noting that the system is undamped with wy TiRn 46.2915 rad/sec, the

convolution integral, Eq. (4.31), can be used to find the steady state response as:

t
1 — 27 .
= 100 e sin 46.2915 (t — 7) d7
Ot) = 2583) (46 2975) J | )
t

— —1.4813 e~ 2% [ &2t~ 7) sin 46.2915 (t — 7) (— d7) (2)

=t
s1n . . . =

r=20

— 0.03104 e~ 2t + 13.7994 (107*) sin 46.2915 t — 0.03194 cos 46.2915 ¢ radian (4)

360

Net compression of spring PQ = - x(t). Equation of motion for rotation about O:

ag 3k¢ -

or 309+-5~k6’29=ﬂx(t)= Xy € F (1)

8 4 4
1 ¢ 7 7 2y 9
For given data., Jo = T m¢é% +m (I)2 - £ = ey (10) (1%) = 1.4583 kg—m",

— k fE = —8— (5000) (1%) = 3125 N/m, and Eq. (1) becomes:
1.4583 § +3125.0 6 =37.5e” " (2)

4-27

PRELIMIBARYsMERGIEM32/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storaga in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

Noting that the system is undamped with

W, = 31250 = 46.2915 rad /sec
. 1.4583

the convolution integral, Eq. (4.31), can be used to find the steady state response as:

t

- 5 e 7) sin 46.2915 (¢ — 7) d7 (3)
6(t) = (1.2583) (46.2915) {(37 ST

Using Eq. (5) in the solution of Problem 4.32, Ea. (3) can be expressed as

ot =7
12 1 46.2915%

= i _ 1) — 46.2915 cos (t —7)
9(1;) — — (0.5555 e b {sm 46.2915 (t. T) ( }

- %) si 2915 t radian  (4)
001199 e~ ¥ + 2.591 (107%) sin 46.2915 t — 0.01199 cos 46.2915 t r (

Equation of motion for rotation of pulley about O: Kz
T b+mi@r)+kx(@r)+k (fr)r=2rFe " (1)

where 6 = ——. Eq. (1) can be rewritten in terms of x only as:
2r

{}i—i—Zmr i+[2k1r+-—;—k2r]x=2rF0e_t (2)
2r
For given data, Eq. (2) becomes
11.0% + 1125x =5¢ (3)
112.5
Noting that the system is undamped with wp = =0 — 3.1980 rad/sec, the

convolution integral, Eq. (4.31), can be used to find the steady state response as:

x(t) = —0.1421 e~ } elt =7 sin 3.1980 (t — 7)) (— d7) (4)
0
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Using Eq. (5) in the solution of Problem 4.32, Eq. (4) can be expressed as
£

-t
x(t) = — 21421 e 1ot~ 7) Join 3.1980 (t — ) — 3.1980 cos 3.1980 (t — 7)}
12 + 3.1980° .

= 0.04048 e~ © + 0.01266 sin 3.1980 t — 0.04048 cos 3.1980 t m (5)

(a.s) Unit :‘mPu'Se response function For undamred cage:

use Y=o and W, =S in Eq @425

x (t) = miw sin @5, ¢ (&)
\g]

(b) Unit impulse response function Sor uncﬂera‘a.m]:eav

case : Eg.(4.25):

%{t) = —-Ez’g é:Tw“t Sin &Sd'l: (E-Z)
™

(¢) Unit meulse résponse func_h‘on for cri'bu‘..r.o.aU.j
a\a.mpecl case :
Free \nl:ra«‘hon r‘es/aonse a:F a.cr:'f:lca-Uj o(a.mr'eé‘
Syst i by Eo,(2-80) :
ystem IS 9iven Y &( o) | —whf
% (t)= {7‘0 + (%ot W xo)t}, e
USEnj the fnifl'ai Canciffl‘ong xo:O a_,n;l o'f-a:
Es. (E-3) gives
v
t g @nt (=4
x () = — e
d) Unit u‘m}:u(se response func.‘,'e'on for an over oqa,mjgea(

(E-3)

{
m ~

Cafe
Free Vil')l'av{'t‘or\ restaonse O’& oM everola.mFacf S‘jS‘\l:Em (s

Jiven by Eg- (2:81): e _J=x - ) st
(_,g_‘_ Tz"')wh%_(_c’ é T T ’) n (E-S)
2

(B e € &
Mere AN (r+\l‘s- 1) %, - Ry wn(‘g-\h‘z" )-7’%
 z P Gy z

2 Wn T -

T e
. |
For the il"lH:l.Gu[ conditions a2 B and Moo= "m 2
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C, and C, become
1 i
c —

; C, = — ‘
Toam o w, R 2 2mw, |75 -1

ond dence Eg. (E'5) yields

2 (4) = L {—(‘5+\,§'2——|> st -G-E= Can'b}
. = o
2w W,y E—1

(&r6)

w=2%kg, ¢= 4 N-S/m, k=32N/m, £ =4 5(¢),

x°: o0l m, "xoz 4 'm/g‘

=K = T 4redss, -S4

¢ 2Vkm 2432 (2D
W= \I-5% &, = 3.872983 rad/s
Underda.m’ped Sjs{'eh-..

=0-25

ImPul_;e response is 3!V8n by Eq. (4.26):

-T W, t
x (£) = L e

and

Sim CJA {:

—t
= 5.516398 € Sin 3:872983 £ m

The stiffness of the cantilever beam (w:‘n7> 's given by

5
EX 3 (I5 x 1o

4 = 33 . 3( : >=45XI06 N/m
{ lo

System cam be modeled o ov Sinsle Aeﬁree of freedom
undawmped system:

m % + K x = o

&
where m= 2500 kg9, k= 45 xlo N/m, o

f /45’”" = 1341641 rad/s
leo

Response of wmass due to fm,au[se F is given by
Egq. (4.26) with T =0 and @, =

4-30

PRELIMNARYME RGN 2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

x {4) = 5

mc&n

Sin (ﬁnf

50
2500 (134 1641)
= 0000149071 Sin (34:164) € m

I

$im 134: legr £
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P = Fo i BEtE St
o] ) ‘t‘) gtc "“(Ei) %_t
: 5t
Response of the anvil is given
b.'j [Ea (4.31) for an unda-'mreo{ sjstem]:
t
l E
x(t)= il J;F('C) sin 9, (t-7) 4T (E2)
For o=t < _'t'gd_-'_
________ F >
(Y= ° j’c’ sin W, (t-T) 4T
m&,ts Jo
-, 8 (f - s Sl us,,t) (EB)
 t, S,

4
x@® = 7o [ E) sin 0, (£-7) dz
d t
o iFe s
T — n 't"' Cgt
w e, t, T sin @n (£-F) 4T+ @ J;S‘ @l ")
o
= _Fe [Sm wat {"L— Cos W, t, + 2 sin @9, t, a;:.
Mmhto ngn n n
b - 2 &
—c,oswhtg -‘-_S'm@no—_c—‘s-—cp;wno}
n h
+ Fo_ {__'_ cos (@, t - w,,z)}t
™ Wn n -to
= Fo [s{n , (t-t;) — Sin .t + Gnto ] (54)
r 4 Lsh'to .
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Ey st
T :
f E‘Z{_-—- sin @, (t-7) de + fs-n Wp (£-7) dt’]

o o 'to
= --————-'—'Fo . I Sim B8, (t - ta) —+ tO Cof C‘gh (t" to) - L sin &5, t]
o % + (558 e,
n =} S"EG

+ Fo [_L_ cos c.s,.,(f—l‘):]
TnC-Sh wh to

= Fo [S‘in W, (f"tg) — Sin QS‘n't + town cos 5, (f" 5'{:0)] (Eg)
* @, t,
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, Fa ; o0 =t < £, (E)
F(t) = |
4.47) F(¥) { . s ik,
Eq. (4.31) gives, for an undamped system ,
¢ (e2)
4 X E
- t-7) dT £
=t = ™ Iy j; F(z) sin wn ( )
For 05 t s %o
_ R -t _ Fo (1= cos wot E
x(t) = oy ja sin W, (t-7) dT = ¢ (1- c ) (Es)
wsing Eﬁ'(ES) in the solution of PTOb'em 4.27.
For + > to_
""""""""" to
X(f) = F° . _
m o9, ,_[ 5in C:J,,Cf f) dz

US‘l‘nj the relation

£
f ;fn Wy (E-T) . dT = "c:?r"{cos Cn}h(f"'t?) — cos W, t }
°

the solution can be exPresSed as

x(-{:) = _E_:_ [c,as CJn Ct“‘to) —_ CoS Cﬁnt] (E+)

e e
For 0o t < t,, ,lz(.(:)z __F;% (1_505 c.?h‘f:) (ES)

i—g— = % sin &G, t =0 = (9 trmax = T
“*
R _ 2 F E
Ko = 'x(f.—_ ‘!',‘mp_x) = ((— cos (9, tma.x = *o ( G)
For £t > t, >
x(t)= _%— {Cog e, (t- f°> -— e C..Bnt} (ET>
dx

- = - Fo Wn sin ,(t- to) — sin .t =0
dt * { }
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= Sin 3y ('{T,M_x — ta) = Sin On fma.x

. Sin WH
(=B ta_-n Gjh {‘_ma.x e ( n W e > (EB>
C

oS Cﬁnto =4

: : i
€. _ Sin ©n Lo E
" sin WSy tmax = : ( 9>
.fz (41— cos Wnto)
ﬂ.‘ﬂ.A coes Oﬁn'bo -1

cos Wntmax =

, E1)
\/;(1 — ¢oSs wnto)

¢ Tmax = x (1‘:: 1‘:ma.x.> = _;:_ {cos @, tmax - CoS @Wnto

+’S'i"ﬂ Wy tmax - Sin WOnts — cos w“fma.r.}‘

Fe { (c"s wnpto — ')Z sin” o, t, }
= _2 - .
% \E (1_. cos Oy {'g) J?(I ~ cos &, o)

= 2F 50 @ to &)
= - =
Plottmg: (5 . 2T
n
tmax = AL
For Q s t ﬁ tg 2 w“ f‘|'l'ia---x = -Tr ar Tﬂ Z
Ew T -
When t = to > 'Ema.x = 2 — 2
- ‘bo |
t~es) ___ET" ?_ _.2.
4 x ax 'to > __L (E!2—>
o = = for & =2
Sst
For €t = to > i:_"__ < -‘E.
n
z_Tr {-O
Lnax . 6.9,-.'&0 2 sin
= 2 Sin i — 2'?.'7-.
Bst =
t ]
Xmax _ 5, sin -f-i:? For —;—n <3z (E,;)
5ot Cn
s
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X xma.x)
Egs- (E,p) end (Eiz) are 1 (55t
P‘o‘H:ed in the f'.'gure. o b--=----=

I
1
I
|
i
i
1
1
I
I
I
\

i -
(2
?h
0 z 2 1%
Response sPec'f:ru.m for o
'r‘ec.‘ll:a,ngula,r Pu.f.se.-t_ype load
'The response is fou.nal in Prqblem 4.22.
For o= t = to: ,
---------------- 2 @n P L - ceos an
x(t)= Fo (1- cos c,s,,t) + F { cos 2t, f

2m @ {(%;)1 -} (&)

: Fo T . It .
1 €.y FG On sivi Ot + - E—E Sim . + W, Sin Un't
n T 2 z -] e
* ™m {(____ ) _ wn }
2ty =
which can be reduced to the form

Tr"bma.x (Ez)

SI..ﬂ. w'ﬂ 'bma_x S'('n

-
ST L 2t
zwnto{m(-z-a)_mw:}—f-k 5

Once '&ma_x I.S' known :Fram (Ez), Ez’, (E,) can be L{,S‘BJ
to fl‘nd X ak :

max
E
'xma‘x = x(f: tma_x) = —£—- (1 - (Cof (;S"tma__x>
R

(o Th2 i) @

Z‘ba

TS
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For t >to:

e Emm e — - -

x(*) = _.9. cos Gy (£ = to)

__smw(JC to) {lmw (_____can>+ zmw( *OS)}

2t,
s w,t o - }
+ co - =+
A (35, —<n)  2mon (% +<n)
E
For f’:ma_x 5 fg— =0 ( 4-)
(=€ > F, ™ Wn cos Gﬁ'n(tma.x" t")
- Fo &n Sin wn(tma.x - t").— 2 2
-k m &9“ to {(E.{I.E- ) -— Gﬂn }
™ 52 °
Fo ([ — A
.t n
-+ ( 2¥e ) sin Cr3.n 'tma.y: =0 (E5>

“{ (&) -}
once  tmayx (S found by solving E. (E5)> Fmex
from Eg. (B4) a8
Xmax = 2(t= tmax) = _;:— cos w,( Emax — to)

can be ;Founc'

~ ™ R sin wn('&ma-x_ to)
2, m 1'.“, {(;‘;o>2 _ c,gnz'}
2
- Zt") cos G3y, tmax (ES) .

2
‘k{( ™ ) 2 }
2ts n
axc versus G2,

Egs: (E3) amd (Eg) can be used to le‘: max

to get the displacement response spectrum.

ve Tt
Base acceleration= %(t) = a, (1 - sin S ) (g¢)
] For an u.nda—mpec' system, the relative o(,‘s(slac_ement /s given by
Eq. (4.34): ‘

3(8) = =45 [ §(@) sin wn(t-7) dv
Tt

= —E,{-[fw, sin 3, (£- t’) dr - fa. sin -—g sin wh(f-f)dfj
n o (E2>
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Here
t { — cos W, t
Ifi'n o, (t-T) 4T = ( > . > (es)
o] n
Sfrom EE‘(ES) in the solution of Prcblem 427
and
t -
f Sin L (s:‘n 6.t cos 3,7 — cos Wt sin 6, T dz
Z
° LS T 463, )7 yt
COS(-"“-—GS)T cos (= + “n
= sin ,t {_ £ 0 o c (zt., ) }
2‘( Zto _(‘97\> 2—(—-—-" -+ wn) o
0 G . [T £
_ cos @t { Sm(?_fo Cﬁh)f B sin (?-fo -c—c&n)'c" (54)
T ' 4L
2 (g —@n) (52 * @) o

Thus the solution, Eg. (E2); can be finally ex.rrcsred ast

X .t
pe)= - Ze (g Aty _g;o_{s.-hwt[“s(wo )
n n n 7_(___.___ w)
coS (_;g;_; + w.-.)'t —2]+ gt 1 [SI‘“(%o_ C49n>t B $in (';__Eo+ 09,1){'}
1(%%04— c.sn) Z(ﬁ—wn) z(_;’._";; + L.s,.,)

(Es)

--------------------- £ : (Ei)
x(t )= %._(1._%_cos c.sntf&ghto sin Lsht) .
% U:) =0 gives bS,.,to Sin Wytm = 1~ cos WOptm (
: E
e Wntm = 2 'L‘a.n_i((ﬁntg> z)
Gl B Em 8 0t — Sin O tm (es)
= L= to " wntﬂ
(%)

where t_ i¢ given "J (Ez).
During t > to:

_%-Z%')_:m"" [(s- cof ©@.k,) #n out = (0, £, #m 0,F0) B w.t] (%)
e x@®) «c.s..’co = x(E)= A 4~ O + B s WLt

Fo
where A= i—C"wnta

Since %1,,,,,: AT

_Em = w == [(1 A Wato) + (Wnto— Aim wats)” ]1/2 (Es)

(Fo/*ﬁ

4 B= - (L‘Snto - Kin wnto)
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2.0 Eg (2-9)-
.(Es

v ot
2 v2 b
03 o8 I
o4 r 0-4— w

| | ! 1 ) | ! | { | | | ! 1 |

0 2 4 6 8 lo 1z 14 & 0 2 4 ¢ 8 lo 12 i4 |6

wnto wntﬂ

From Example 4.13, the response of the building frame is given by

’X(f): —"‘:E [_1_.- _—t—o- — coS cant 4 i Sin wnt] y g= t< to (ED

@_to

and ] t
F in ‘ = — $in &9, t,_., o &Bht t>

w(8) = Lo [ wrte) sinisot - (s, bem s o) s et ], 7%

(E2)
For 'x(t) i‘o be maximum, the aua.n{‘n‘r':j inside sguare

brackets in () wust be maximum. This implies that

f-b- D- —_%—0 - (ot Wt + l,-.fo s.‘ncaﬁt] e

e Wato sinw,pt = 71— cos Wt

i-e-; fan fzg—;t = 8 to (EB>
Thes, % x(t) ottmins & maximum value af t= tmax> Epo(E3)
I tmax = 5 tan  (Wnto) (Eq)

Once tma.x i§ known from (Eq)J (E,) 3|'VES

- F.
me.—_ z(‘t— fma,x> = __f_{f_%? — (oS C:Sntm“

+

sin &, tmax j’ (ES>

n o

i) For t> T,

For 2 (t) te be maximum, the guantffj inside sguare brackets
n B (E2) must be maximum. This implies that

i— [(1— 05 Wato) sin 3, t — (c&,,t,, — Sin c.s,,t,,) cos os,,t] =0
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l'-eU

(1- cos wnto) Ly cos wpt + (wntc —sin W, te) W, Sin w.t =0
I-e-) p—— wnto

E
Onte — sim QB,,‘L'O ( 6>

tan w,t = —

If x(t) attains its waximum at t= thax > %-(Eg) gives
-1 -1+ Cos wnto
t = 5 tar ()
max WG (whto_ i wn‘%)
once tmax IS computed From (E7), (Ex) gives

i 2 o P
Xmax = % (t= tmax) = ® w:ta [(" o5 Boto) + (Wote - sinnto) :IL

Given data : . (Es)

o ——

m= 5000 %«g, Fi= c’fx,.log N, to;: 0«4 Sec, X

o= */m = ocrolyl4 Jx

Procedure :

ma X = 0.0l m.

2. Find tmex USing Egs. (54) and (E-,),

3. Find 2. using Egs- (E;) and (Eg).
4. Select 4 such that X oay £ 00lm in B (Es) or (Eg).

S“"'"Ple C"""F“f‘" program and results are shown below.

XM=5000. 0

FO=4. OE+&

TO=0. 4

XK=0. 0

DO 10 I=1, 100

XK=XK+1. QE+7

CMN=C. 0141 443GRT{ XK)

THAX1=(Z, O/0MN)#ATAN(DHN=TO} o
Eﬁéii=(FDf§K?ﬁ(1.0*€THEXEETG}—CGS{GHH*THAXE?+51N€GH&*THHX1!/
(OMN#TO))

XNR=={1. O—COS{(OMN#TG))

EDR={OMMNsTO-SIHIOMNETO))

THAXS=ATAN(XNR/XCR /OMN

X1=(1. O-COS(OMN#TO) ) %=2

L2=(OMN#¥TO—SIN(OMN#TGO r =2

X3=(X1+X2)#%0. 5

IMAX2=X3#F0/ (XK#0MN#TQ)

PRINT S, I, XK. TMAX1, XMAX1, TMAXZ2, EMAX2

n

S FORMAT(IS, 2X,£15. 4, 2%, 2E12. 4, 2%, 2E12. 4}
10 CONTINUE
STOP
END
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1 0. 10CCE+O8B 0. 6776E-01 0. 7322E+0C -0. 5124E-03 0.4 ii‘f‘h{- ﬁl-OO
=2 0. 200GE+CE G. 4843E-01 C. 3758E+0C -0. 82C4E-05 O. J‘?:‘-'/l- 1:00
= 0. Z00CE+C8 G. 2$73E-01 C. 2534E+0C -0Q. 3859E-04 O. 13:1“:’1-: -.00
4 0. 2400CE+CE G. 345C0E-01 C. 1F14E+00 -G, 4108E-03 O JO:/L 00
3 0. 30CCGE+C8 ¢, 3092E-01 G, 1338E+CC -0. 4234E-03 0. 78L7E 01

These results indicate that the reguired stiffness is
K= 8x |¢38 N/‘m-

Let d = thickness of bracket. Then, from Example 4.18; self weight of beam == 0.5
4.52 ) d Ib, total weight at free end of beam = W = 0.5 d + 0.4 1b, moment of inertia of
' beam cross section = I = 0.04167 d3 in?, static deflection of beam under W:
_ W (054
T 3EI i

We need to use 2 trial and error procedui'e to find the correct value of d.

0.4 2y
Ot :’ ) 7.9994 (107*) in

Let d = 1 in:

— —4 .
w = 0.5 Ib, W = 0.9 Ib, I = 0.04167 in*, 6;; = 0.9 (7.9994) (10 4) =7.19946 (107*) in,

—4
=97 S _ 7.19946 (1077) _ 5 008577 sec
ks g 386.4
to 0.1

= 11.6591

7. 0.008577

From Fig. 4.65, shock amplification factor (A,) corresponding to tp [T = 11.6591 is
A, ~2.0.

Dynamic load at end of cantilever = Pgq = A, M 2, = (2.0) (0.9 /g) (100g) = 180.0 Ib.
o —Moc _ (180 (10) (10/2) _ 1598 2721 Ib/in?
maE I 0.04167
Since this is smaller than the permissible value of 26000 psi, we choose a smaller value of

d next.

Let d = 0.9 in:

0.85 (7.9994 (10™*
w = 0.45 Ib, W = 0.85 Ib, I = 0.03038 in*, & = ( 0.9° (107)

—4
S _on \/ 9.3271 (107°) _ 009762 sec
g 386.4
0.1

Tp =27

to y

— = ————— = 10.2438
7,  0.009762

=9.3271 (1079 in

A, =20, Py =A, M2, =(2.0) (0.85/g) (100g) = 170.0 1b

_ My (170 (10)) (0.9/2) _ 95187 0402 Ib/in?
Tmex = 7 0.03038

Since this stress is close to the maximum permissible value, we take d = 0.9 in.

4.41
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/ beam cross section = I = 0.04167 d® in*, static deflection of beam under W:

Let d = thickness of bracket. Then from Example 4.18, self weight of beam = w = 0.5
d Ib, total weight at free end of beam = W = 0.5 d + 0.4 lb, moment of inertia of

0.5d+0.4
b = [——L— 7.9994 (107%) in

d3

We need to use a trial and error procedure to find the correct value of d. However, since
the shock amplification factor, for large values of tg /T, for the triangular pulse of Fig.
4.66 is similar to that of the pulse shown in Fig. 4,15, we start with d = 0.6 in. This
gives:

w = 03 b, W = 07 Ib, I = (0.04167) (0.216 = 0.009001 in4,
0.7 4 T V 25.9240 (107%)
= —7 (7. = .9240 =327 =
b = g (7.9994 (107%)) = 25.9240 (107*) in, 7y —
0.01627 sec, to/rn = (0.1/0.01627) = 6.1445. From Fig. 4.66, we find shock
amplification factor as A, = 1.1, dynamic load at end of beam = P34 = A, M a, = (L.1)
(0.7/g) (100g) = 77.0 Ilb, maximum bending stress at root of beam =
My ¢
Oimax = ‘I’ — (77(10)) (0.6/2) / (0.009001) — 25663.8151 psi. Since this stress is very

close to the maximum permissible value, we select d = 0.6 in as the design.

Let d = thickness of bracket (beam). Self weight of beam = w = d (1/2) (16) (0.1) =
0.8 d Ib, total load at middle of beam = W = (1 + 0.8 d) b, area moment of inertia of

beam cross section = [ = Tlé— (%) d3 in%. Static deflection of beam at middle due to

W:

_ W& (1+084) (16%)
192ET 192 (107) (0.04167 d%)

We need to use a trial and error procedure to determine the correct value of d.

Ot =(1+0.8 d) (51.1959 (107°)) in

Let d = 0.4 in:

w = 0.32 Ib, W = 1.32 Ib, I = 0.002667 in?, 6,, = 67.5786 (10~°) in,

—B
=2 '\/ 67.5786 (1077) _ 4002628 sec
386.4

o
S _ 01 38.0569
7. 0.002628

From Fig. 4.15(b), A, = 1.1, and the dynamic load on beam is given by Pg = A, M a,
where M = total mass of beam and a;, = acceleration due to shock = 100 g. Thus
Ps = (1.1) (1.32/g) (100 g) = 145.2 Ib. Maximum bending moment in a fixed-fixed beam

due to load (F) at the middle is given by My, = F8_€ so that

145.2 (16) | , 0.4
Mb C _ 8 ( 2 )

. —
max I 0.002667

= 21777.2778 b /in®
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Since this stress is smaller than the maximum permissible value of 26000 psi, we next
select a smaller value of d.

Let d = 0.35 in:

w — 0.28 Ib, W = 1.28 Ib, I = 0.001787 in*, & = 65.5307 (107%) in,

—8
=27 \/ 65.5307 (107°) _ (002587 sec
386.4

t
Yo _ 01 _ 26469
7 0.002587

" From Fig. 4.15(b), A, = 1.1, Pq = (1.1) (1.28/g) (100g) = 140.8 Ib

140.8 (16) | ,0.35 )
My ¢ B 8 ( 2

Tmax = 77 T 0.001787

Since this stress exceeds the permissible value, we increase the value of d.

= 27576.9446 1b/in’

Let d = 0.37 in:

w — 0.296 Ib, W = 1.296 b, I = 0.002111 in*, 6;; = 66.3499 (107%) in

66.3499 (10~°%)
= = 0.002604 sec
Tp =27 V A

Yo _ 3g.4024
Tn

From Fig. 4.15(b), A, ~1.1, P4 = (L.1) (1.296/g) (100 g) = 142.56 Ib, and

' [142.55 (16)] {0.37]
8 2
Moo o — 24986.8309 1b/in’

Fmsx = T 0.002111
Since this stress is close to the maximum permissible value, we select the design as d =
0.37 in.
— m g = 100000 b, ¢ = 0.05, o == 30000  psi,
7 30000
= maximum permissible stress = —-——y- = —09— = 15000 psi,

Tn =

\/'— oA /100000 _ 101.0793
386.4 k A

We need to use a trial and error procedure to find k.

Let k = 10000 1b/in:
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_3EI _ 3(30(10°)1
T 600° -
I = 24000 in* = ng d% (0.5904) with — = 0.8

do
di =82.8121 (10%) in*
d, = 30.1664 in ; d; = 24.1331 in

k =10*

101.0793
Tp = ——— ~ 1 sec
T0*
From Fig. 4.18, for 7, = 1 sec and ¢ = 0.05, we find S, = 25 in/sec, S4 = 4.2 in and
S, = 0.42 g.
Maximum shear force in column:
By i iy, = AOODO0 (0.42g) = 42000 Ib

g g
Maximum bending moment:
My = F.. h = (42000) (50 (12)) = 25.2 (10°) Ib—in
Maximum bending stress:
_ My e (25.2 (10%)) (30.1664/2)
I 24 (103)

Since this stress is slightly smaller than the maximum permissible value, we choose a
larger value of k.

Op

= 15837.36 1b/in?

Let k = 20000 1b/in:

k =2 (10%) = 3(30a0°)1 d¥ = 165.6243 (10*) in*
600° d, = 35.8741 in ; d; = 28.6993 in
I = 48000 in* = —— d (0.5904) . - 1010793

= = 0.7147 sec
* /20000

From Fig. 4.18, we find

Sy =26 in/sec, S¢ =3in, S, =06¢g
Maximum shear force in column:
w
3

5
=W s, =29 (0.6g) = 60000 Ib

Fmax

Maximum bending moment:
My = F .. b = (60000) (600) = 36 (10°) lb—in
Maximum bending stress:
Mp ¢ (36 (10°%)) (35.8741/2)
I 48 (10®)

Since this stress is less than the maximum permissible value, we choose the inner and
outer diameters of the column as d; = 28.6993 in and d, = 35.8741 In.

o = = 13452.7875 lb /in®
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m g = 5000 Ib, ¢ = 0.02. From Fig. 4.19, n order to have S, = 1 g, we need to have 7y
= 0.2 sec. Thus

27 _ k-
m=02=—= ; th= 31.416 rad/sec = =

n .
k = (31.416)> m = (31.4167) (5000/386.4) = 12771.2870 Ib/in
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Eguation of motion s X4 82 % = % eiwf
For zero initial conditions .
z LN =rE = f&-——i——' . - - F;_ i f_ta—j-—

(874 @n) X®) = 237, 5 B(A)= 2 (Frol) 8+ &)

Inverse Ln.Pla.ce fra,nsforma.f.bn gives
I 1 it i - §
x(t) = — (fﬁz—iaz) {e = (Cﬂ" Cﬁnt-l— ©, Aim S )}
n

The terms cg“ib_._.-u,.\.j Cos (St amd im0, denocte the transient

paxt of the response and hence can be neg!ecf:gc!. Thus the steady

state response can be expressed as

x(t) = i ( = > ei”t | where r= &.9/&.9".
L W
F(a)= F
() 5 |
/ The Laplace transform of the response can be written as

A4 2T,
2(s) = —2 + )=

z
: 2 A 03

2 224270, 4+
ma (8227w, 5+ ©n) ( 2 S "

L x
e o 2 o
\A2 + 27,4+ wn)
Inverse transformation gives

-Tw,t —Je,t
(%) = -E- 1- e " sin ((3 t+ ¢ ) %o e sin (cad'(: + ¢i>
™ Tl 1 +
Ni-v2 {1_3-2‘
+ Xo e'-ﬂs“t sin @yt

©a
where 4 = s~ ().

The forcing function can be expressed as
@ F(b)= R {fu® - ult-ts)} L
where u(t-T) is the unit S'L‘eP function a.frl«'ed ok t=7. The
Laplace transform of F(t) is
F(#)= R(2 -4 a4t
The Eauaa‘:ian of motion mx +kx = F(t) 9ives

4-46

PRELIMNARYME RGN 2/14/2010




© 2011 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior.to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson
Education, Inc., Upper Saddle River, NJ 07458.

—5t,
_ F, -4t, 1 _F 4 _ e
x(é)-: ";(i"e >m52‘+‘k_—;{/§(,52+09:) J(’sz-“@“z)}
Since 3o MET S 1= cosat)s
x {z‘(ﬁz-{-cﬁ)} a}( )
K , _t
x(t)= _Fo (1 cr ) ul® - © {1 o5 &, (-t u(E-%)
m@: m Qo
Hence
_EL_(i_cp'SGS’“t) for os t=< t,
2
it )= m &, .
Fo fengs,(b-te) ms@t}  For £
2 n ;
m 68,
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. -1
Method 1: -;:jz_f: = AF; {1-@:&3,,[-{:;'—'&;)}
, ¥ g
% = L I AR @, sin 0 (-t
Method 2: - )

Es
= 2 [ esenah T X, A 0

.= B, ., : 2
'X}"' __*‘}_._r. I.u\@hb't}'-l-wn {-x‘;-_‘d-h\wnﬁt;_i. i;! Csfﬁ’,‘At}‘}'

Meth 3: n
;= AR sy = g , Fi=1 . x. i,
it * atg &} Wn, s.nm“,g{:}}_. "kL (1":‘6"9:1 Aé})'f‘ g1 B Dy AT
%;_
+ 29: Sim O, A{‘.‘j
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i, = 8B s Aty )+ -t (s, sin Wa sty + X, o 9y A
4 k _

k A&}

A N sin LSNA":J
"“"“"-"-““"-".'“""""--—""““"““-—“-"-—"-—-_-—I;/[ethod?)
VALg ? Method 1 Method 1 Method 2

Step variation Step variation Step variation Linear variation
with larger value with smaller value  With mid-value

X(1) X(1) %E1) x(1)

2 0.48B9435E=uUl 0, 412810F=01 0.,451034E=01 0,463829E=01
3 0.183327E+00 0,153639F+00 0,168413E400 0,170863E+400
4 0.374871E+0D 0,311494E+00 0,342969E+00 0,346380E+00
5 U,590262E4+00 ,485757FE+00 0,537537E400 0,541621E+00
6 Ue194174E+00 0.6469A1E+00 0,720014E400 0.724433E400
7 0.,955Y98E+00 0,768556E+00 0,860RY6E+00 0,865287E+00
8 0.104732E+01 N,829582E+00 U,936446E+00 0.,940461E4+00
9 0.,1050B1E+01 0.,817133E+400 0,931268E+00 0.934605E+00
10 0,959172E+00 0,727695E400 0.840009E400 0.842438BE400
i1 0,776638E4+00 0,566437E+00 0,66B027E+00 0,669410E400
I XDCT) XD(1) XxDCI) xD(I1)

2 0,309017K+00 0.260676E4+00 0,284772E+00 0.284646F+00
3 0,539444E400 0.448685E400 0,493775E400 0.493286E+00
4 0.,669917E+00 0,547974E+00 0,608327E400Q 0,607283E£+400
5 0.,690013E+00 0,552279E+400 0,620126E+00 0,618406E+400
3 0,601222E+00 0.465650E+00 0,531993F+00 0,529561FE+00
7 0.416706F +00 0.30194RE+00 0,35749BE400 0.354412E+00
B 0,159909E+00 0.,0833536F=01 0.,119506E4+00 0,115921FE+00
9 =0,1378718E+00 =«0,161957E+00 =0,152198F 400 =0,156045E400
10 =0,440725E+00 =0,402734E+400 =0,423949E+00 =0,4277499E+00
11 =0,711751F+00 =0,615408E+00 =0,661862E+00 =0,665302E+00
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m= 1o Kg, 4= 4000 N/m, ¢= 40 N-5/m , [ =100 N-5

\[—‘ \/4?30 20 ra.al/s

F= = = 0
CC 2 (km 2 4ooo(lo)

wA:,fi_-g" W, = fi- o,ﬁ'(“) = 19.899743 ""—"/‘

Assuming that «'mPa-c{: is given at t=o, we find the
response of the system af (fromEq. (4.26)):

—Yw,t
x (&)= F € sim W,
~ d
mwa’,
- (er1)(20) T
.—.(wo) € sin 19- 999749 €

to (19:8997459)
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o (B)= 01502513 e’ ¢ sin 19:89874535 ¢t &1
Plo{:tfnj O.F Eg,CE-I) Msl‘nj MATLAB:
s Ex4 88.m

for i = 1: 501
t(i) = 5*(i-1)/500;
= 0.502519 * exp(-2.0%t(i)) * sin( 19.899749*t (i) );
end
plot{t,x}:
xlabel('t’);
vlabel ('x(t)");

0.5 T T T T T T T T T

0.4 =

02f , i

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

L3, = 20 rad/s, x=0-1, o, = 19. 89774 9 rad /s
/Respense due to F, §(t) is given by Eg.(E-r) ef Problem 4.88.
Response due to B S§(t-o05) can be found from Eg,s-

(4.27) and (4.26): .
' 3w, (-7

xz(-{:)z 5,_ e g sin @S, (t-7) (E-z)
For ¥= o'5, Eg. (€-2) gives
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- ol (20) (t- 0-5)

xR F2.C sin 19.899749 (t- o0.5)
o (19:899749)
-2 (t-0:5
= 9:251259 € et ) sin 19.999745 (t —0-5)

The respense due te fwe impacts (in meters) is given by
-2
( 0502519 & °F sin 19.899749 ¢t ; o<ts o5
wilt) =
) { 251288 ézft' & %) s1'N H-sss?qs(f—o-s); t>05

Plotting of Egp. (E:3) using MATLAB: (&%)

"% Ex4 89.m
for i = 1: 1001
t(i) = (i-1)*5/1000;

if t©(i) <= 0.5

x(1) = 0.502519 * exp(-2*t(i)) * sin(19.899749*t(i));
else )

x(i) = 0.251259 * exp(-2*(t(i)-0.5)) * sin(19.899749*(t(i)-0.5));
end

end

plot(t,.x);
xlabel('t’);
yvlabel ("x(t)');

0.4 i
0.3 ; ]

0.2} -

x(t)

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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Response due te sf:eF Aoad (see Eg.(E:1) of Example 4.11):
3'

L=
+ erw"% 603[0-‘4(*-‘50)—55]}

~47 T
Data: wm= i00 k9, ¥z 1206 N/m, c= 5g N=A/m>
Zloo N, to=ze18and 155

F
J—_‘ Wiz’ = 3'464402-*9-3/;-;

s,

5o 25
5= = = = 0:.072169
fe m 2 \[(1200) (100 346-41016 |

2% () = — Cos (OQJ‘t ¢)

with

¢

L

Wy= Ji- c2 W= 3-455069 radfs

= 00722312 ra,c,

¢ = tan

—i( 0072163

0:99738382
Plot kl'nj g
% Ex4 90.m
FO = 100;
m = 100;
k = 1200;
& = 50

wn = 3.464102;
zeta = 0.072169;

= 3,455069;
phi = 0.072232;
t0 = 0.1;
for i = 1: 501

£(i) = 20*(i-1)/500; ‘
x1l(i) = FO * exp(-zeta*wn*t (1)) * ( -cos (wd*t (1) -phi) +
exp (zeta*wn*t0) * cos (wd* (t(i)-t0)-phi) );

end
£0 = 1.5;
for'd = 13 801
£2 (i) = 20%(1i-1)/500; ' .
x2 (i) = FO * exp(-zeta*wn*t2(i)) * ( -cos (wd*t2 (1) -phi) +
exp (zeta*wn*t0) * cos (wd* (2 (i) -t0)-phi) ):
end

plot(t,xl);

xlabel ('t’);

ylabel ('x(t) ')

title(’Solid line: t_ 0 = 0.1s Dashed line; t_ 0 = 1.5s');
Thold on;

plot (t2,x2, e
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Solid line: tO =0.1s Dashed line: tO =1.5s
100 T T T T T T T T T

X(t)

-100

-150
0

%Programd .m
$Main program which calls PERIOD

%Run "Programd" in MATLAB command window. Programd4.m and period.m
%should be in the same folder,and set the path to this folder
%following seven lines contain problem-dependent data

xm=1.0;

xk=400.0;

xai=0.125;

n=20;

m=10;

time=1;

f=[62.5 125 187.5 250 312.5 375 437.5 500 zeros(1l,12)]";

£=0:05% 8x05% 1,00

%end of problem-dependent data

[xsin, xcos,psi,phi, fzero, fc, X, Xpc, xps] =period (xm,xk,xai,n,m, time, £, t) ;
fprintf (’'Response of a single D.0.F. system under periodic force\n\n’);
fporintf (xm = %10.8e\n’,xm) ;

fprintf ("xk = %10.8e\n’,xk);

fprintf ('xai %10.8e\n’,xai);

fprintf('n 22 OEND" ;)

fprintf('m = %2.0f\n’",m);

fprintf(’time %10.8e\n\n’, time) ;

]

1}
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fprintf ('Applied force and response: \n\n’); .
forintf i t(di) £(1) x(i) )¢

fprintf (‘\n\n’);

for i=l:n .
fprintf(’ %2.0f %10.8e %$10.8e %10.8e\n’,1i,...

B B amiad ) 7

end .

subplot (121) ;

plot{t,£);

xlabel(’'t’);

ylabel (‘F(t)’);

stitle('F(t)‘);

subplot (122) ;

plot(t,x);

Stdtle (Fx(E)").;

xlabel(’'t’);

yvlabel ('x(t)’);

%::‘.::‘_‘“_'::::::::::::::::::::=:=::=::::::=:====:::==:==:::=:::=====::::::::::[
%

%function period.m

%
%::::====::::==‘::::=::=====:===:::—_":ﬁ::::::::::::::::::'—":::::::::::::::::::{

function [xsin,xcos,psi,phi,fzero, fc,x,xpc,xps]=period (xm,xk,xai,n,m, time, £«
EJ
omeg=2.0*3.1416/time;
omegn=sqgrt (xk/xm) ;
sumz=0.0;
for i=1:n
sumz=sumz+£ (i) ;
end
fzero=2.0*sumz/n;
for j=1l:m
sums=0.0;
sumc=0.0;
for 1=l:n
theta=j*omeg*t (i) ;
fsin=f (i) *sin(theta);
fcos=f (i) *cos (theta) ;
sums=sums+fsin;
sumc=sumc+fcos;
end
aj=2.0%*sumc/n;
bj=2.0*sums/n;
r=omeg/omegn;
phi(j)=atan(2.0*xai*j*r/(1-(J*r}"2));
con=sqgrt({1.0-(j*r)"2)"2+(2.0*xai*j*r)"2);
xpc(j)=(aj/xk) /con;
xps () =(bj/xk) /con;
end .
for i=l:n
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x(i)=fzero/2/xk;
for j=l:m ; . . . .
(1) =x(1)+xpc(§) *cos (J*omeg*t (1) -phi (3)) +xps (3) *sin(j*omeg*t (1) -phi (3¢
)

] end
end
500 T T T 2 T ; T T
450 5
400} -
350 ‘ -
300 -
250 .
200 -
150 S
100} .
50 -
0 1 1 1 1 _1 1 1 ] 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
Results of Lx4 91
d ok ok h kA A AR IR AR AT R AR AR A AR A I T A AR T X AT IR AT AT AT XA TR
>> programé
Xm = 1.00000000e+000
xk = 4.00000000e+002
xal = 1.25000000e-001
n = 20
m = 10
time = 1.00000000e+000
Applied force and response:
1 1) £{i) % (1)
1 5.00000000e-002 6.25000000e+001 3.78789292e-001
2 1.00000000e-001 1.25000000e+002 6.65286858e-001
3 1.50000000e-001 1.87500000e+002 5.00283762e~-001
4 2.00000000e-001 2.50000000e+002 2.37031525e~-001
5 2.50000000e-001 3.12500000e+002 3.39025654e-001
6 3.00000000e-001 3.75000000e+002 9.42110868e-001
7 3.50000000e-001 4.37500000e+002 1.58854150e+000
8 4.00000000e~-001 5.00000000e+002 1.55862192e+000
9 4.50000000e-001 0.00000000e+000 6.56373440e-001
10 5.00000000e-001 0.00000000e+000 -5.2363267%e-003
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11 5.50000000e-001 0.00000000e+000 -3.77065247e-001
12 6.00000000e-001 0.00000000e+000 -5.06616825e-001
13 6.50000000e-001 0.00000000e+000 -3.57481271e-001
14 7.00000000e-001 0.00000000e+000 4.833389599%e-002
15 7.50000000e-001 0.00000000e+000 4.21581779e-001
16 8.00000000e-001 0.00000000e+000 4.69545854e-001
17 8.50000000e-001 0.00000000e+000 1.02656116e-001
18 ©.00000000e-001 0.00000000e+000 -3.54840551e-001
18 9.50000000e-001 0.00000000e+000 -5.10135040e-001
20 1.00000000e+000 0.00000000e+000 -1.71815377e-001
%===:::=:::::::=:::::=::::::::::::::===:2::==:=:="—":::::::::::'—'::::::::::::
o

%Programb .m ‘ '
%Response of a single D.O.F.ystem under arbitrary forcing function
gusingthe methods of section 411

% Run "Program5" in MATLAB command window. Program5.m should be in one
% folder, and set the path to this folder
% following 11 lines contain problem-dependent data
xai=0.1; -
omn=31.622777;
xk=1le5;
delt=0.1;
np=21;
npl=20;
np2=19;
%np = number of points at which value of £ is known, npl=np-1,np2=np-2
2end of problem-dependent data
xn=xal*omn;
pd=omn*sqgrt (1-xai”2);
Ssolution according to method 1 (using step variation with larger value, Approach 1)
£(1)=0;
£(1) = 0;
FE(LY = OF
for i=2:np
t(i)=t(i-1)+delt;
F(i) = 1000*(l-cos(pi*t(i)));
£E(i) = 1000*( l-cos( pi*( t(i)+t(i-1) )/2 )} );
end
for i=1l:npl
delf(i)=£(i+1)-E{i);
end
for j=2:np
x(3)=0;
xd(j)=0;
jml=j-1;
for d=daiml
x(§)=x(j)+(delf (i) /xk) * (l-exp(-xm* (£(j)-t(i)))*...
(cos (pd* (£ (3)-t(1)))+(xn/pd) *sin(pd* (£(J) -t (i))))):
xd(j)=xd(j)+(delf{i)/xk)*exp(—xn*(t(j)—t(i)))*sin(pd*(t(j)—t(i)));
end
end
for i=2:np
x1(1i)=x(i);
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xdl(1i)=xd(i);
end ; - :
ssolution according to method 1 (using step variation with smaller value, Approach 2)
for k=2:np2

delf (k)=delf (k+1);
end
delf (1)=£(3);
delf (np)=£(np);
for j=2:np
x(3)=0;
xd (3)=0;
Jml=7j-1;
for i=1:jml
x(j)=x(j)+(delf(i)/xk)*(1—exp(—xn*(t(j)—t(i)))*...
(cos (pd* (£ (F)-t(1)))+(xn/pd) *sin(pd* (£(F)-t(i)))));
Kd(j)=xd(j)+(delf(i)/xkl*EXP(—Xn*(t(j)-t(i)))*Sin(pd*(t(j)-t(i))):
end
end
for i=2:np
22 (1)=x(i});
xd2 (i)=xd (i) ;
end
%solution according to method 2 (using step variation with mid-value, Approach 3)
x{1)=0; :
xd(1)=0;
for j=2:np
del=delt;
x(j):(ff(j)/xk)*(1—exp(—xn*del}*(cos(pd*de1)+(xn/pd}*sin(pd*del}))...
+exp(-xn*del)*(x(j—l)*cos(pd*del)+((xd{j—1)+xn*x(j—1))/pd)*sin(pd*del));
xd (§)= (£ (§) *pd/xk) *exp (-xn*del) * (L+xn~2/ (pd"2) ) *sin (pd*del) + pd*
exp(—xn*del)*(—x(j—l)*sin(pd*de1)+((xd(j~1)+xn*x(j-l))/pd)*cos(pd*del)..{

—xn*(x(j—l)*cos(pd*del)+((xd(j—l)+xn*x(j—l})/pd}*sin(pd*del))lpd);
end ;
for i=2:np
x3(i)=x(i);
xd3 (1) =xd (i) ;
end
%solution according to method 3 (using linear variation, Approach 4)
x(1)=0;
xd(1)=0;
for Jj=1:mpl
E(3)=£(3+1);
end
£ (np)=0;
for j=2:np
delf (§)=£(3)-£(3-1); |
x(j)={delf(j)/(xk*del))*(del—(2*xai/omn)+exp(—xn*del)*((2*xal/omn}...
*cos(pd*del)—{(pd“2—an2)/(omn*omn*pd})*sin(pd*del)})+{f(j—l)/xk)...
*(1—exp(—xn*del)*(cos{pd*del)+(xn/pd)*sin(pd*del)))+exp(—xn*del)*...
(x(j—l)*COS(Pd*dEl)+((Xd(j-l)+xn*X(j—1))/pd)*Sin(pd*dEl)):
% xd(j)=(delf(j)/(xk*del))*(l.—exp(—xn*del)*(((xn“2+pd“2)/(0mn“2))*...
% cos(pd*del)+((xn”3+xn*pd*pd/(pd*(omn“2)))*sin(pd*del)))+(f(j—1)/xk]-1
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% *exp(—xn*é;l}*((xn“2/pd)+pd)*sin{pd*del)+exp(—xn*del)*(xd(j~l)*...
% cos(pd*del) - ( (xn*xd(j-1)+xn*xn*x(j-1)+pd*pd*x(j-1))/pd) *sin(pd*del)) )¢

xd(§)=(delf (7)) / (xk*del)) * (1l.-exp(-xn*del) * (cos (pd*del) +xn/pd*. ..
sin(pd*del)) ) +£{j-1) /xk*exp (-xn*del) *omn"2 /pd*sin (pd*del) +exp (-xn*del) . .¥

*(xd(j-1) *cos (pd*del) -xn/pd* (xd(j-1) +tomn/xai*x(j-1) ) *sin(pd*del) ) ;
end
for i=2:np
x4 (i)=x(1i);
xd4 (i)=xd(i);
end
fprintf...
(‘Value Approach #1 Approach #2 Approach #32 Approach #4\n' ¢
)i
fprintt.. . .
(" of (Fig. 4.36) (Fig. 4.36) (Fig. 4.36) (Fig. 4.36) ")
fprintE{Anin*) '
fprintf...
(R #(41) x(1) i) x(i)\n\n’);
for i=2:np
Fprinef. . »
("%2.0f %8.6e %8.6e %8.6e %8.6e\n’,i,x1(1),x2(1i),x3(1),...
x4(1));
end
forintE. ..
{(*\n\n I xd (i) xd (i) xd (i) xd (i) );
fprintf(’\n\n"');
for i=2:np
Eprintf. ..
('%2.0f %8.6e %8.6e %8.6e %B8.6e\n’,i,xdl(i),xd2(i),...
xd3 (1) ,xdd(i));
end
subplot (221) ;
plot(t;x1);
hold on;
plot(E,xdl) ;
xlabel('t");
yvlabel (‘x(t) xd(t)’);
title('Method #1 (Fig. 4.36)');
subplot(222) ;
plot(t,; x2) ;
hold on;
plot(t,xd2);
xlabel('t’);
yvlabel ('x(t) xd(t)"’);
title(’'Method #1 (Fig.4.36) ');:
subplot (223) ; :
plokilt, 539 %
hold on;
plot(t,xd3);
xlabel (ft*);
vlabel ('x(t) xd(t)'}:
title('Method #2 (Fig.4.36));
subplot (224) ;
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plot.(t=xd) ;
hold on;

plot(t,xdd) ;
xlabel('t’);

yvlabel ('x(t)

xd(EY ")

title('Method #3 (Fig. 4.36)'):

Results of Ex4 92

ok ok ko kkkk Kk kr kK ERR I I A hFdh ko khhkhkhxxhkkh*

>> programb

value Approach #1 Approach #2 Approach #3 Approach #4
of (Fig. 4.36) (Fig. 4.36) (Fig. 4.36) (Fig. 4.36)
I x(1i) x(1i) i) x(i)
2 B8.463498e-004 3.302553e-003 2.128980e-004 2.112992e-003
3 2.685367e-003 4,719852e-003 1.729506e-003 3.731773e-003
4 5,169912e-003 8.506840e-003 3.803611e-003 6.890461e-003
5 8.178657e-003 1.108890e-002 6.668076e-003 9.6758596e-003
6 1.132821e-002 1.454957e-002 9.724658e-003 1.298875e-002
7 1.437507e-002 1.684652e-002 1.290593e-002 1.564646e-002
8 1.697375e-002 1.899708e-002 1.573148e-002 1.801666e-002
9 1.890432e-002 1.988503e-002 1.804796e-002 1.940816e-002
10 1.995267e-002 2.008383e-002 1.953876e-002 2.002060e-002
11 2.003452e-002 1.909252e-002 2.012346e-002 1.954838e-002
12 1.912848e-002 1.735920e-002 1.969707e-002 1.821740e-002
13 1.73329%9e-002 1.479758e-002 1.833615e-002 1.602653e-002
14 1.481670e-002 1.184504e-002 1.614852e-002 1.328634e-002
15 1.183110e-002 8.654518e-003 1.336683e-002 1.019478e-002
16 B8.664674e-003 5.637520e-003 1.024989e-002 7.105849e-003
17 5.630116e-003 3.017069e-003 7.112632e-003 4,284352e-003
18 3.022466e-003 1.102377e-003 4,254988e-003 2.033946e-003
19 1.098443e-003 4,244805e-005 1.96190%e-003 5.548287e-004
20 4.531599e-005 -3.095846e-005 4.540486e-004 6.474018e-006
21 -3.304897e-005 -8.237715e-004 -1.182168e-004 -4.635301e-006
e xd (i) xd (1) xd (i) xd (i)
2 -1.724478e-006 -6.729107e-006 -1.378674e-005 2.450722e-002
3 =-2.490738e-006 2.014596e-006 -8.816757e-005 2.042474e-002
4 -3.247781le-006 -9.183878e-006 -7.008044e-005 3.328193e-002
5 -3.76432%9e-006 1.429730e-006 -1.344394e-004 2.918735e-002
6 -3.674900e-006 -8.09287%e-006 -9.999247e-005 3.213625e-002
7 -3.530832e-006 1.215821e-006 -1.331627e-004 2.478209e-002
8 -2.722577e-006 -5.267651e-006 -8.596171e-005 2.017583e-002
g -1.950123e-006 2.028444e-006 -8.738285e-005 9.855085e-003
10 =-7.153334e-007 -1.882855e-006 -3.287885e-005 1.272298e-003
11 3.543858e-007 3.3%1564e-006 -1.391042e-005 -9.388100e-003
12 1.587911e-006 1.060844e-006 3.774625e-005 -1.771827e-002
13 2.501541e-006 4.446538e-006 6.063053e-005 -2.533370e-002
14 3.30458%e-006 2.776498e-006 9.749376e-005 -2.973266e-002
15 3.675776e-006 4.478047e-006 1.091071e-004 -3.175330e-002
16 3.773808e-006 2.88484%e-006 1.223568e-004 ~-3.028136e-002
17 3.433694e-006 3.237571e-006 1.140193e-004 -2.612284e-002
18 2.811634e-006 1.542582e-006 1.019865e-004 -1.920680e-002
19 1.871907e-006 1.035826e-006 7.419301e-005 -1.055539e-002
20 7.820400e-007 -6.050694e-007 4.359287e-005 -7.662515e-004
21 -4.100735e-007 2.056210e-006 5.299422e-006  5.589628e-004
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Approach #1 (Fig. 4.36) Approach #2 Fig. 4.36)

0.025 0.025
0.02 - 0.02}
0.015 1 0.015}
% o0 R 001}
ES 3
0.005 _ : 0.005}
0 0
-0.005 : - : ' -0.005 ' - : '
o 05 1 15 2 25 6o 05 1 15 2 25
t i
Approach #3 (Fig. 4.36) Approach #4 (Fig. 4.36)
0.025 . . : - 0.04 : :
0.02}
= =
0.02
-0.005 -0.04 :
o 05 1 15 2 25 o5 1 15 2 25

%$Programb.m
$Response of a single D.O.F.ystem under arbitrary forcing function
$usingthe methods of section 4.8

% Run "Program5" in MATLAB command window. Program5.m should be in one
% folder, and set the path to this folder
% following 11 lines contain problem-dependent data
xai=0.1;
omn=>5;
xk=50;
delt=0.1;
np=11;
npl=10;
np2=9;
%np = number of points at which value of £ is known, npl=np-1,np2=np-2
%end of problem-dependent data
xn=xai*omn;
pd=omn*sqgrt (1-xai”2) ;
$solution according to method 1 (using step variation with larger value, Approach 1)
E(l)=0;
for i=2:np
t{i)=t(i-1)+delt;
end
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£=[0.0 -8.0 ~12.0 =15.0 -13.0 =11.0

£f=[-8.0 -10.0 -13.5 -14.0 -12.0 -9.

£

for i=1l:npl

delf{ij=f{i+l)~E(1i):
end

Approach #1 (Fig. 4.36)

o
o

X(t) xd(t)

-0.4}
-0.6

-0.8 :
15

t

Approach #3 (Fig. 4.36)

0.5 1 2.5

x(t) xd(t)

1.5
t

0.5 25

Results of Ex4 93

PR AR R R R R R R I R R S

>> proagaramb

Value Approach #1 Approach #2
of  (Fig. 4.36) (Fig. 4.36)
I x(i) x(i)
2 -1.895258e-002 -2.842886e-002
3 -7.844079e-002 -1.105540e-001
4 -1.770172e-001 -2.242651e-001
5 -2.901286e-001 -3.307430e-001
6 -3.807183e-001 -3.918096e-001
7 -4.157648e-001 -3.812882e-001
8 -3.761180e-001 -2.848867e-001
9 -2.546674e-001 -1.00886%e-001
10 -5.487595e-002 1.476431e-001
11 1.971323e-001 4.198656e-001
I xd (1) xd (i)
2 -7.263201e-002 -1.085%480e-001

4.67

=Tl =420 3.0 10:0 15.:01;
0 -5.,5 ~D.5 6:5 12.5 16.5];

Approach #2 (Fig. 4.36)

X(t) xd(t)

1.5

0.5 2.5
t
Approach #4 (Fig. 4.36)
3 - . ‘ e
2 3
=1
=
=<
%o
-1t
-2 : . : -
0 0.5 1 15 2 2,5
t
Approach #3 Approach #4
(Fig. 4.36) (Fig. 4.36)
=x(4] x(1)
-2.369072e-002 -2.216415e-002
-9.449737e-002 -9.232748e-002
-2.006411e-001 -2.003034e-001
-3.104358e-001 -3.118343e-001
-3.862639e-001 -3.896705e-001
-3.985265e-001 -4.025740e-001
-3.305524e-001 -3.357629e-001
-1.777772e-001 -1.828250e-001

4.638356e-002
3.06129%e-001

4.342363e-002
2.920608e-001

xd (1) xd (i)

-4.562370e-001 -4.597525e-001
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-5.313378e-001

% be in the same folder

tspan = [0: 0.01: 0.5];

x0 = [0.0; 0.01;

[t,x] = ode23(’dfuncd 94!’, tspan, x0);
disp(’ t x(E}) xd(t)*);
disp([t x]1);

plot(t,x{:,1));
xlabel('t");
gtext ('=x(t)");

% dfunc4 94.m

function £ dfunc4 94(t, x)

F = 200%t - 200*t*stepfun(t,0.1)...
+20*stepfun(t,0.1)-20*stepfun(t,0.25);

f = zeros(2,1);
£(1) = x(2);
F(2) = F/2 - 1500 * x(1)/2;

Results of Ex4 94

A PR R R EEE R SRR RS &SRR RS EE

>> Ex4 94.m

E x(t) xd (&)

0 0 0
0.0100 0.0000 0.0050
0.0200 0.0001 0.0195
0.0300 0.0004 0.0425
0.0400 0.0010 0.0723
0.0500 0.0019 0.1067
0.0600 0.0031 0.1430
0.4100 0.0043 0.2352
0.4200 0.0064 0.1949
0.4300 0.0081 0.1400
0.4400 0.0092 0.0748
0.4500 0.0096 0.0039
0.4600 0.0093  -0.0671
0.4700 0.0083  -0.1332
0.4800 0.0066 ~0.1893
0.4900 0.0045 -0.2313
0.5000 0.0021 -0.2560

4-63

\ % This program will use the function dfunc4 94m , they

3 -1.577455e-001 -2.093812e-001 -9.224406e-001
4 -2.25242%e-001 -2.333148e-001 -1.152170e+000 -1.162393e+000
5 -2.156793e-001 -1.824523e-001 -1.000343e+000 -1.007436e+000
6 -1.386163e-001 -5.760411e-002 -4.,930222e-001 -4.919218e-001
7 -2.742288e-004 9.602153e-002 2.405741e-001 2.518514e-001
8 1.522037e-001 2.762085e-001 1.076426e+000 1.100724e+000
9 3.182622e-001 4,384471e-001 1.901304e+000 1.938544e+000

10 4.579186e-001 5.28486%e-001 2.478437e+000 2.523778e+000

11 5.229886e-001 5.322201e-001 2.605688e+000 2.224476e+000

% Ex4 94.m

should
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0.025 T T T T

0.02

0.015

0.01

0.005

-0.005

3 ! ! | 1 L]

!
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-0.01 . :

‘% Ex4 95.m

% This program will use the function dfunc4 95.m , they should
% be in the same folder

tspan = [0: 0.01: 0.5]1;

x0 = [0.0; 0.0}1;

[t,x] = ode23(’'dfunc4 95 ', tspan, x0);
disp(’ £ x(t) zd. () f )
disp([t x]);

plot(t, x4 :31));

xlabel(’'t’);

gtext ("x(t) ') ;

.% dfunc4 95.m

function £ = dfunc4 95(t,x)

F = 200%t - 200*t*stepfun(t,0.1)...
+20*stepfun(t,O.l)—20*stepfun(t,0.25);

f = zeros(2,1);

£(1) = x(2);

£(2) = F/2 - 10 * x(2)/2 - 1500 * x(1}/2;
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0.025 T T T T T T T T T

0.02

0.015

0.01

0.005

-0.005

-0.01 1 ! L 1 ! 1 I 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Results of Ex4 95

O T e R o e

>> EX4_95

E x () xd(t)

0 0 0
0.0100 0.0000. 0.0049
0.0200 0.0001 0.0189
0.0300 0.0004 0.0405
0.0400 0.0010 0.0678
0.0500 0.0018 0.0986
0.0600 0.00259 0.1303
0.0700 0.0044 0.1608
0.0800 0.0061 0.1877
0.0800 0.0081 0.2093
0.1000 0.0103 0.2244
0.4100 -0.0000 0.1962
0.4200 0.0019 0.1797
0.4300 0.0035 0.1510
0.4400 0.0049 0.1127
0.4500 0.0058 0.0680
0.4600 0.0062 0.0206
0.4700 0.0062 -0.0259
0.4800 0.0057 -0.0683
0.4900 0.0048 -0.1037
0.5000 0.0037 -0.1298
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. 4 % -TW, (:-7) 3 -
z(t)= _ry J; F(‘z;) e sin C-Sd('f: T) dv

But sin ©)(t-T) = sin )t cosWYT - o8 Wyt sin YT
-5, t
x(#)= {A®). sin )t - BUE) syt j e _——

™ GSJ
where

TWAT
A(E)= f;tF(T') e & | c.sa'r.cl'v

BC{'): ,.J;tF('t') e O sin CBJT' a7

1
! |
< k@)
Let F(7) be taken as o plecewise linear function F(t:) F(z) :
during (t;_,, t;) as . - T t il
: —f;_ o -t 4
F(T')= Fioy ¥ Ttt-.t_:) (F.:-E:q) fe— at; )
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we can write o YWa T
T . £5. T .4T
a(t) = A (kmr) + 5{ (T{- AF‘) € ot e
i=1
; AF: | _TWWT &%
+ J‘t‘ (F,,‘-l -t 2t; w@s L7
e +. ARy p
= A(f;_..f) +%E£_ Fy (F-"- 43 E‘) 2
whereP . J,h - eyw,"c' . c.sl?:-ch‘.'
L E
ti-l
+; Twnt’ r dt
= ‘e Cos )¢ -
P,_ j;i-t

ty W T, dr
i AF,,:) e sin (T -
B(t)= B(t-))+ yt;_.(nt"
t" AF“ j’wﬂt’ Sin &3 'C-L!t
ol (Rt e T

Fe . _+t. AR NP
=B (t;)+ %?. P + (Foy— iy At;,) 3
where t;

R
=) e
timi

fu
Y. = G - -
N
Assuming A(h:o) = B (t|=0) =0,
-Twht;-

x(#)= €~ " TAE) sin wﬂlt,; - B(t) cos wy t‘-]
™ )

sin GJJ'U-AV

TWLT 8% AT

The in{:egmis in P P2, P and Py can be evaluated m closed

Form: .
The computer program G output are given.

T T e e e T T X T T S
e T L T T - - - - = ET ===

C PROMLEW 4.96
¢ NUMRERICAL INTEGKATLUW OF NUHAMEL 1HNTEGRAL

C PROBLEM-DEPENDENT DATA

DIMENSION F(21), X(21),DELT(21), T(21),A(21},B(21}
NP=21

XAI=0. 1
OMN=1. 0O
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DATA F/71.0,. 8834, 8510, 2420, . 5454
= .3548%4, . 01231, .G, . C, . G, . C: . C: . Q)
DO 10 I=i,21

i0 DELT{I)=0D. 31416

C END OF PROBLEM-DEPENDENT DATA
A(1)=0.0
B(1)=0.0
OMD=0MN®EGRT (1. O—-XAI#x2}
T(1)=0.0

DA 20 I=2,NP
T(I)=T(I-1)+DELT(I)
TIME=T(I)
CALL PI1(TIME, ¥AI,OMN, OMD.PP1}
CALL FPIZ(TIME, XAI, OMN, OMD, PP2}
CaLL PI3(TIME, XAI. OMN, OMD. PP3}
CALL PI4(TIME, XAI,OMN, OMD, PP4&)
TIME=T(I-1)
CALL PIL{TIME, XAI, OMN, OMD, PM1?
CALL PIZ{TIME, ZAI, OMMN, OMD, PM2}
CALL FISI{TIME, XAI, OriN, OFD, FM3}
CALL PI4(TIME, XAI, OMN, OMD. PM4}
P1l=pPP1-PM1
P2=PP2-PM2
P3=PP3-PM3
P4=pPpP4-PM4
DELF=F(I}-F{(I—-1)
ACI)=A(I-1)+(DELF/DELT(I)}#P1+(F(I-1)-T(I-1)#DELF/DELT(I})#P2
B(I)=B(I-1)+(DELF/DELT(I))#P4+(F{I-1)-T(I-1)¥DELF/DELT(I})*P3
X(I)=(EXP(—XAI®OMN#T{I)}/ (5M*0OMD})#(A(I)*SIN{OMD=T(I) )~
2 B(I)*COS(OMD#T(I}))
20 CONTINUE
PRINT 30
30 FORMAT (//.2X, 41H NUMERICAL EVYALUATION OF DUHAMEL INTEGRAL.
2 /7. 5%,2H I,6%X,/5H T(I),10% SH F(I),10X:3H X(I).,/)
DO 40 I=2, NP
40 PRINT 50, I, T(I),F(I},X(I)
30 FORMAT (2X, 15,3E15. 8)

sTOP
END
C ====——_=———=_—_===—"_—=—_—====—'—""—=——‘_===========_-_==...._._=_-___=== ==
c
C SUBROUTINE PIl
c
C e S == = - e e e

DEMN=( XAI #0MN) ##2+0MD##2
P={T#EXP{XAI#0MN#T) /DEN}# ( XAI#0MN#COS (OMD# T ) +OMD#SIN(OMD#T) }
2 —(EXP(XAI#OMN#T)/ (DEN#%2) )% { { (XAI#OMN}*##2—-0MD##2) #COS(OMD*T}
3 +2. O#XAI*OMN=OMD=#SIN(OMD#®T) )

RETURN
END
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SUERCUTINE FIZ2 (T, XAI, OMN, OMD. P)
DEM=({ XAI #0MN) ##2+0MDE#2
P={EXF (XAT*0OMN=T ) /DEM)#{ XAI#0OMN=COS{OMD¥ T +OMD#SINI0OMI#T )

RETURN
END
C ==========================================::===========:========T -t
C
C SUBROUTINE FPI3
c
{ =================

SUBROUTINE PIZ (T. XAIL, OMN, OMD.P)
DEN=( XAI #0MN) #%2+0MD##2

P=(EXP (XAI#0OMN=T) /DEMN) % { XAI#0pN#SIN{OMD#* T —0MD#COS(OND*T) )
RETURN

sNeNe NN D!
[€)]
82
]
0
[w]
<
=
—
=
m
!
—
&

SUBROUTINE PI4 (T, XAIL.OMN, OMD.P)

DEN=( XAT#0MN) 552+0MD#%2

P={ T=EXP ( XAI#OFN%T) /DEN I # ( AT 20MN#SIN(CGMD=T ) -OMD#COS (OMD=T) }
o —{EXP(XAT#0MNET) / (DEN#22) )% ( { (XAI*CMNI##2-0MD*#2) #SIN(OMD#T)
3 —Z. O#XAI#0OMN#COMD#COS (OMD#T))

RETURN

END

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

I TCI) Ftl) X(I)
2 0.3141599FE+C0 O, B4359792E+00 0. 45415F32E-01
3 $. A2B31998E+C0 C. £F0FFFFSE+CO G, 1&377F741E+T0
4 Q. 942479%97E+C0 C. S440C00CE+CQ . B24FF743E+CO
5 C. 1296&4048E+C1 C. 4121F9F7E+C0 ©. 4F7474675E+00
& 0. 15708008E+01 G, 22290002E+00 Q. 45132738E+00
7 0, 18B4T411E+01 0. 1F0FF998E+00 C. 7523F210E+00
8 ©.21991213E+01 C. 109CCE003EE+C0 C. §i2Fa39SE+C0
® O, 25122818E+01 §. 4893F99FE-G1 §. 7F324198E+C0
10 §. 282743422E+01 C. 1Z230F998E-01 G, 7G48=2814E+CO
11 0. 3141&025E+01 C. 0C0000QQCE+C0 O, 356445847E+0Q
12 0. 24557629E+01 0. 0000COQCE+C0 Q. 35453141E+C0
13 0. 37699232E+01 C. OCO00LC00QCE+QO ©. 149713565E+00
14 G. 4084G83&E+G1 C. OCOCCOQCE+GO-C. 45231847E-C1
15 G. 4398243FE+01 . 0C0QCO0CE+C0—-C. 2&272461E+00
16 C.47124042E+01 C. QCOCQOQCE+Q0O—C. 42235131E+0Q0
17 0. 50265645E+01 O. OGQOQCOOCE+C0O-0. S32184621E+00
18 0. 5340724FE+0Q1 . Q20CCOCCE+C0-C. SBABR124E+C0
19 0, 56548853E+01 C. COOCGCOQGE+C0O—-0. 37878373E+20
20 0. SP4F045&E+01 C. OCOCLO0OLE+C0-0. 5181719FE+20
21 0. 628320&CE+01 C. OCOCCOOCE+GO-C. 41212624E+C0
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The comFufer prograwm of Pro!:]em 496 can be used to fimd the

) relative A:spluemenf 2(t) of the water tank provided v (%)
is used in p}a.ce of F(T).

Here “g—_-o y W, = 22- 3607 r-a_,_!/sec anc’
F(z) = - 10000 X 9-8( x 3_(?) if g s in s

The proble m - dependent dota, for the program of problem
. 496 and the oul‘.‘Fuf are given below.

FROBLEM-DEPEMDENT DATA

DIMENSION F(15), X(15), DELT(15), T{15),A{15),B(15)
NP=15 )

XAI=0.0

OMN=22. 3607

XM=10000. 0

DATA F/ 0: . 45, = BJ % ?J -. & =, 751 e 7; . 551' 1 75: 1. 65, . 25;
2 -1.1,~1.4,-1.05,.0/ '

DO 10 I=1, 15

OO0 n

10 DELT(I)=0. 025
DO 11 I=1,15
11 FCI)=-XM*¥9. B1#F(I)

C END OF PROBLEM-DEPENDENT DATA

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

I T
2 0. 24999999E-01-0.
3 0. 499999%97E-01 0
4 0. 74999988E-01 O
5 0. 99999964E-01 0.
& 0. 12499994E+00 0.
7 0. 149%99992E+00 0.
8 0. 1749998%E+00-0.
? 0. 19999987E+00-0,
10 Q. 22499985E+00-0.
11 Q. 24999982E+00-0.
12 0. 27499980E+00 0.
13 0. 29999977E+00 0.
14 0. 32499975E+00 0.
15 0. 34999973E+00 O.

F(I)

441449945E+05-0

. 78480000E+05-0
. 882%0000E+05

S8840004E+05
7357500Q0E+05
&8&470000E+05
S3935000E+05
17167350Q0E+06

000000

1618864%4E+046-0.
24523000E+05-0.
107?100&E+06-0.
13734000E+06-0.

10300506E+06-0
QD00000QOE+00 ©

X(I)

. 45271125E-03
. 17453337E-02
. 1115077&E-02
. 85095147E-02
. 1731%452E-01
. 2537434BE-01
. 28478131E-01
. 19476924E-01
424601228E-02
35445214E-01
97387743E-01
5&6341648E-01
. 3043387 1E-01
. 10307007E-01
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4.98 | The proLLem- dependent data (to be used in the program of TProblem

4.96) and output are given.

CA;HUBLEM-DEPENHENT DATA ‘
NIMEMSTUN F(\U].K(101,HELT(30},T{JOJ;A(30).B(3U)

MNP= U
AA1=0
OMH =8
At=2.

DATA F /60,0,60.,0,6f
2 30,0,30,0,30.,0,30,¢

3 VL0,

no 10

1h NELTC

o
.BB0254
0

L=1,30
1)=0,01

W.U,bU.O,ﬁ0.0,1ﬂ0.0,100.0,100.0,100.0,100.0,

1,3G.U,30.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,
OQU'U.O'O-“IUOH

,0.0/7

C LKND OF PROBLEA=DEPENDANT DATA

NUMERICAL EVALUATLON NF DUHAMEL TNTEGRAL

- e e W Sm——— =

0,99999993K=02
0,20000000E=01
0,29999999F=01
0,3999999YF=01
0,50000001E=01
0,60000002E=01
0, 700000N0E=01
0,79999499RE=01
(),B99Y99996L=01
0.,99949Y9994E=-01
N,10999999E +00
0.,119949999E+00
0,13000000E+00
0,14000000E+00
0,15000001E+00
0,16000001F+00
0.17000002E+00
0,18000002E+00
0.19000003KE+00
N,20000003E+00
0,21UN0004LERODN
0,22000004E+00
0,23000005E+00
0,24000005E+0D
0,25000006E+U0
N,26000005K+00
0,27000004E4+00
0,2R000003E+00
0., 29000002E+00

0,60000000E+02
N,6000000NE+02
0,60000000E+02
V.60000000E+02
0.,10000000F 03
0,10000000E403
n,10000000E403
N,10000000FK+03
0,10000000KL403
W, 30NNDO0OK+02
U, 30000000E+02
0,30000000E+02
0,30000000E+02
0.300U00VVOEHO2Z
0.,30000NNOF+072
0.00000000F+00
0., 00000000E+00
0,0000000NE+00
0. 00000000E+00
N,00000000E+00
D, 000000NQE+00V
N, 00000000E+00
0,00000000F+00
U,00000000E+0Q0
0,00000000E+00
0., 00000000E4+00
1.00000000E+00
N, 00000000K+00
N, 00000000E+00

0,14990796E=02
0,59849964EK=02
0,13424230E=01
0.23760952E=01
0,37250735E=01
N,H5125091K=01
0,77583194E=01
0,10445669K+00
0,13554408F+00
0.,17002963E400
0,20532255E+00
0,24057558E+400
0,27552453E+00
0, 30990744E+00
0.34346649E+400
0,37570029E+00
0,40536803E+00
0,13199742E+00
0,45538884E+00
U.47536695E+00
(1, 19178207E+00
0.50451112E+00
0,51345861E+00
0.,51855767E+00
n,51976985E4+00
0,5170R633E+00
0.51052707E+400
0,50014120E+00
0., 486006T1E+00
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‘ (i) Find natural freguency:
B;' = m}’z = 5 ma,z'

z
z 2 & »f({__—_- ¥ a

T k0" = Lk (wo) = Lt xka¥e®
W8 = _ i & ra—c’
n = oA e = ZT"(IO) =20T P (Ei)

[*¢ _ [k&
% ?maf'

(h’) Find ef}ua;f:fon of motion : x(t)

when the base and :L
+hence the pivot O is

C'e'.s’f:fa,c.e.c, bj ¥(¥), 7(%) o T
the displacement of ‘

mass m , z(—b), s

Jiven by

w2 (€)= Y (t) + & o(t) (E2)

Relan‘:ive d:‘spla,ce.men'f: a_j-’ mass is

3(E)= x(t) — 2(&) = b o(t) (e5)

Fy
P
_____ k-1
Eaua«tl‘Oﬂ O:P motl'on; “ oi< g L b )rjl
=, Forces afonﬁ }(ver{'fcal) direction = o0 = Fy—‘kw9=m'a'c (F.q)
= Moments about P =o > @'B”kwe(b-a.):c (Es')

| Selve CE.:,) Lor FJ and substitute the result in (Es):

(kawp +mx)b— ka o (b-a) =o0
i-e. mb X + @ kd& =o0 Ee)
But x = ¥+3% and e(f)z-‘r}(t)

Hence (E) becomes
2

or m§r+g__aj'}:_m} (E-,)

bz
E-(E7) can be ComFa_red with o standard Forced vibration

e&uﬁtt‘orl for an unola.m;:ed system:
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™ x + %k x = F(t) (Eg)
Comparxison of (E7) and (Eg) shows that
—_— " 2- - o E
x= }; M=y * = )k—-——-bi‘ and 5 = -m (9>

Git) Fnd  solution :

Solution oJC Eg - (eg) under a rectangular pulse is given
in }J‘rouem 4 .20, Hence the solution of ProHEm 420 Can
be used to _'ancl the relative ol\'spla.c.ement.

E&»(E,) gives J_f? = 60T v’; or 4 = F€600 Trl‘m (E,,)
Fo“owfnj ’orocedure can be used to solve the lomblem:

@. Acsume @ value of a-

b, Assume o Small velue of m-.

c. Fmd & from Ep. (Ep).

d. Evaluate the solution numerically as outlined in Pa.rf:(fr'i).

e. If the maximum relative ofu‘sHa-cemem‘: is /<-a-r3e.r than or
eguel & 0,02 m, the design is complete.

f. Otterwise , increase the value of m and go to step c.

3 If necessary change the value of ain step a.

. . LB{' 4 a.nd ™ denote"!'f,e E’,Bua'Va..t'.en": Sffffnesf and mass of
fhe cu{:-\‘:fna Aea_cQ.

7 E%u.a'tfcn of motion (s: m x + &k x = F(L’T) (E,)
where F(t) is given bj
Figs. 4.75(a) and 4.75(b)..

Solution of Eg - (ED under the force given bj Figs.4.75(a) _
can be obtained as in Prabfem 4.22, Solution of (ED under

the force of Fig. (475(b) 1 can be determined wusing =
Procedure similar to that of Pro“em 4.25,

The values of 4« and m can be determined as fo“own

o Assume o small value for m.
b. Assume o small value for «.
¢. Evaluate the response under F(+) given by Fig 4.75(2).
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d. Eveluate the response under F(£) given by Fig. (4.75(b).
€. I-jC‘ the responses in :f‘e,]pg c and 4 are a.’b}aroxa'ma.i'cfj
egua.l to 0.4 mm and 005 mm , the current

values af m a.nc:l % are the desired values.

Jc- O'fte,rw:'s‘e, l'ncremen’v{: the Va..lue. o;F- m O.naf/or 3
and ge step €«

Model the system as a single d.o.f. torsional system with:

/ Jp = 0.1 N—m? ; ¢, =0 (no damping assumed) ;

G1J 1 4 4
Iy = —— = e (80 (10%) (d% — dj )]

7

4 32
where d, = outer diameter of shaft, and d; = inner diameter.

k, = 62.832 (10°) (d% — df) (1)

Torque acting on the arbor due to breakage of one tooth can be modeled as shown in
figure.

cutter
mt \[ AF‘LO'{'
¥

L=

0 I5 5, 2T
le— 025 m——>| J =7 T (=T

C)

LAL L

AAARARR R RN

b\
K

73 e

My = 500 Nem, 7=22 = 2”) — 60/N = 60/1000 = 0.06 sec where N =
w

N (2 7;/50 !
speed of cutter = 1000 rpm. Express Mi(t) in Fourier series:

Mt(t)=i2.i+§ [a,ncosnwt—}-bnsinnwt] (2)

n=1

27TN
(see solution of Problem 4.6 for procedure). where w = G 104.72 rad/sec.

- Equation of motion:

where M;(t) is given by Eq. (2). Find solution of Eq. (3) and determine the maximum
value of 6, 0,;. This value must be less than 1°.

Note:

The solution requires an iterative procedure. Assume values for d; and do..Compute kg,
find solution of 6(t), and the value of fp,;. If O,y exceeds 1°, choose 2 different 29’0 of
values for d; and d, and continue the process until 0.y comes out to be less than 1°.
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